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Abstract

Popular algorithms for optimal design do not account for non-exchangeability of the basic
experimental units. This paper introduces an algorithm for searching for D-optimal experimen-
tal designs in the presence of certain kinds of non-exchangeability—in particular, when there are
fixed covariates associated with units and/or when the units have a non-trivial covariance struc-
ture; this algorithm extends and improves on the one of Cook and Nachtsheim (1989) for finding
optimal block designs. Examples are given where the influence of the covariates/covariance on
the choice of design is known or at least roughly apparent, and the algorithm proves to be quite
successful in these situations.
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1 Introduction

Facilities for finding optimal designs have become standard components of software for computer-
aided experimentation (Morris et al. 1992). They are useful when classical combinatorial techniques
for experimental design do not apply—for example, if there is a non-standard design region or model.
Given a candidate region of experimentation, common algorithms select the design by adding and
deleting candidate points one at a time until a certain optimality criterion no longers improves (eg.
Mitchell 1974a; see Cook and Nachtsheim 1980 for a survey). A fundamental assumption is that
all the basic experimental units are completely exchangeable: given a set of factor combinations
constituting a design, it makes no difference which combinations are applied to which units.

However, there are many experimental situations in which the basic experimental units are not
exchangeable. Often they are grouped into blocks—days, machines, operators—so that units in
the same block are exchangeable, but not units in different blocks. More generally, there may be
known covariate values associated with each unit. More generally still (as we shall see), the units
may have a non-trivial covariance structure—eg., a time-series correlation. It is difficult to apply
standard optimal design algorithm in these cases.



Not that they haven’t been tried. The second example in Mitchell (1974a), a seminal paper in-
troducing the popular DETMAX algorithm for optimal design, involves a sampling plan over the
course of a year, with a model incorporating time, measured in months, as a fixed effect. It is
clear that a satisfactory plan will involve one sample per month, but there is no way to constrain
DETMAX to find only such designs, and in fact some of the optimal designs which DETMAX
produced did not sample all months. Moreover, the fixed month effect probably did not really
model the effect of time correctly in this case, at least not if the intent was to make months which
are closer together more related: for example, observations in the middle four months turn out to
be independent of the time effect. A time-series covariance model would perhaps have been more
appropriate, but DETMAX cannot take such a model into account.

Building on the work of Harville (1974), Cook and Nachtsheim (1989) (referred to here as CN)
consider computer-aided optimal design for one common form of non-exchangeability, that of block
structure. Given a set of block sizes and a candidate set of “treatments” (which may in fact be
factor combinations) to be applied within blocks, their algorithm relies on efficient formulas for
(a) exchanging a treatment in the design with one from the candidate set and (b) interchanging
treatments in two different blocks. The performance of the algorithm is typical of techniques for
computer-aided optimal design: while it reliably yields exact optimal designs in small-to-moderate
cases, it invariably finds very efficient designs in all cases.

The first goal of this paper is to show how a modification of the CN algorithm (randomizing
the choice of starting design) makes a significant improvement in the efficiency of the resulting
designs. The second goal is to generalize the algorithm to find designs that are optimal for a much
broader class of non-exchangeable experimental units—in particular, for arbitrary fixed covariates
and/or correlated runs. Section 2 discusses the improvements and gives the more general form of
the algorithm, and Section 3 gives several examples of its use. Comments on the examples will
highlight the symmetries and structure of the resulting designs. Finally, Section 4 discusses the
relation between algorithms like the one presented here and methods of design construction which
focus more directly on symmetry and balance, and reflects on the proper use of optimal design
search algorithms in the over-all context of experimentation.

2 Description of the Algorithm

2.1 The Setting

The setting for our discussion will be a general linear factorial model. For each of N collections of
values f for various factors a response y is to be observed. The expected value of y depends linearly
on p different functions ¢;(f) of the factor values and possibly on the values of known covariates z:

E(ylf) = s(f)s+20. (1)



We will call g(f) the treatment or design point associated with the factor settings f, and the j;
the treatment effects: because we are considering only finite candidate sets, we will ignore the
dependence of the treatments on underlying factors and denote them by simply x = g(f) for
the rest of this paper. The matrix X (respectively, Z) whose rows consist of the treatments (resp.
covariates) for the N factor settings (resp. units) which are actually used will be called the treatment
(resp. covariate) design matriz. Then from (1) the expectation of the vector y of observed responses
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Ey = XpB+ 26. (2)

Note that qualitative block effects can be modelled using 0-1 covariates indicating which block
contains each unit. We denote the variance-covariance matrix of y by V.

General criteria for designs are often defined in terms of the variance matrix of the estimated
treatment effects 3, or equivalently in terms of its inverse, the information matriz, which has the
following general form:

M = X’ (V—l ~-v-lz (Z’V_lZ)_l Z’v—l) X. (3)

When there are no covariates, the information matrix is just X’V ~! X, while if V is proportional to
the identity (that is, if all units are uncorrelated with a common variance) then we can equivalently
work with

M o= X'(1-2(z2)7"7)X. (4)

Throughout this paper we will be concerned with optimizing the determinant of M (so-called
D-optimality) but we will consider the trace of M1 as a design criterion as well.

2.2 The Algorithm of Cook and Nachtsheim (1989)

The general structure of the CN algorithm is shown in figure 1. It begins with a candidate set
C' C RP of treatments and experimental units organized into b blocks, the i*" block having n; plots,
where >",n; = N. The design problem is to associate treatments with units—that is, to choose
x;; € Cforj=1,...,n, ¢t =1,...,0—s0 as to maximize the determinant of the information
matrix M for the treatment effects: CN consider the covariance structure of equation (4), where
the columns of Z indicate which block contains the corresponding unit.

The CN algorithm works by successively improving a starting design, interchanging points in dif-
ferent blocks and exchanging them with points in the candidate set. The exchange step uses the
k-exchange idea of Johnson and Nachtsheim (1983), where k is chosen beforehand: CN suggest
using a value of & < N/4. Note, however, that if the size of C' is much smaller than N, then the
interchange step will dominate the run-time for the algorithm. In this case, £ may as well be set
to N; the resulting algorithm for the exchange step is related to the modified Federov algorithm of
Cook and Nachtsheim (1980).



2.3 General Update Formulas

The crucial parts of the CN algorithm are the evaluation of Ag and Ay, the multiplicative change
in |M for exchanges and interchanges, respectively. CN give efficient formulas for these based on
rank-two updates for M: that is, after an exchange or an interchange, the updated form of the
information matrix can be written as

M* = M+ AB (5)
for certain p x 2 matrices A and B. It follows that

(M)~ = M7 F MTUA[L £ BMTTAIB'M T and (6)
|M*| = |M|x|I,+ B M™"A|. (7)

Thus, both Ag(z;;,2) and Aj(z;;, 25 ) can be efficiently evaluated as the determinants of 2 x 2
matrices.

The update formulas given by CN apply to block designs in particular. The following theorem
provides rank-two update formulas for the general case of fixed covariates Z as discussed above,
generalizing equations (10) and (13) of CN.

Theorem 1 Let M = X'(I — P)X where X' = {x1...xn}.

1. Consider replacing the j* row x; of X with x. Letd; = x —x; and let f; be the 7 row of
X'P. Then the updated form of M is M + A; B} where

A = [ x-f,—(1+Py)d; d; ]
B; [ d; x—1; | ®)

2. Consider interchanging the j* and k™ rows of X. Let

dj, = x;—xXg,
f;, = f; -1, and
v = P]‘]‘ + P —2(1—|—ij).

Then the updated form of M is M — AjkB§k where

Aje = [ djp — (£ — 1) d;k ] (9)
By = | d;k (1+v)dje — (£ — fi) ]



When there are covariates Z, P in the theorem has the form I — Z(Z'Z)"" Z' (see equation 4
above). Since P doesn’t change, the most efficient way to implement the update formulas is to
compute it once at the beginning of the search. If the design is very large this may not be possible:
in special cases, such as block designs, X'P and the individual Pj; can be efficiently computed
without forming P itself.

On the other hand, note that the update formulas in the theorem only depend on Z through P;
they apply no matter how P is formed. Thus, if we have a covariance matrix V for the runs, the
theorem can be applied with P = I —V ~! to provide update formulas for X’V ~' X, the information
matrix of the treatment effects in this case.

2.4 Initial Designs

The starting point for any optimization technique can greatly affect the quality of the result, and
this is no less true for optimal design algorithms: for example, Galil and Kiefer (1980) show how the
efficiency of standard optimal design algorithms may be greatly improved by judicious choice of the
initial design. In particular, because the algorithms are invariably subject to becoming “trapped”
at local optima which are not globally optimal, a certain amount of randomness in the starting
design is desirable; typically, the search is run a number of times from different random starting
designs.

The CN algorithm as originally stated requires that M be non-singular, and CN give a method
of obtaining an initial block design which always is (see figure 1). However, this initial design
does not include any of the randomness which is so useful in overcoming the problem of local
optima; moreover, CN’s initialization method is not applicable to situations involving more general
covariates than simple blocks. In fact, in the general case it might be difficult to generate a non-
singular design at all. Mitchell’s (1974a) approach to the problem of a singular information matrix
is to start the search with X’X + af instead of X'X, where « is a small, positive number: the
perturbed matrix is always positive definite and if the perturbation is small the optimum design is
unlikely to be any different.

Mitchell’s perturbation idea can be applied to the case of designs with fixed covariates or covariance,
too. Accordingly, we initialize the search with a randomly selected set of treatments and optimize
X'(I-P)X +al. It might be expected that working with this perturbed version of the information
matrix for the treatment effects will affect how well the search succeeds at finding the ezact optimum
in some cases; a reasonable procedure might be to revert to X'(/ — P)X when it becomes non-
singular.



2.5 COVMAX: A General Algorithm for Designs with Covariance

Figure 2 gives a general algorithm which we call COVMAX, for optimizing |X'(I — P)X|, in-
corporating the update formulas of section 2.3 as well as the recommendations of section 2.4 for
initialization. COVMAX is clearly patterned after the block design algorithm of CN (figure 1), but
the new initialization method in conjunction with the idea of optimizing a perturbed information
matrix provide great improvements over CN in terms of the ability of the algorithm to find globally
optimal designs. Moreover, COVMAX applies much more generally than CN. The examples in the
next section illustrate these points.

The run-time efficiency of COVMAX is basically the same as CN, depending primarily on how
often and how efficiently the exchange and interchange criteria Ap and Ay are computed.

2.6 Efficiency Measures

The determinant of M is the pt™ power of the geometric mean of the variances of the canonical
estimable functions in the linear model. This interpretation may give the unscaled value of |M|['/?
an intrinsic meaning, but it is usually more useful to compare it to a reference value for a good
(but perhaps hypothetical) design. For example, Mitchell (1974b) compares |M|'/? to N for two-
level screening designs, since N is the value of |M|1/p for orthogonal arrays with columns coded
as £1. The same approach is useful in the general case if the candidate points are coded so that
X{X¢c = N¢lI, where X¢ is the design matrix over all the candidates and N¢ is the number
of candidates. In this case, reasonable measures of the D- and A-efficiencies of a design in the
presence of fixed covariates are given by |M|"/?/N and (p/N)/trace(M~1), respectively. More
generally, when M = X’AX we compute efficiencies as follows:

D-efficiency = ¢t - |M|V?/N, cp = T, /\}/p, (10)
A-efficiency = ca-(p/N)/trace(M™') ca = S, N/p,

where Ay,..., A, are the p largest eigenvalues of A.

3 Examples

The COVMAX algorithm presented in figure 2 has been experimentally implemented in the C pro-
gramming language and tested on a HP-700 workstation. The implementation provides for general
linear modelling for both the treatment and covariate models, with quantitative and qualitative ef-
fects as well as any degree of interaction. It is also possible to input a matrix as a general covariance
structure V for the runs. The flexibility and efficiency of the implementation, as well as the speed
of the HP-700 processor, made it possible to test the algorithm in a wide variety of situations. In



this section we report on some of them. All three examples involve simple qualitative treatments,
since that is the easiest case for exploring the charactersitics of the final design. However, neither
the algorithm nor the implementation are limited to such a treatment structure.

3.1 Incomplete Block Designs

CN claim good success using their algorithm to find traditional incomplete block designs for quali-
tative treatments. In particular, concerning its capacity to find balanced incomplete block designs
(BIBD’s) they remark, “In our experience, the algorithm has not failed to find such designs when
they are known to exist.” This is very encouraging: while BIBD’s are among the most widely stud-
ied combinatorial objects, there are still many open existence problems. A method which always
finds a BIBD if it exists would be a useful tool indeed.

Unfortunately, the CN algorithm is not perfect. It does indeed succeed at finding relatively small
balanced designs when they exist; but as the number of treatments and blocks increases, the
algorithm finds the balanced design less often, although it will invariably find a very D-efficient
one. A catalogue of BIBD’s was assembled from various sources (primarily Mathon and Rosa,
1985); tables 1-3 report the results of using various algorithms to find designs in 200 of the smallest
cases for which balanced designs are known to exist. For each possible BIBD for ¢ treatments in
b blocks of size k, the negative log deficiencies for the results of three algorithms are shown: Dy
corresponds to the result of CN’s original algorithm, using their chaining method of constructing
the initial design; Dg corresponds to COVMAX, using ten different random starting designs; and
Dg corresponds to using a standard D-optimal search algorithm (the “modified Federov” algorithm
of Cook and Nachtsheim (1980)) with the full set of tb combinations of treatments and blocks as
candidate. (There is no guarantee that this third method will result in equi-sized blocks, but in
fact it did for all the cases shown here.) The deficiency for a design is defined as one minus the
standard D-efficiency for block designs, which is the ratio of |M|1/(t_1) to the value for this quantity
in a balanced design. Thus, the negative log deficiency is infinite for balanced designs (printed in
the tables as “x”) and larger values correspond to better designs: for reference, note that negative
log deficiency values of 7, 8, 9, and 10 correspond to efficiency factors of 99.9%, 99.97%, 99.99%,
99.995%, and 99.998%, respectively.

The first thing to note is that all three algorithms give very efficient designs in all cases, even the
standard optimal design search procedure which does not fix the block structure. If the goal is just
to obtain a good design, there is really not much practical difference between the three approaches.
However, if the object is to find a balanced design, it’s apparent that the standard search does
considerably poorer: it finds the BIBD less than 10% of the time, while the CN method finds it
nearly half and COVMAX almost two-thirds of the time. The randomness in the new method
improves the partial results, too: the efficiency of the design found by this method is nearly always
better than that found by CN. For the remainder of the paper application of COVMAX will mean



using the algorithm in figure 2 some number (usually 10) of times from different random starting
designs.

Although the new method is better than CN and considerably better than simply searching among
all blockxtreatment pairs, it can still reliably generate balanced designs only in relatively small
cases. It is nonetheless tempting to try the algorithm in a case for which the existence of a balanced
design is not yet determined. The smallest such case has t = 46, b = 69, and k£ = 6. In 100 attempts
using COVMAX, starting from different random inital designs, the best D-efficiency achieved was
only about 99.82%. As noted above, however, this is not conclusive evidence that a balanced design
does not exist—simply that if it does, COVMAX was not able to find it. Is COVMAX usually
able to find balanced designs in this range? Figure 3 plots run-timexD-efficiency for searches with
this set of parameters as well as two others for which BIBD’s are known to exist: the indication is
that the behaviour of COVMAX in this case is not inconsistent with its behaviour when a design
does in fact exist. Thus, we can say nothing for certain about the existence or non-existence of a
balanced design for this set of parameters.

3.2 Designs for Qualitative Treatments with Covariates

Harville (1975) considers optimal designs for qualitative treatment effects in the presence of a
single quantitative covariate. He shows that optimality is essentially equivalent to having the mean
covariate values for the treatment groups as similar as possible. Harville presents a 10-run example,
with covariate values given by

{ .46 .54 .58 .60 .73 .77 .82 .84 .89 .95 },

with from 2 to 6 treatments and with both a linear and a quadratic covariate model. COVMAX
confirms the D-optimality of Harville’s designs in this case: Table 4 presents the D-and A-efficiencies
of Harville’s designs, as calculated using (10) above. Note that the two-treatment design with a
linear covariate model has 100% efficiency: in this case, the mean covariate values in the two
treatment groups match exactly.

More generally, it is not difficult to see that an optimal design for qualitative treatments with an
mt-order polynomial model for a single covariate will have the first m moments of the distributions
of the covariate within each treatment group as similar as possible. For example, 1000 random
variates were generated, distributed as a uniform random mixture of two normals, N(0,1) and
N(10,3), with a mixing parameter of 0.65:

Y = (U <0.65)e + (U > 0.65)e3, U~ U(0,1), e ~ N(0,1), e ~ N(10,3).

COVMAX was used to search for an optimal design for five treatments with a fourth-order poly-
nomial model in Y: the best design had a D-efficiency (as calculated using equation 10 above) of



%99.9997; table 5 and figure 4 confirm that the distributions of Y within each treatment group are
very similar.

Designs like this may also be useful in statistical resampling applications, when it is necessary to
sample without replacement while making sure that the distributions of individual subsamples are
as similar as possible.

3.3 Experiments with Spatial Correlation

Covariate effects are included in designs in order to account for the notion that experimental units
which are more closely related are more likely to have similar responses, whatever treatment is
applied. When there is a reasonable measure of the “distance” between experimental units, another
way of accounting for their innate relationship is to postulate a covariance between units which is
a function of their distance. For example, if observations are made over time, an autoregressive
covariance may be appropriate; as another alternative, a spatial correlation structure can be used
if experimental units are plots of land in an agricultural field trial. See Jennrich and Schlucter
(1986), Cressie (1991), and the chapter on the MIXED procedure in SAS Institute (1992) for more
information about the analysis of experiments with non-trivial covariance structures.

COVMAX can be used to find designs optimal for a specific covariance. Moreover, a design which
is optimal for one particular member of a given general class is often likely to be efficient for most
members of that class. For example, optimal designs for autoregressive covariance structures will
probably require first-order neighbor balance; conversely, any neighbor-balanced design is likely to
be efficient for a wide variety of time-related covariances.

To illustrate this point, consider a design for ¢ = 5 qualitative treatments in NV = 11 runs having
an autocorrelated covariance:

‘/Z] = COV(K,E/J‘) = 02p|i—j|7 27] = 17”‘7N‘ (11)

Since the optimal design doesn’t depend on o2, we use 02 = 1 for simplicity. Setting p = 0.9 and

applying COVMAX yielded an optimal design which put the treatments in the following order:
42531234154

This design does indeed exhibit first-order neighbor balance: every pair of treatments occur as
neighbors exactly once. Moreover, this design, generated for a particular value of p, is also appar-
ently optimal for all p € [0,1).

Neighbor-balanced sequences are equivalent to traversals of certain graphs (Hutchinson and Wilf,
1975). Using this representation, it can be shown that a neighbor-balanced design must have at



least ¢(t — 1)/2+ 1 runs for ¢ odd and at least #(¢ — 1) 4+ 1 runs for ¢ even, and that such minimum
designs exist for all . COVMAX easily finds such designs for ¢ < 20 or so.

Designs with various kinds of neighbor balance have been widely studied, but usually the object is
to superimpose neighbor balance on an already existing structure—to find BIBD’s which are also
neighbor balanced, for example. COVMAX can be used to find such designs also, by combining
covariates Z with covariance. In this case, the information matrix for the treatments is given by
equation (3). Clearly, the general algorithm applies, using (V_l -Vv-iz (Z’V_lZ)_1 Z’V_l) ' as
the covariance matrix for the units. Using this technique, COVMAX can be used to find neighbor-
balanced BIBD and Latin square designs of moderate order (¢ < 11). For example, table 5 gives a
balanced incomplete block design for 7 treatments in 7 blocks of size 4 found by COVMAX which
also exhibits first-order neighbor balance.

4 “Optimal” Design Versus Combinatorial Design

We have presented a new algorithm, COVMAX, for searching for D-optimal experimental designs
with non-exchangeable runs; and we have shown how this algorithm both generalizes and improves
upon the one of CN for optimal block designs in particular. Incidentally, COVMAX also finds
somewhat better designs than the algorithm of CN for some of the examples mentioned in that
paper itself, though the improvement is at most a few percentage points of the efliciencies as
measured by (10). For example, for the two-factor response surface design in two blocks of size
8 and 6, respectively, the design which COVMAX finds is about 1% better and slightly more
symmetrical: it can be derived from CN’s (9,5) design by moving one centerpoint from the larger
block to the smaller one. On the other hand, while the COVMAX design for the three-factor
response surface problem in 5 blocks of size 4 is about 5% better, it doesn’t seem to have the
“near-symmetry” which CN find in their design.

The use of designs constructed using D-optimal search algorithms is somewhat controversial. Both
their enthusiasts and their detractors see them as supplanting traditional approaches to design
construction, which emphasize combinatorial ideas like balance and orthogonality. There are at
least three important reasons why “search optimal” designs do not make combinatorial design
theory obsolete.

1. Optimal design search algorithms are imperfect and specialized. As the example in section 3.1
shows, combinatorial methods sometimes provide better designs than the search algorithms
according to the criterion of search itself. Moreover, the designs generated by search algo-
rithms are only guaranteed to be optimal for at most one criterion. Combinatorial methods,
by contrast, provide designs which are often optimal in many different ways.
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2. The quality of an experiment may actually improve if the researcher is required to force it
into a form where a combinatorial design will apply. For example, while a researcher may
initially conceive an experiment to involve many levels for the factors, it is usually better
to whittle these down to just two; while in principle an optimal design can be generated for
any combination of numbers of factor levels, orthogonal two-level experiments are usually
preferable in order to screen for the factors which really count.

3. There will always be situations involving specialized constraints which call for specialized
construction methods. The COVMAX algorithm addresses an important class of constraints,
but there are others: situations that come to mind include problems in which covariate and
treatment effects interact, or when different treatments have different costs.

The crucial point is that “good” designs have high degrees of symmetry. Information-based criteria
work because their optimization tends to be associated with such structure; combinatorial methods
of design construction focus on symmetry directly. For example, balance in incomplete block
designs was not originally conceived of in order to provide an information matrix which satisfies
the hypothesis of Kiefer’s General Equivalence Theorem, but because of the intuition that the
design shouldn’t distinguish between treatments for the purposes of analysis.

There are some general cases where it is probably safe enough to use an optimal design search
algorithm relatively blindly—eg. unbalanced designs for two-level factors, or designs for constrained
mixture experiments. But it is the opinion of this author that the first thing to do with the product
of an optimal design search algorithm in a novel set-up is to explore it’s symmetries thoroughly
to see whether they accurately reflect the researchers intuition about the experimental situation.
If they do not, we probably need to go back and re-think the set-up. In this vein, the algorithm
presented in this paper makes it possible to impose a certain amount of structure or symmetry on
the design. As with all optimal design tools, it really becomes useful when coupled with versatile
facilities for exploring the resulting designs.
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A Calculation of the Prediction Variance for Partitioned X

From formula (A.2.4g) of Mardia, Kent, and Bibby (1979) we have

1 -1 -1 .
l A Ay ] B (An — A1z A, A21) - (An Ay Ag A21) A2 Ag,
= -1 -1
Az Az —Ag_g Ao (An — A12A2_2 A21) (Azz — A21A1_1 A12)

(12)
Thus, if X = (X1 X3) then from (12) we have

-1

_ XX, XIX

/ 1 _ 131 1422
(XX = [XéXl X§X2]

_ l@n @m]* 1)
o (2,1) (2,2)

where )
= (X]X1— X{Xo(X5X9)' X5 X))~

— (X)X — X X5(X5X0) X)X ) T XX (X X,) ™!
—(X5X) LX) X (X)X — Xng(lX )TIXX)T
= (X)X, — XX (X!X)71X]X)

-1

-1 (14)

Now, let
Pii

7 AN—1 7 3
Xi(X[ X))~ X!

Then we can write (13) and (14) as

(X{(I - Pp)X1)™"! — (X{(I - Pp)X1)"! By

(XX~ B (X[ Pa)X0)Tt (XY~ Py)Xa)"! (16)

Further, let
Qi = I—-F;
My = X{QnXy (17)
Mi = X3Q11X

Notice that for Cook and Nachstheim, Q2 = Q22 and M = Mj;. Then (16) becomes

-1 -1
Mll _Mll B21

(X'x)" = _ a (18)
_B21M111 M221

Now, suppose z is partitioned similarly to X, with 2! = [ 2} 21’ ] and 25 = [ 2¥ 22 ]'. Then
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from (18) we have

7
1 2
x _ x
1 ’ 1 1 _ 1ar—1.2 1ar—1nr .2 17 —1..2 1ar—1.2
l 21 ] (XX) l 22 ] = ay My ey —ay My Byyag — ay BaaMyy o1 + x5’ Mgy 5
2 2
_ Ldrag-1..2 1 1o AN A —10,.2 ! 2 1/ -1 pnr .2
= x3'My, fz + (21 — lewz) My, (x{ — By 23) — fz Ba1 My, By
T af— —1r .2 1 AN =12 ;2
vy (Myy — BarMyy By )xs + (27 — Byay) My (21 — Bjyya3)
(19)
Similarly

X(X'X)' X" = Xo(My' — BuMyy By )Xg + (X] = By X3 My (X] — By Xj).  (20)

Bt X[~ BuX) = X| - X|Xy(X}Xy) " X}
= X! - X!Py
= X{Q?Q

so that

(X{ — Bu X5/ M (Y] = BuXY) = QuXa(X{@nX1)" X{Qn o)
Proj(R(Q22X1))-

But X (X’X)" X’ = Proj(R(X1) + R(X2)), so that (20) and (21) imply

Xy(My! — By My By) XS = Proj(R(X1) 4+ R(X3)) — Proj(R(Q22X1))

= Proj(R(X2)) = Pa (22)

by A1.7 of Tobias (1986). Then if #}' = o’ X5, 23’ = ¥’ X, (if, for example, they're both rows of X3)
we have

o ]

2 2

@' Xy (M) = Bay My By, ) Xgb + (] — Byah) My (a3 — Bjad)

' Xo( X5 X0) T X0b + (2] — Blyay)' My (a1 — By a3)
= oy (X3X2)"'ad + (o] — Byaoy) My (af — Bjyad).
The upshot of all this is that computations that rely on the prediction variance (such as D-optimal

design searching) can work with By and My if X3 is fixed, rather than the potentially much larger
X and X'X.

B Updating M,

B.1 Exchanges

Recall that
My = X{(I— XQ(XéXQ)_lXé)Xl
X{Xl — X{XQ(X%XQ)_IXéXl

14



What happens to M;; when we change the j' row of X;? We can see that it’s only affected
through
X{X1 = X2, w2y, and

If we change 2, to @ then

(X1X1)" = X{Xy — a2y 27, + 22’ and
(XéXl)* = XéXl — $2]$/1] + $2]‘$/

23
= XéXl —$2]‘($1]‘—$)/ ( )
where d; = 2 — 21, as in Cook and Nachsheim (1989). Then
My = (X{X0)" = (XX )" (X5 X)) 1 (X5 X0 )
XXy - 901j$/1j + za'
_X{XQ(XQXQ)_IXéXl — d]$/2](XéX2)_1X£X1
—X{XQ(XQXQ)_1$2]‘d; — d]$/2](X£X2)_1$2]d;
My — $1j$/1j + 2z’ — d]‘$/2jB21 — Bélngd; — Z]‘d]‘d;
My — xljx’lj + xx! — d]f]/ — f]d; — Z]‘d]‘d;
where
zio= ah(X5Xa) g
i = B§1$2J’-
Note that for
A = [ o= fi-(+z)d;  d; ]
B = | d; x—f; ]
we have
AJ‘B§ = wd]‘ — f]d; — Z]‘d]‘d; — d]‘d; + d]w/ — d]f]/
so that
—d]‘f]{ — f]d; — Z]‘d]‘d; = AJ‘B§ — xd; — d]w/ + d]‘d;
Then
My, = My - 901j$/1j +xz' + AjB; — xd; —d;a’ + djd;

= Mu+ AJ‘B§

Thus, when the j* row of X is exchanged, M;; can be updated with a rank-2 update by means
of the two p X 2 matrices A; and B;.

15



B.2 Interchanges

Now suppose instead of changing z; with an arbitrary z, we interchange it with z,;,—that is, we
switch

( 2y 2y ) — (o 7y )

( T1k T2k ) — ( T1; 22k )

Since Xy is still unchanged, My, is again affected only through XX, and X} X,. But since we are
interchanging two rows of X1, X{X; is also unchanged, while

(XXt = XiXq - Lo+ Ty — Loy + worh;
= XoXi — (w5 — wop)(21j — 218)
—_ / . !

where
dijp = T1; — %1k
dojp = T2 — %o
Then + / _ / _ Al / -1 / _ Al
Mn XX (X1X2 dl]deJk)(XQXz) (XzXl d2ykd1]k)
= X{Xl — X{XQ(X%XQ)_IXéXl
+ dljkdéjk(XéXg)_lXéXl
+ X[ Xo(X5X9) " dyjndy
= dyjpdy (X5 X2) " dajdy
= M+ dijdy; Bar + Bydojrdy sy — zjrdajrd, 5
= My +dirfl, + Firdye — zipdied,
where
zip = dyp(X5Xe) My
ik = Biyydajp.
Now, let
Ajp = [ dijr— [k dijk ]
By = | dijk dijr — fin +vdijr |
Then
A By = dujpdyyy, — fiedyy, + digrdye — dijefiy + vdaedy ),

= (v +2)dipdyy, — findyjy, — dirfix
= —ApBl = fipdy + due Sl — (v + 2)dyedy

so that if we set

v+2 = Zik
=V = Zjk— 2
then we have
dujefiy + Findije — zipdipdyy, = —AjpRBj,

16



and thus once again we have a single rank-2 update for Myy:

M} = My — AjB, (25)
Note that
zip = dyp(X5Xe) My
= (w25 — o) (X5 X2) " (w25 — war)
= z;i+ 2z — 2$’2j(X§X2)_1x2k
fir = Bhiday
= By (z2; — w2)
i = Ik
so that
Ajp = [ dijp—(f; — fr) dijk ]
By = | dijk A +vdiyi ]
where

v o= (z— 1)+ (=2 — 1) — 205,(X5X2) gy

B.3 Updating M
Thus, both exchanges and interchanges can be accomplished via rank-2 updates to M. Now from
formula (A.2.4f) of Mardia, Kent, and Bibby (1979) we have

(Myy £ ABY™Y = M 'F MPA(T £ B'M A B M

For our purposes, A and B are both p x 2 matrices, so that we only have to invert the 2 x 2 matrix

I+ B M3'A.

C Updating |[X'X|

From formula (A.2.3j) of Mardia, Kent, and Bibby (1979) for X = (X; X3) we have

XX, XIXo

X4X, XX,
= [ X5Xo| X [ X{X) — X{Xo(X5X9) T X5 X,
= [X3Xo| X | My

| XX
(26)

as noted in Cook and Nachtsheim (1989), equation (3). Also, from formula (A.2.3k) of Mardia,
Kent, and Bibby (1979),

My £ AB'| = |My| x [T+ B'M;' A (27)

17



Then combining (24) with (26) and (27) we have the following formula for the update to |X'X|
when we change the j* row of X; to z:

(X'X)*] = [X5Xo| x [ My
= | XiXo| x | My + AJ‘BH (28)
= | X5Xy| % |Myy| x [T+ B;Ml‘llAﬂ
where
Ay = [ a—fi—-(L+z)d; dj ]
29
Bj = | d;j r—=fi | (29)
with
d; = -
7 = @ (X5 Xa) e
fi = B§1$2j-

Note that f can be updated using

(X]Xo)"(X5X9) gy (X1 Xy + djah; (X5 Xo) o
Jr + djah (X5 X)) wgr

e+ [Xz(X£X2)_1X£]]‘k d;.

Likewise, combining (25) with (26) and (27) we have the following formula for the update to | X'X|
when we interchange the j* row of X; with the &

(X'X)| = | X3Xo| x [Mf]
= | X5Xo| X [M11 — Aj B, | (30)
= | X3Xo| X |Myq| X |[I = Bl My Ay
where
Ajp = [ dijp—(f; — fr) dijk ] (31)
By = | dijk A +vdiyi ]
with
dijp = T1; — Tk

v o= (z— 1)+ (= — 1) — 205, (X5 X)) 2.
Here the update to f; is given by

(XTX2)T(X5X2) ey = (X{X2 — dyjpah; + dijrah, ) (X5 Xo) oy
Sk — d1jk90/2j(X£X2)_19621 + dyjpah (X5 X2) gy
S+ ([Xa(X3X2) 71 XE], — [Xo(X5X2) XYL, ) di

18



D Design for Fixed Covariance

Consider now updating X'V X and | X'V X| for given V; the algebra is much the same as in B.2
and B.1. First, let R be a square root of V—for example, the Cholesky root—so that

X'VX = X'RRX.
Then if the j* row of X is changed to z, we have, similarly to 23
(RX)* = RX +r;d},
where 7; is the 7% column of R and
d, = x—uzj.
Thus exchanging x; for = transforms the information as

(X'VX) = X'VX - A;B

where
Aj = [ di—J7 d;j
By = [ d  —fr—(z+1)d;
and
o= X'Rivy = X,
i o= vy = Vi

Similarly, when z; is interchanged with x; we have

(RX)* = RX —d,pd’

|
] (32)

where
dejp = 15— T}
dpjr, = x; — Ty
so that
(X'VX)* = X’VX+AjkB;k
where
Ajp = [ dojr =[x dejk ] (33)
Bip = [ dojr (25— Ddojr— [ ]
and

= X'V, —a'Vy
= Vij+ Vie = 2Vik.

In relating equations (32) and (33) back to (29) and (31), respectively, note that

%
f] wlj_fjv
* —_ .
z; = 11—z, and
* —_ .
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Initialization: Chain together design points from C' to obtain an initial design
X. Initialize M to X'(I — Z (Z'2)"' Z2)X.

do while (|M| improves) {
do while (|M| improves) {

Exchange step: For each of the design points x;; with the
k smallest variances, exchange x;; with x € C' for which the
multiplicative change Ag(x;;,x) in | M| is maximized.

}

Interchange step: I'or each pair of design points x;; and xj, inter-
change x;; and xy; if the multiplicative change Ar(x;;,x5) in |M] is
greater than 1.

}

Figure 1: CN Algorithm for Optimal Block Designs
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Initialization: Randomly select design points X from C' and initialize M to

X'(I-P)X +al.

do while (|M| improves) {

do while (|M| improves) {

Exchange step: For each of the design points x; with the
k smallest variances, exchange x; with x € C' for which the
multiplicative change

AE(X]‘,X) = |IQ—|—B§M_1A]‘|

in |[M| is maximized.
}

Interchange step: For each pair of design points x; and xy, inter-
change x; and x;, if the multiplicative change

A[(X]‘,Xk) = |IQ_B;kM_1Ajk|

in |M| is greater than 1.

}

Figure 2: COVMAX Algorithm for Optimal Designs with Covariates
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t b k| Ds Dy Dgr|t b k Dg Dy Dg
3 3 2 * * * 84 3 * * *
4 4 3 * * * 91 3 9.02 * *
6 2 * * * || 8 8 7 * * *
5 5 4 * * * 14 4 6.01 * *
10 2 * * * 28 2 * * *
31 5.00 * * 4 7.38 * *
6 6 5 * * * 6 9.73 * *
10 3| 5.18 * * 42 4 8.71 * *
15 2 * * * 56 3 7.90 * *
4 17.39 * * 4 8.77 * *
20 3| 6.17 * * 5 10.01 * *
30 3] 7.39 * * 70 4 9.22 * *
40 3| 7.96 * £ (| 9 9 8 * * *
50 3| 8.41 * * 12 3 4.38 * *
60 3 | 8.37 * * 6 * * *
70 3] 9.08 * * 18 4 6.37 * *
80 3| 8.66 * * 5) 7.40 8.31 *
7 7T 3325 * * 24 3 5.57 6.47 *
4 | 5.27 * * 36 2 * * *
6 * * * 3 6.59 * *
14 3| 5.27 * * 4 7.18 * *
21 2 * * * 7 | 10.48 * *
31 6.49 * * 48 3 7.45 * *
51 8.90 * * 54 4 8.56 * *
28 3| 6.66 * * 60 3 7.90 * *
35 3| 751 * * 72 3 8.27 * *
4 | 850 * * 4 8.80 * *
42 3| 7.19 * * 84 3 8.28 8.98 *
49 3| 8.19 * * 90 4 9.12 * *
56 3 | 8.46 * * 96 3 8.33 * *
63 3| 7.78 * * 108 3 8.39 * *
70 3] 8.00 * * 120 3 9.69 9.00 *
77 3| 8.69 * *

Table 1: Negative log deficiencies for block designs found by various search algorithms, t=3-9
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t b k Dg Dy Dg t b k Dg Dy Dg
10 10 9 * * * || 12 22 6 7.60 8.79 9.20
15 4 5.88 6.80 * 33 4 6.68 * *
6 7.71 * * 44 3 6.00 7.36 *

18 5 6.93 8.19 * 6 8.79 9.89 10.59
30 3 5.90 * * 66 4 8.07 9.56 *
4 7.10 8.19 * 6 9.61 11.40 *

36 5 8.48 9.57 * 88 3 7.36 * *
45 2 * * * 99 4 8.68 10.38 *
4 7.50 * £ || 13 13 4 4.41 5.53 5.53

8 | 10.58 * * 9 8.20 * *

54 5 9.00 * * 26 3 4.97 6.22 *
60 3 7.10 * * 4 6.01 7.21 7.61
4 8.19 * * 6 7.50 8.19 9.04

72 5 9.57 * * 39 4 6.72 8.42 8.42
75 4 8.52 * * 5) 7.84 9.04 9.04
90 3 7.90 * * 52 3 6.53 7.61 *
4 8.78 * * 4 7.40 8.31 *

120 3 8.47 * * 6 8.76 10.43 10.83
11 11 5) 5.58 6.40 6.40 65 4 7.84 9.45 *
6 6.28 6.99 7.21 78 3 7.18 8.42 *

10 * * * 4 8.02 9.12 *

22 5) 6.98 8.08 * 5 8.89 10.43 *
33 5 7.59  9.30 * 6 9.70 11.24 *
44 5) 8.27 9.87 * 91 4 8.33 9.71 *
55 2 * * * 104 3 7.49 * *
3 6.67 * * 4 8.60 9.69 *

4 7.91 * * 117 4 8.92 10.22 *

5 8.71 * * 130 4 8.89 10.14 *

66 5 9.18 * * || 14 26 7 7.96 8.65 9.13
77 5 9.38 * * 52 7 9.23 10.51 11.02
88 5 9.55 * * 78 7 110.04 11.83 12.24
110 3 8.20 * * 91 4 8.17 9.63 *
4 8.98 * * 6 9.52 11.47 11.87

Table 2: Negative log deficiencies for block designs found by various search algorithms, t=10-14
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t b k| Dg Dy Dr t b k| Ds Dy Dr
15 15 7]650 761 * |16 96 5| 872 10.62 11.03
8730 774 834 61924 1092 11.14
30 71794 864 9.00 100 41794 917 10.09
35 3487 666 6.66 104 6| 947 11.30 11.30
6764 864 86417 34 &|830 893 9.07
42 5| 743 853 853 68 4| 717 884 9.25
45 7881 996  9.96 5793 866 958
60 71929 1054 11.23 81973 1083 11.08
63 51824 915 98|18 34 9861 9.03 951
70 3645 8.0 * 51 6| 785 857 884
6 | 8.97 10.36 10.58 68 91980 1090 11.07
7o 71964 1117 1168 |19 19 9| 722 764 781
84 5853 10.83 10.83 10| 777 809 8126
1054|838 10.25 * 38 9|87 9356 941
5 (920 10.58 * o7 31532 739 *
16 16 6589 638 7.00 41639 740 8.09
10 | 815 9.20 * 6797 911  9.00
20 41489 576 576 71852 909 949
246|687 756 7.46 91939 10.28 1049
30 8| 856 889 9.26 |20 38 101|895 938 9.64
326|729 839 825 76 5| 776 862 882
40 41631 734 T8 |21 21 5|48 612 591
6784 847 870 30 71697 730 7.50
48 5| 7560 814 895 35 9821 864 872
6815 874 9.20 42 5| 644 729 T.38
96 6| 851 9.84 9.66 6719 765 782
60 4 |7.05 815 9.06 101905 932 9.74
81947 10.76 11.05 56 6| 764 817 846
64 6| 863 10.33 10.11 60 7842 880 9.09
726|882 9.88 10.16 63 5| 713 810 8.19
80 3 ]664 825 * 70 6814 867 9.05
41763 895 9.64 8 5| 776 860 877
6 | 9.03 10.37 10.78 6 |8.42 927 941
71966 1089 11.23 |22 42 11| 921 9.67 9.84

88 6947 10.56 10.97

Table 3: Negative log deficiencies for block designs found by various search algorithms, t=15-22
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Figure 3: Iifficiency versus run-time for three block designs

Number of Covariate
Treatments Model D-Efficiency A-FEfficiency
2 Linear 100.00 100.00
Quadratic 99.59 99.59
3 Linear 98.58 98.18
Quadratic 97.32 96.83
4 Linear 97.29 95.98
Quadratic 95.74 94.54
) Linear 99.72 99.72
Quadratic 91.66 91.13
6 Linear 94.05 89.66
Quadratic 85.57 80.61

Table 4: Efficiencies for Harville’s Designs
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Standard
Treatment | Mean Deviation Skewness Kurtosis
1 3.70 5.21 0.77 -0.94
2 3.69 5.21 0.77 -0.93
3 3.67 5.20 0.78 -0.92
4 3.66 5.20 0.78 -0.92
5 3.68 5.20 0.77 -0.93

Table 5: Within-group Moments of Covariate for Optimal Design
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Figure 4: Within-group Distribution of Covariates for Optimal Design
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Figure 5: Neighbor-balanced BIBD for t = b =7, k = 4, found by COVMAX
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