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ABSTRACT

SIMULATION

Researchers involved with longitudinal studies are faced
with the problem of trying to get study subjects to return
for every follow-up visit. There is always some amount of
missing data when looking at these types of studies. The
MIXED procedure of the SAS® enables examination of
correlational structures and variability changes between
repeated measurements on experimental units across time.
While PROC MIXED has the capacity to handle
unbalanced data when the data are missing at random, a
question arises as to when the degree of sparseness
jeopardizes inference. Simulation is a tool that can be
used to answer these types of questions. This paper show
how to simulate sets of data where an assumption of a
Toeplitz structure has been made for the variancecovariance (V-C) relationship of the repeated
measurements. Then observations are systematically
deleted at rates of 10%, 20%, and 25% in specific
patterns. Comparisons of the suitability of the Toeplitz
versus the unstructured or compound symmetric models
were made using Likelihood Ratio Tests (LRTs). Sample
sizes can be increased in the simulations until the
underlying covariance structure is determined 95% of the
time (the p-value for the LRT is set at 0.05).

The simulation problem was to generate samples of
various sizes from a 4-variable multivariate normal
distribution with specified mean vector and variancecovariance matrix. In a separate study of SBP in children
it was determined that the mean±SD for SBP in each of 4
years was 110±10 mmHg. The correlation between
measurements separated by 1 year was .70, 2 years was
.60 and 3 years was .48,. following a TOEP covariance
structure. Thus, the samples to be generated are of the
form
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INTRODUCTION
Researchers at the Medical College of Georgia have been
collecting data on and studying children from families
with a history of hypertension for a number of years. A
measurement of interest is the systolic blood pressure
(SBP) measurement obtained from a monitor that the child
wears for 24 hours. SBP measurements are obtained every
20 minutes from 6am to 10pm and every 30 minutes
during the night. Daytime and nighttime means are
calculated and used in analysis. Because of the nature of
these measurements not all children in the study consent
to wear an ambulatory BP monitor and those that consent
to wear the monitor do not do so every year of the study.
When they do wear the monitor, there may be technical
problems which result in an insufficient number of
readings for analysis.
A question arises as to the sufficiency of the size of the
resulting sample in determining the relationship between
these measures taken a year apart. There may not be
sufficient power to determine the appropriate V-C
structure. We used simulation to investigate the sample
sizes needed to make correct determinations of the
assumed underlying structure.
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where B and b are constants, then
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If the elements of x are independent standard multivariate
normal, then the variance-covariance matrix of y is
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Thus, B is the matrix resulting from a Cholesky
decomposition of the desired variance-covariance matrix
BB1. In this example, if we generate a random standard
normal vector x and set
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ANALYSIS
The results from the 1000 simulations are analyzed using
PROC MIXED and three different V-C matrices: CS,
TOEP, and UN. The MAKE statements were used to
output the model fitting information to SAS data sets.

then,
x1
y

B



x2
x3
x4

110



This is also where observations are deleted.
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QXPEHU RI REVHUYDWLRQV DQ H[DPSOH LV
VKRZQ ODWHU LQ WKLV SDSHU

represents a random sample from the distibution of blood
pressures.
The SAS code for the simulation and subsequent analyses
follows. Each run simulates 1000 groups of some number
of subjects (n) (the example shows 150). The random
number seed is reproducible but changes for each subject
and simulation.
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The global macro variable _PRINT_ was turned off to
suppress the printing of the PROC MIXED output.

JOREDO B35,17B
OHW B35,17B
2))

SURF WUDQVSRVH GDWD DOO RXW DOOW
E\ L YDU VES VES VES VES
UXQ


M

8QVWUXFWXUHG 9& 0DWUL[ 
SURF PL[HG GDWD DOOW FODVV BQDPHB
PRGHO FRO BQDPHB
UHSHDWHG W\SH XQ VXEMHFW L
PDNH ILWWLQJ RXW IWXQ M
UXQ TXLW

WKH VLPXODWLRQ
LQGH[

RQH UHS RI WKH VLPXODWLRQ VWDUWV KHUH 
GDWD VES
JHQHUDWH  LQGHSHQGHQW VWDQGDUG QRUPDO
UDQGRP YDULDEOHV IRU HDFK VXEMHFW
GR L
 WR 
ZKHUH  LV WKH GHVLUHG
VDPSOH VL]H L LV WKH VXEMHFW LQGH[
[
UDQQRU   L  M  
[
UDQQRU   L  M  
[
UDQQRU   L  M  
[
UDQQRU   L  M  
WUDQVIRUP WR FRUUHODWHG YDULDEOHV
VES
 [ 
VES
 [  VTUW  [  
VES
 [   VTUW  [ 
 VTUW  [  







7RHSOLW] 9& 0DWUL[ 
SURF PL[HG GDWD DOOW FODVV BQDPHB
PRGHO FRO BQDPHB
UHSHDWHG W\SH WRHS VXEMHFW L
PDNH ILWWLQJ RXW IWWS M
UXQ TXLW



&RPSRXQG 6\PPHWULF 9& 0DWUL[ 
SURF PL[HG GDWD DOOW FODVV BQDPHB
PRGHO FRO BQDPHB
UHSHDWHG W\SH FV VXEMHFW L
PDNH ILWWLQJ RXW IWFV M
UXQ TXLW





Statistics, Data Analysis, and Modeling










0HUJH WRJHWKHU WKH PRGHO ILWWLQJ
LQIRUPDWLRQ IURP WKH GLIIHUHQW PRGHOV
1RWH WKH PHUJHG GDWDVHW ZLOO EH HPSW\
LI RQH RI WKH GDWDVHWV GRHV QRW
H[LVW WKLV KDSSHQV LI D PRGHO
IDLOV WR FRQYHUJH
GDWD ILW M
PHUJH IWFV M UHQDPH YDOXH YDOBFV
IWWS M UHQDPH YDOXH YDOBWRHS
IWXQ M UHQDPH YDOXH YDOBXQ 
DWWULE VLPX OHQJWK 
VLPX 6LP M  RXWSXW










SURF GDWDVHWV
GHOHWH VES DOO DOOW IWFV M IWWS M IWXQ M
DSSHQG EDVH ILW QHZ ILW M
UXQ
HQG
PHQG VLPXODWH
VLPXODWH
UXQ

DETERMINE THE PREFERRED MODEL
The model fitting information is used to determine the
preferred covariance structure from each simulation. The
results using Likelihood Ratio Tests (LRT) for CS vs
TOEP (LRTC_T) and for TOEP vs UN (LRTT_U) are
computed. An LRT for the significance of a more general
model can be constructed if one covariance model is a
submodel of another by computing -2 times the difference
between their log likelihoods. Then this statistic is
compared to the chi-square distribution with degrees of
freedom equal to the difference in the number of
parameters for the two models.
If CS is preferred to TOEP and TOEP is preferred to UN
then CS is the preferred model for that sample. If TOEP
is preferred to both CS and UN then it is the preferred
model. If TOEP is preferred to CS and UN is preferred to
TOEP then UN is the preferred model.
In these simulations, when CS is preferred then there is an
over specification of the V-C structure since the
underlying structure is the more general TOEP. When UN
is preferred then there is an under specification. Since
Type I error for the LRTs is set at 0.05 we are looking for
the sample size where TOEP is the preferred V-C
structure in approximately 95% of the 1000 samples. A
one-sided 95% confidence interval yields a lower limit of
93.9%. Sample sizes are increased until the percent of
samples where TOEP is preferred exceeds this lower
limit.
The results are printed out in tabular form as well as

compiled into frequency tables.
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DELETE OBSERVATIONS
Since the subjects and observations within subjects are
randomly simulated, a systematic deletion of observations
still produces a random sample. The 10, 20, and 25%
deletion of observations were evenly distributed across the
last three years and no subjects had more than one missing
observation. No observations were deleted from the year 1
since all recruited subjects are assumed to have an
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observation in the first year.

limits. An increase in sample size to 185 subjects is
needed to correct this problem.

For example, there are 600 total observations for a sample
size of 150 subjects with measurements taken over four
years.

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
7DEOH   VLPXODWLRQV GHOHWLRQ
7HVWV RI SUHIHUUHG PRGHOV 

For 10% deletion, 60 observations are deleted, 20 each
from year 2, 3, and 4. Sample code is as follows
(remember that i is the subject index) and is inserted into
the program immediately before the PROC MIXED
analyses,
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Therefore, for the first 20 subjects the observation in year
2 is missing, for the next 20 the year 3 observation is
missing and the next 20 are missing the year 4
observation. The remaining 90 subjects have no missing
data.
For 20% deletion of sample size 150, 120 observations are
deleted, 40 each from year 2, 3, and 4. For 25% deletion,
150 observations are deleted, 50 each from year 2, 3, and
4, i.e. each subject is missing one observation.

RESULTS
The results from the comparison of models for the 1000
samples from the simulation and analysis of the data
where no observations are missing are shown in Table 1.

The results when 20% of observations are deleted is
shown in Table 3.

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
7DEOH   VLPXODWLRQV GHOHWLRQ
7HVWV RI SUHIHUUHG PRGHOV 
72(3 81
6DPSOH VL]H &6
Q 

 
Q 

 
Q 

 
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB
Only 90.4% of samples when the number of subjects is
150 determine that the preferred model is TOEP. A
sample size of 185 subjects is also no longer sufficient to
determine the TOEP structure within error limits. An
increase to a sample size of 225 is required.
Table 4 shows the results when 25%, or one observation
per subject, is deleted.
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A sample size of 150 subjects is required to correctly
determine the underlying TOEP V-C structure within the
limits of error when no data are missing. At smaller
sample sizes, the less general CS structure is incorrectly
determined at a higher rate. A lack of power to
distinguish the actual V-C pattern, which leads to an over
specified model, is a problem when sample sizes are too
small.
Table 2 shows the results when 10% of the observations
are deleted. A sample size of 150 is no longer sufficient to
determine the underlying TOEP structure within error

More serious inference errors occur at the original sample
size of 150, the CS structure is preferred in 5.2% of the
samples. The sample size of 225 subjects is also no longer
adequate in detecting the underlying V-C structure. It is
determined that an increase to a sample size of 250
subjects is required to determine the underlying TOEP
structure within error.

CONCLUSIONS
Simulation can be a valuable tool for showing the effect
that missing data can have on inferences made from
repeated measures models. Initial study sample sizes are
determined by power calculations under the assumption of
no missing data. Even relatively small amounts of missing
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data require substantial increases in sample size to
preserve the correct size of the LRT for inferring the
correct V_C structure.
An understanding of the subjects being studied and the
nature of the measurements being taken is needed to
estimate the amount of data expected to be missing before
study sample size can be determined.
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