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CUBIC CLUSTERING CRITERION

Abstract

The cubic clustering criterion (CCC) can be used to estimate
the number of clusters using Ward's minimum variance method,
k-means, or other methods based on minimizing the within-
cluster sum of squares. The performance of the CCC s
evaluated by Monte Carlo methods.

Introduction

The most widely used optimization criterion for disjoint clusters
of observations is known as the within-cluster sum of squares,
WSS, error sum of squares, ESS, residual sum of squares, least
squares, (minimum) squared error, (minimum) variance, (sum
of) squared (Euclidean) distances, trace(W), (proportion of)
variance accounted for, or R? (see, for example, Anderberg
1973; Duran and Odell 1974; Everitt 1980). The following
notation is used herein to define this criterion: .

n = number of observations

n, = number of observations in the kth cluster

p = number of variables

q = number of clusters

X = n by p data matrix

X=Aq by p matrix of cluster means

Z = cluster indicator matrix with element Zi = 1 if the ith
observation beldngs to the k0 cluster, O otherwise.

Assume that without loss of generality each variable has mean
zero. Note that Z'Z is a diagonal matrix containing the n s and

k
that

X = (2'2)"'2'X



The total-sample sum-of-squares and crossproducts (SSCP)
matrix is

T=XX

The between-cluster SSCP matrix is

B=X2'2X

The within-cluster SSCP matrix is

W = (X - ZXY(X - ZX)
=X'X-X'2'2X
=T-B :

The within-cluster sum of squares pooled over variables is thus
trace(W). By changing the order of the summations, it can also
be shown that trace(W) equals the sum of squared Euclidean
distances from each observation to its cluster mean.

Since T is constant for a given sample, minimizing trace(W) is
equivalent to maximizing

trace(W)
R =1- vrace(T) °’

which has the usual interpretation of the proportion of variance
accounted for by the clusters. R? can also be obtained by
multiple regression if the columns of X are stacked on top of
each other to form an np by 1 vector, and this vector is
regressed on the Kronecker product of Z with an order p
identity matrix.

Many algorithms have been proposed for maximizing R2? or
equivalent criteria (for example, Ward 1963; Edwards and
Cavalli-Sforza 1965; MacQueen 1967; Gordon and Henderson
1977). This report concentrates on Ward's method as
implemented in the CLUSTER procedure. Similar results should
be obtained with other algorithms, such as the k-means method
provided by FASTCLUS.

The most difficult problem in cluster analysis is how to
determine the number of clusters. If you are using a goodness-
of-fit criterion such as R?, you would like to know the sampling



distribution of the criterion to enable tests of cluster
significance.

Ordinary significance tests, such as analysis of variance F

tests, are not valid for testing differences between clusters.
Since clustering methods attempt to maximize the separation
between clusters, the assumptions of the usual significance
tests, parametric or nonparametric, are drastically violated.

For example, 25 samples of 100 observations from a single

univariate normal distribution were each divided into two

clusters by FASTCLUS. The median absolute t statistic testing
the difference between the cluster means was 13.7, with a

range from 10.9 to 15.7. For a nominal significance level of
.0001 under the usual, but invalid, assumptions, the critical
value is 3.4, yielding an actual type 1 error rate close to 1.

The first step in devising a valid significance test for clusters
is to specify the null and alternative hypotheses. For clustering
methods based on distance matrices, a popular null hypothesis
is that all permutations of the values in the distance matrix are
equally likely (Ling 1973; Hubert 1974). Using this null
hypothesis you can do a permutation test or a rank test. The
trouble with the permutation hypothesis is that, with any real
data, the null hypothesis is totally implausible even if the data
do not contain clusters. Rejecting the null hypothesis does not
provide any useful information (Hubert and Baker 1977).

Another common null hypothesis is that the data are a random
sample from a multivariate normal distribution (Wolfe 1870,
1978; Lee 1979). The multivariate normal null hypothesis is
better than the permutation null hypothesis, but it is not
satisfactory because there is typically a high probability of
rejection if the data are sampled from a distribution with lower
kurtosis than a normal distribution, such as a uniform
distribution. The tables in Englemann and Hartigan (1969), for
example, generally lead to rejection of the null hypothesis when
the data are sampled from a uniform distribution. Hartigan
(1978) and Arnold (1979) discuss both normal and uniform null
hypotheses, and the uniform null hypothesis seems preferable
for most practical purposes.

Hartigan (1978) has obtained asymptotic distributions for the
within-cluster sum of squares criterion in one dimension for
normal and uniform distributions. Hartigan's results require
very large sample sizes, perhaps 100 times the number of
clusters, and are, therefore, of limited practical use.



This report describes a rough approximation to the distribution
of the R? criterion under the null hypothesis that the data have
been sampled from a uniform distribution on a hyperbox (a p-
dimensional right parallelepiped). This approximation is helpful
in determining the best number of clusters for both univariate
and multivariate data and with sample sizes down to 20
observations. The approximation to the expected value of R? is
based on the assumption that the clusters are shaped roughly
like hypercubes. In more than one dimension, this
approximation tends to be conservative for a small number of
clusters and slightly liberal for a very large number of clusters
(about 25 or more in two dimensions). The cubic clustering
criterion (CCC) is obtained by comparing the observed R? to
the approximate expected R? using an approximate variance-
stabilizing transformation. Positive values of the CCC mean that
the obtained R? is greater than would be expected if sampling
from a uniform distribution and therefore indicate the possible
presence of clusters. Treating the CCC as a standard normal
test statistic provides a crude test for the hypotheses:

HO: the data have been sampled from a uniform
distribution on a hyperbox.

H_: the data have been sampled from a mixture of

spherical multivariate normal distributions with
equal variances and equal sampling
probabilities.

Under this alternative hypothesis, R? is equivalent to the
maximum-likelihood criterion (Scott and Symons 1971).

Computation of the Cubic Clustering Criterion

The CCC is based on the assumption that clusters obtained from
a uniform distribution on a hyperbox are hypercubes of the
same size. The hypercube assumption is obviously false in most
cases, but is generally conservative unless the number of

clusters is very large in two or more dimensions. Wong (1982)
has shown that, for many clusters in two dimensions from a

uniform sample, the cluster shape tends to be hexagonal.

Figure 1 illustrates a case in which the hypercube (or square,
since there are only two dimensions) assumption is correct. A
sample of 10,000 points from a uniform distribution on the unit
square was divided into nine clusters by FASTCLUS. Each
cluster is nearly square with edge length 1/3.



FIGURE 1
NINE CLUSTERS FROM A UNIFORM DISTRIBUTION ON A UNIT SQUARE
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A first approximation to the value of R? for a population

uniformly distributed on a hyperbox can be obtained as follows.
Assume that the edges of the hyperbox are aligned with the
coordinate axes. Let sj be the edge length of the hyperbox

along the jth dimension. Assume further that the sjs are in

decreasing order. The volume of the hyperbox is

1 d

v=Ha,

J=1

If the hyperbox is divided into q hypercubes with edge length
c, then the volume of the hyperbox equals the total volume of
the hypercubes, hence

v.1
c={-})»
)
Let
I
we

be the number of hypercubes along the jth dimension of the
hyperbox. The total-sample variance along the jth dimension is

proportional to sjz, while the within-cluster variance along the

jth dimension is proportional to c2. Thus

Rg__.l E;—lé
I 5 A
Jum1 ©f
_—1—_P
E;—l "3

In Figure 1, for example, s =sz=1, c=1/3, and ‘u1=u2=3, so the

1
population R? is



2
R’*l— m
= 0.88888...

while the sample R? is 0.88967+.

The above approximation fails badly if the dimensionality of the
* *

between-cluster variation, say p , is less than p. Obviously, p

must be less than the number of clusters, q. Also, uj<1 implies

*

p <j. For a better approximation, assume the clusters are

*
hyperboxes with edge length ¢ in the first p dimensions, and
edge length S5 in the remaining dimensions. Let

'.
v'—Ha, ,

*.
where p is chosen to be the largest integer less than q such
that up* is not less than one. Then we have the following

approximation to the population R?:

. ’ 2
P+ X my s ¥
2;—1 u?

R?=1-



In small samples from a uniform distribution on a hyperbox, the
sample R?*s tend to exceed the population R? due to the
phenomenon widely known as '"capitalization on chance."
Extensive simulations led to the following heuristic small-sample
approximation for the expected value of R?:

E;-l u?

a1ty B oo

Given a sample X, let s, be the square root of the jth

J
eigenvalue of T/(n-1), so that under the null hypothesis the
length of hyperbox in the jth dimension is proportional to the

standard deviation of the jth principal component of the data.
The CCC is computed from the observed R? as

1-p@y) VE

1-R? ](.001 + E(RY))12

CCC = ln[

The above formula was derived empirically in an attempt to
stabilize the variance across different numbers of observations,
variables, and clusters.

Empirical Examination of the Performance of the CCC

A Monte Carlo study of the null distribution of the CCC was
performed by clustering samples from uniform distributions on
hypercubes by Ward's minimum variance method as implemented
in the CLUSTER procedure. The design involved two factors:



* The number of observations was 20, 40, 80, 160, 320, or
640.

. The number of variables was 1, 2, 4, 8, or 16.

For each combination of these factors, 50 samples were
generated from a uniform distribution on a hypercube. Each
sample was clustered and E(R?) and the CCC were computed
with the number of clusters ranging from one to one-tenth the
number of observations.

Figure 2 is a plot of the observed average R? against the
theoretical approximate expected R?. Each combination of
number of observations, number of variables, and number of
clusters is represented by a point giving the mean of 50 values
of the observed R? and the approximate E(R2?). Points for
which the observed R2? exceeds E(R2?) are labeled "L" for
liberal, while the remaining points are labeled "C" for
conservative. |f both liberal and conservative points fell at a
given plotting position, "L" was printed. The vast majority of
the points are mildly conservative.



FIGURE 2
PLOT OF OBSERVED AVERAGE R-SQUARED AGAINST
THEORETICAL APPROXIMATE EXPECTED R-SQUARED
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
POINT LABELS: C=CONSERVATIVE L=LIBERAL
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vV 0.7 + cccc
E I ccee
D | ccce
| ccce
A 0.6 + cccc
v | cccce
E I cce
R | cccee
A 0.5 + ccc
G | CC cccc
E ] CC ccC
| cceee ¢
R 0.4 + cccee
- | ccccece
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Q | cccce
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A | cc ¢C
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| (o]
0.0 +
l---#-----#-----0-----#--o--#o----#-----#-----#o----#-----#---—-*---
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
APPROXIMATE EXPECTED R-SQUARED
NOTE: 453 OBS HIDDEN
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Table 1 gives the mean and standard deviation of the CCC for
each combination of number of observations, clusters, and
variables. Nearly all the means are negative, showing that the
CCC is generally conservative. The only exceptions are for 56
or more clusters with 640 observations and 2 variables. For a
given number of observations and variables, the mean CCC
reaches a minimum when the number of clusters is close to the
number of variables plus one, in which case the assumption of
hypercubical clusters is badly violated. The CCC becomes
extremely conservative for 16 variables, especially with a large
number of observations. The standard deviations are generally
close to 1.0, but are larger for a small number of clusters,
especially with the larger sample sizes for two clusters.

TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 20

........... P L T L Dt L L T L L L L L T Ty ity

| = VARIABLES :
' ---------------------------------------------------------------------
| | 1 | 2 | 4 | 8 I 16 |
| ------------- teccccnccccnns dececcccvvaccna deoccccccncnces deccconcncnans |
] | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD |
| ....................................... tencce tocccnen decccs doccccce doncces $occanan doccne dteccccan doccae [}
JCLUSTERS | | | | | | | | | | |
|emecccccccccccncccccncacacacacn | | | | | | | | | |
12 | -0.61 1.2] =0.71 o0.61 =1.21 0.4} -1.51 0.3 -1.8§ o0.2]
TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES
NUMBER OF OBSERVATIONS = 40 '
1 VARIABLES
|ecvrecccana cemsscacccncccssnenccnnn ccoccvenn cescrncscoscncccavane
| 1 | 2 | 4 ] 8 | 16
’ ------ cosnccntoccnnncs tocces deccca eccctoccna cccscose
| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD
coccces - + cecte + + + + + teccacts +
CLUSTERS | | | | | | | | | |
| | | 1 | | | | | |
2 | -0.71 I.Ml -1.01 0.7} -1.51 0.51 -2.01 O.Ul -2.51 0.4
3 i -0.5; 1.1} -1.61 1.1] -2.2| 0.6} -2.61 0.4} -3.31 0.4
tecoccactd + + + cotocaced + + ctecona
4 | =0.51 1.1} =1.01 1.1 -2.51 0.7l -3.01 0.4 -3.81 0.3

1"



TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 80

coceccancccancncncccscnacane --;-.-.-..-- VAR|A5LES
|ececemccccncecccnccaccccccccaes covscrcovnce meecemccecce cecccrccsccnnscne
| 1 | 2 | 4 | 8 | 16
jeeee= cocccmes doccccnca ececntecccccccscncatsnanncncncccotececcencnncne
| MEAN | STD | HEAN | STD | MCAN | STD | MEAN | STD | MEAN | STD
............ cocescccsssccscanncbeccccnctesnnctaccnccetecccateccccccteccnctoccoccntecccobocccccnboccen
CLUSTERS { : { ’ : I : I } !
2 | -0.71 1.6l -1. SI 0.9 -2. 3| 0.81 -3. 2| 0.71 -3.81 0.5
ccescccccncncccccssnassccecanan 4ecccccatecccctocccncatecane focmccen coccatemcccnateccan decccccctacace
3 | -0.8| 1.2 -2. OI 1.21 -3. 3I 0.81 -4, ll 0.7 -4.81 0.5
comssecccccscccaccccccnncnne ecetencccccteccccteccaccndocccctaccnccntaccncctencccnatrnccctescnccatenccs
4 | -0.71 1.2} -1.21 1. hl -4.01 0.9] -4.61 0.8]| -5.41 0.5
ccemcccccccacaccccas cemcccncnccetocnccectecncnteccncnctecccctecas ecetecccctencccnctecnccctnccoccatecnna
5 | -0.51 1.1 =1.1 1. Zl -4.41 1.1} -5.01 0.8| -6.01 0.5
ceemccccccccccccccorennnccsnncctecssccaboccnctecccnnn $ecmcctocmcccetesmccteccrocctoccacteosmnaatenenn
6 | -0.61 1.1} -1.01 1.2} =3.61 1.1} -5.21 0.91 -6.41 0.5
ccccccacccascenaccccccercncanccbencnccntencsctecccnccteccnctecsccnctenccctecnnccnteccnctacane cotencen
7 | -0.41 1.3} -0.81 1.1} -2.91 1.1} =5.3] 1.0} -6.71 0.5
ceccccconnccnncevescencocncenantencnccctocnrccteccncnctocnan deccocsatrancctenccnnctencncdosccccateccnn
8 | -0.41 1.1} -0.61 1.0} =2.41 1.1 -5.31 1.0} ~-6.91 0.6

TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 160

| VARIABLES
|escccscccccccccccncanccccccccccccccccancnncnae . ccee

| 1 I 2 | 4 | 8 I 16
‘.--...-.-----0 --------------- cceccccccadoccccccncavcencdban cescscsasccas

| MEAN | STD | MEAN I STD l MEAN | STD | MEAN | STD I MEAN l STD

ccccmcscscnarerenmcacnrrccccreccboccccnntocccctocacccnboncactbecnnncntecncodocccccctencnntoncncccatancce

CLUSTERS | | | | | | | | | |
| | | | | | | | | |
2 | -1.2] 2.21 -1.9] 1.2 -3.31 1.0l ~-S5.1] 0.7 =-6.21 0.7

B N L L L LT T T T T Y TR PR Y TN R R LN T L L et

3 I -1.61 1.4 -4.91 1.31 5.0l 0.91 -6.61 0.8} -7.81 0.7

..... e

4 I =14 1.31 =2.71 1.6} -6.31 0.8] -7.51 o.8l -8.81 0.8

g R Y O S S

5 I =121 1.21 -2.41 1.31 -7.41 0.9l -8.21 0.9 -9.51 0.8

cesncccccasscccnccnccccnancocnsbecscansdonccndonsnncadoccncsdocnssscboscscbrnnscocdonccndravenacdboccnn

6 | -1.21 1.1 =2.01 1.1} -6.5| 0.8} -8.8/ 1.0/ -10.01 o0.8

g

7 I =t.11 1.0l ~-1.81 0.9/ -5.51 1.0] -9.01 1.0l =-10.4! 0.8

eheccecorccasccranncsccncnnnnscbonccnssdesnnndenccncctsccccdbrcsanccdoccecdaccncantaccccten coctcccce

8 I =1.1] 1.0l -1.5| 0.9 4.81 1.0} 1 11 .61 0.8

cenonccvoncecccrsrcencesrcencsnsbocnccnctonccntecncnnctesrrnteccnacsboncnctoncnccntoccnctonccccatrccna

9 I =10 1. Ol -1.21 0.91 -4. 1 1. -9. Ol 1.2] =-10.8| 0.8

coscccccccvcscassacaccnen -----.-0-.----.#--- +. ecboccccdbeccca +* -
10 I =111 130 =111 0.9] -3.5| 1.1 -8.4| 1.2 -10.8] 0.9
- - -------0---.---0---.-Q-------#----—#---- + + + coadosans
1 | =111 1.00 -1.01 0.9] -3.0] 1.1] -7.8] 1.2] -10.8] 0.9
P + ececctesccctecccnnatesanctennan ata + + -t

12 | -1.0l 1.00 =-0.8] 0.1 -2.6] 1.1| -7.2| 1.2| -10.8] 1.0
13 1 -o. 9| 1.11  -0.71 1.0l -2.31 1.1] -6.81 1.1 -10.6] 1.0
- bocen + <+ + + * -+ + cocaad

14 ] -0. 9| 1.21 «0.61 1.0} =2.01 1.1] -6.41 1.1} -10.4} 1.0
cecnsssscans + Y .4 + * *+ + + Y S
15 | -0.9] 1.2] -0.5] 1.0 -1.71 1.11 =-6.0 1.1 -10.0] 1.0
16 I -0.81 1.21 =0.41 1.11 =1.51 1.1] <=5.61 1.1l <=9.71 1.0

12



TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CuBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUHBER OF OBSERVATIONS 320

| VARIABLES |
|eeccomcccncccccccccccaan ceccceccccemcnacnccccaccccccanaa cecmecmcncaas
: 1 l 2 I 4 | 8 | 16
.................. cecmcrnateccrcanccscnccncteccccnccccccntencccccrennnan
| MEAN | STD I MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD
ccccccccnnccccccccncancncnccsccatecncanctecncctccccccctecanctencccantecccntrcccanntoncnctbonnnncetorane
N T
2 | -3.1] 2.4} -2.61 1. “l -4.91 1.6} -8.41 o0.8! =-10. 7| 0.9
cecccccccccaccnsccccnnncncccccntecncccntacncctenccccatecncatonan ceetecccctecccncntecccntecccmcatranan
3 ’ | -1.91 2.0} =7.31 1. Hl =7.71 1.31 =-i0. 7l 0. BI -13.41 0.9
ccecccccccccccnaccan ccccccncncctecccccctonnceteccncnatoccectoccnnan teccccteccccnntenccctennca cedeccee
4 | =2.2] 1.4) ~4.5| 1.61 =10.2| 1.4 -12. “I 0. 9l -15.1] 0.8
cosccncccrccencccanccccccns P R S St S S S PO S SN coctoccaa

-2.2| -4. hl 1. SI =12 bl 1.31

.1| 1. 3I -10. 9l 1.21

emctoccea 4-----.-0---.-¢---.---¢-----¢-..----¢.--..|

=3.71 1. Mi =9.51 1.21 -15.61 1. OI -18. ll 0.71

| =1.51 1.1 -3.21 1. 3| -8.31 1.2] =-16.21 1.1l -18. 6l 0.7
cecscccccccscnccacercccccorenccteccccrcetenrccteccncrcteccnatenaccontrccoctecncccctecccatonccccebann --
9 | =1.51 1.0} =2.91 1.4] -7. 5| 1. 1I =-16.51 1.1 =19, Ol 0.7
cocccns cercnmcvrcrncnccrcnccccnecteccrccctencnctoccrcrctenccctecnccentecnne teccocan doccceteccccncctoccen
10 { =1.51 0.91 -2.61 1.3} -6. 6l 1.2] -15.41 1.0l =-19.21 0.7]
ececnscccvecnrrrscnrncorecccnscancebarcacana dtecccctecccccnteancctoncacccntan coctemccncs deccectecccccctonrans
1" | =1.41 1. OI -2. MI 1. 3I -5. 9‘ 1.21 =-w.51 0. 9| =19, MI 0.8
ceccccmcconcecrcrcnccnrecccansscrstencncccateaccctennccnctecncete cecccctrccnrctrccccccteccsctoccrccctoncna
12 | =1.31 . 1| -2. 2l 1. 2] =5.31 1.2 =-13.7| o. 9| -19. 5! 0.8
cecaccccccccccnscccsncncccsnnonsetocncccstocccntrcnsncvetacons #-------0-----0-------0-----Q-------Q-----|
13 | -1.31 1.1} =2.01 1.1} -4.81 1.1 -13.01 0.9 =-19. hl 0.8
cecccccncncncccacscncccnccncssctecrcccatencactrenccsntecccctencacncdrncnctenccccatoncnctoccnnnatenane
W | -1.31 1. 1! -1, BI 1. OI “4.31 1.1 -12.31 0.8] -19. 3| 0.9
ececececccccnnercrccsncnnnncscnteccccvatecnne decccacateccccts coccea decccateccnccatenccctecnnn codemcas
15 | =1.31 1.0} -1. 6l 1. OI =4.01 1.3 =-11.71 o0.8] =-19. 2! .9
ceeccccccccccnccnnencencsccnrccdoccnccetmcccctecccccctocccatecncccctecccctenconcatecacctoncaccatecann
16 | =1.2] 0.9! =1.5| 1.0l =3.71 1.1 -1, 1| 0. Bl '18.81 1.0
cccmcncrccccrccesnracccnanan esedeccccccteccmctocnccnctencan decccccctoccnctocncccatocncctrcncccntecana
17 | -1.21 0.9 =1.41 1.0l -18 ll 1.0
ccvecncnsccncranscnacencercanncnctancccccteccnctaca cesccccdoccen

18 | -1.21 1.0} =-17. Ul 1.0
g S SR S S S-S S S S G
19 | =1.2} 1.0} =3.01 1.0l -9.61 0.9 =-16. Ol 1.0

(CONT INUED)

TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UN!FORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 320

E L L L L L T e L L L L L L L T iy R L T L L L L L L T T g

| VARIABLES |

|eecccnncnncccccccncccccccaccncnnccncnccccccccnnccacanccconncnncccnnen

| 1 | 2 | 4 | 8 | 16

cecccraccccncteccccancnccccetecnccncrcncnctenccrsnncncncbenccnrecccenne

| MEAN | STD | MEAN | STD | MEAN | STD l MEAN I STD | MEAN | STD

cecccccccccecercccccnccccsccnnctenccccateccnctecncncntannand PR decccccctoccan

CLUSTERS | | | | | | | | I

| ] | | | ] |
20 | =-1.2f 1.0l =-1.11 1.0l -2.8] 0.91 <-9.11 1.0] -16. 21 1.0

.-..--o----.------..----.------0---.---0-o---’--..---0-----#.------0---.-0-------Q.----Q-------Q----.

21 | =1.1 1.0 =1.01 1.1} -2. 61 0.91 -8. 7l 1. Ol =-15.81 1.0

-——

ccces -- + ceetecmcctonccanatonmand + et ctencaa
22 | =1.11 1.0l =0.91 1.1} =2.5| 0.9 -8. 20 1.01 =15.31 1.0
cccccan cee 9-------0----.4----..-4---.-0-------4-.---Q-..----o.----q-------*----.
23 | =1.01 1.0} -0.81 1.1} -2.3}] 1.0l -7. Gl 1.01 -w.81 1.0

LT T mode toscocteccccvctacccnd b + etoncccccnbocnan

=1.0{ 1.0} =0.71 1.1 =2.11 1.0 =-7. 5| 1.01 =-14.3] 1.0

.---0-----Qo-.---.#-----&--...--0---—.0-.---.-0-----#-- coctocenn

=1.01 1.0l =-0.71 1.7 -1.9] 1. OI =7.11 1.0l -13.91 1.0

R S S SR + -t

=1.0] 1.0/ -0.61 1.11 -1.8] 1.01 -6.8/ 1.0| -13.5| 0.9

---.--.--4-----.-4---..0-------9-----¢.----.-+.----

=1.01 0.91 -0.5 1.11 -1. 6] 1.0l =-6.51 1.0l -13.1] 0.9
-1, ol 0.9/ 0.4 1.11 =151 1.0] =-6.2| 1.0] -12.81 1.0

]
Ty P

eteccnne + cetdecncctencccccctrnccncteccccnntocccotoncccnctacnee
-1. Ol 0.91 =0.41 1.1} 1.4 1.0} -6.01 1. OI -12. Ml 1.0
eteccccteconccntecrcctenccncatocccaten + -te

-0.91 0.9} =0.31 1.1} -1.2| 1.0l =5.71 1.0} -l2. 1! 1.0

------.0-..--#-------’--.o-’-----.-#-----0-------0-----0-------0-----

=0.91 1.0} =0.31 1.1} =1.11 1.0l 5.5/ 1.0f -11.8] 0.9

N
©
b b= o

- - .---.4-----Q-------o...-.’-------Q----.Q--.----0-..--’-.-----0 -----
32 =1.01 1.01 =0.2| 1.1} -1.01 1.0l ~-5.2] 0.9l =~11.5| 0.9

13



TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DI!STRIBUTIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

| VARIABLES

[~=eececccceccecccccccemcccccccccccccanancacacnasasccaccaccsmnacccnnon

| 1 | 2 | 4 | 8 | 16

ececcccccccns $ecccnccocncccntaccaa i S L LT T T T

| -
| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD

e T

CLUSTERS | [ | | | | | | | |

| | | | | | | | |
2 | =3.51 3.2 -2.81 1.4 -7.21 1.91 -12.8]1 1.1 -17.3] 0.9

canccccccacssnssancncccecccnccatenccccabonccatoacncen deccectrcccccctncccabeccncnctrnccnbrcnccnnbancce

3 | -3.1] 2.0] -10.4] 1.71 =-11.01 1.61 =-16.8| 1.2| -21.61 0.9

cecccncccnccncncsccccnncncnasecctecccccatecccntocccccntecccctecsnccnctenccetenncncctecccntecncccctecans

4 I =3.21 1.9] =5.41 2.4] -15.21 1.51 =-19.71 1.41 -2u.6] 0.9

cesccccncacnscansasancccnacncsctecccccctecccnteacccccbonccctecccncctrccnctecccncctrcccatecncncatecnce

5 I -2.81 1.7| =5.71 1.81 =19.2) 1.4} -22.1] 1.3] -26.91 0.9

ccccccnccnsssnsnnacccccncecsncateaccnccteccccbecnncnctrcccntecccncctoccactocncecetacccctancennntoccen

6 | -2.91 1.4 -5.61 1.51 -17.31 .21 -24.11 1.3| -28.71 0.9

cceccccccacccccccaccsccsnacccnctecccnccbnacnnctecccnnnbecccctencnccatocnantencrccatacccntoscccnctacnan

7 | -2.51 1.4i =5.2] 1.3 =-15.61 1.1} -25.91 1.3 -30.2{ 1.0

ccccccccsccccocacncssnsnsanccnctecccccctocnsatencnccatoscnctensccnctencectescncnctecccctencnccntoncan

8 | 2.1 1.2l =4.91 1.21 -0 1.1 -27.41 .21 -31.4f 1.0

ececesccecnccscccccceonsccccncctenncacstoncsatenccccntecsecbrcnccratonccctenccancbecccctacccocnatonnan

9 | -1.91 1.2] -4.6] 1.3] =12.71 1.3| =-28.€f 1.2| ~-32.4] 1.0

cceccccccccccccaccas e T T R T T P teceen

10 | -2.01 1.0l -4.3] 1.4] -11.51 .41 -27.2{ 1.2] ~33.2) 1.0

emesecsnsccccncccnnccacccccccncteccscactescnntocccncntecnccteccncncteccnctocccccatrnccctecnnccobonnan

n | =2.11 0.91 4.7 1.2f -10.5| 1.4} -26.01 1.2] -33.91/ 1.0

ccecccceccccccnccccncnnnsncsccstossccsntencnctrocccncnbecnccbocncccntecrcctacccncntacccctecnncnctocnna

12 | -2.21 0.9 =3.91 1.1} =9.61 .41 -24.8] 1.1 -=34.51 1.1

oo conat coctecccntasccccctencccteccncantonccatrcnncactoncactoncccnctocane

13 | -2.2| 1.0l -3.8/ 1.0/ -8.8] 1.4} -23.81 1.1| <-3u4.9] 1.

cconcccccascccansnccsccacnccccctecncanctecccnboncccaad dtoccccat etecoccnnteccne
|

1 | -2.11 1.01 -3.61 0.91 -8.21 1.3] =22.91 1.1 =-35.11 1.1

- . cocatoccccrctonncctecvocnctenanctecccncnbocncctecancantacccctecnccnccboccan
15

. I =-2.01 1.1 =3.41 0.91 ~7.7F 1.31 =-22.01 11.1] -35.3| 1.2

- - coe ceccseccssatencccccteccvodovcnncndoccsctencnncctrcsncndonnnvncdbocscodonacccndboncea

16 | -1.81 1.1 =3.21 0.9l =7.31 1.31 =21.2f 1.1 <35.31 1.2

coscccscasccnsnssscnacancncvancntecccacatencnctrocncnctrnccctasrcncctecccntecacecntocccctocccconteccnn

17 | -1.81 1.3 -3.11 0.9 -7.01 1.31 =-20.3] 1.1} -35.3]1 1.2

ecccosescccacsssnccccnccnccccscnctoccscnnbecnccbancsnnctbecnccdaccnncctecccnteccncnctenccabrcncccntoccnn

18 | -1.81 1.1 -2.91 0.9 =6.71 1.3 =19.61 1.1} =34.1] 1.1

coccccccccccccsnssenensnsnsacccnstronccesbovscctonnncccdocvccdecncncatacccsdosvanncboncocsdocncncaboncne

19 | -1.81 1.0l -2.81 0.91 =6.51 1.2] =18.91 1.3} <-33.01 1.1

(CONT INUED)
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TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

| VAR | ABLES

|eerecccccncnccccncccccccccnccnccccccnccnccccccccacccncccccccnncccnncnn

| 1 | 2 | 4 | 8 | 16

.--.---------.4.-.---..-----4-------..----4.-..---------4----.--------
| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD
eeccceccncrencncncccccccnccccscndocccccctacccntennccnctocccctenncecatonccctecccncataccna 4ecccccetoccns

CLUSTERS | | | | | | | | | |

| | | | | | | | i |
20 I =-1.81 10 -2.71 0.9l -6.21 1.21 =-18.2] 1.1] =-32.01 1.1

edencccnntecncatecncccadocccctoncnncctecccctocennccdoncncdoccncantecnca

21 | -1.81 1.0} -2.61 0.91 =6.01 1.2 =-17.51 1.2| <-31.01 1.1

4ecccctecncrcctesccctocrmcoctrcncetencccnctocana

22 | -1.81 1.0 =2.5| 0.9 -5.81 1.1l -16.91 1.2] =30.11 1.1

* PO ctocscctecnccnctancccdecncccntncssaboacncnntocane
23 | -1.81 ©0.9i =2.41 0.91 =5.61 1.1] -16.31 1.1] -29.3] 1.1
- - P S G- SO SR S SER I S SIS SN
24 | -1.8) 1.0t -2.31 0.9¢ =5.31 1.1 «15.71 1.1 -28.51 1.1
ecccs deccanceteccnctoccccnctonancterccacntocccatonccccntacacsbovacnnctboncan
25 ] =1.8! 1.0! -2.21 0.9l “5.11 1.1} «15.2] 1.1 =27.71 1.1
cececaw .---’-----.-’.--.-‘-------‘-----Q-------#-----0---.—--0--.--0-.-.---#-----
26 I =071 1.1 <-2.11 0.91 -4.91 1.01 -14.7] 1.1 <=26.91 1.1

+ cccctenccataccacnctecccateccccnntecnontocccncctensectenncancbecans
27 | =171 1.11  -2.0f 0.8] =4.7] 1.0 -14.1] 1.1] =26.2] 1.1
coscsancs asccen decccccntranccdocccncctenccatoncnncatrcncateccaccnctenncndccccnantacensn
28 | -1.61 1.1} -1.9] 0.91 -4.5| 1.0l -13.6! 1.1 =25.51 1.1
cme coe decocccctacncctscscccactecccntecncncotecancntecnccnctencnatesnncectecene
29 | -1.51 1.1] -1.81 0.9] =4.31 1.0l =13.21 1.1 -24.91 1.1
cces cecccctoccncectonccctoncocnndenccatecrencrtonccctacscccctanccctecncnnctonrmen
30 | =1.51 1.0} -1.81 0.91 4.7 1.1} -12.81 1.1 -24.21 1.1

+ P, + ead o [ S S S G S
n | -1.41 1.01 -1.71 0.91 =3.91 1.1l =-12.31 1.0l =-23.6! 1.0
cocacaas fecccccctonccctoncnccctocccctoncccncteancabocccccctbeccccdanccanctenmen
32 | -1.4] 1.0l -1.6] 0.91 =-3.81 1.11 -12.01 1.0f -23.11 1.0

coccccnsnacscnccanacssne ccoboce ccedecccctocsccsctoncnctocccccandacccntonccccatocnaa

33 | =1.51 1.0} -1.51 0.9] =3.61 1.1l -11.6/ 1.0l -22.51 1.0

X T L Y Y e i ld LT LT 2 LT Y T LT T T L 3 T rplippiy Yipip e QU plplpuuyle: Supuppupy

3 | =1.51 1.0l -1.41 0.91 =3.4) 1.1 -11.2] 1.0 =-22.0| 1.0

S Sy SR SR S P PR Y R I S D R
35 : | =1.51 1.0l -1.31 0.91 =3.31 1.1 =-10.91 1.0l =-21.51 1.0
coce [P ccccetecccccctacccntonccccctocccctaconccctecccntoccnccctecccctecnncnctancen
36 | -1.5| 1.0l -1.2]1 0.91 =3.11 1.1} =10.5| 1.0l -21.0f 1.0
P - + cesctocccctecnccnctancnctecccccnteccccteccccnctonccetencancntencnn
37 | -1.51 1.0} -1.11 0.91 -3.0! 1.7 -10.2] 1.1] -20.51 1.0

(CONT INUED)
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TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND VARIABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON .FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

Y L T T T P L T L L R R L L 2

i VARIABLES

|ememeen cemecccmeemcema cmcccccns ceecesmccccacccnncncnsnaccan. cecccccee
| 1 | 2 | 4 | 8 | 16
jomenee [ S SIS R ettt
| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD

ccmmmccccenn cetecemmcctecmccteanmesctocnncteccccccteccccteccnnantecccetoncnccntoccce

CLUSTERS | | | | | | | | | |

ceccsceccansssansccccncncccancna |

| | | | | | | | |
38 | -1.61 1.0l -1.0f 0.9 =2.91 1.1} -9.9| 1.1 -20.1} 1.0

L L L e L D T T L ecncatecccccns doccccbrcccccatecncctenccncobocccctacnca ecetecccctrscncccctencae
39 | -1.61 1.0l .91 0.9l . 1.1} -9.61 1.1} -19.61 1.0
cceccecccscnscscccnecacecccssan fecccccctecccetreccncetocncctecccac-teccactecccccctecccctecscccotanccn
40 | -1.61 1.0l 8l 0.9 1.01 -9.3| 1.1 =-19.21 1.0
....... eeccecemccccccaccesecccctesncesctocnnatrmracscetecacatennccnentacccctoncncactecncctecocanndoncon

-18.8 1.0

|
cetecmcctocncncntenans

43 | -1.61 1.0} -0.61 0.91 -2.2| 1.0 -8.51 . -18.1| 1.0

e eeccececcececcececcesmcacccsccteccmenctescncteccncentecccctoncacncctocccctocnncantrncctoncasnctacao

Ly | -1.61 1.0l -0.51 0.9 =2.11 1.0| -8.2| 1.0l -17.71 1.0
45 | -1.61 1.0l -0.51 0.9l -2.01 1.0} -7.91 1.0l =-17.4} 0.9

e ececcceccccecccmcececcccsscstececncctreccctecnccncetecccctecccacctecccntecenccctecccctonnncnatocann
46 | -1.51 1.0l -0.4] 0.9] -1.91 1.0} -7.71 11v.0f =-17.01 0.9
o eececccccscccceccmmccccaccscteanaccatecscctecmcccatecncatecccncctosccateconacatacccobocccnntonaan
u7 | =1.51 1.0l -0.41 0.91 -1.71 1.0} -7.41 1.0/ =16.71 0.9

ceccccccceccccstesccnmetecnnatannccccboccnctecccnnntoncccteconccantoncn~ tecccccctaccne

48 | =1.51 1.0} -0.31 0.9! -1.61 1.0l -7.21 1.0 =-16.41 0.9

u9 | -1.5| 1.0} -0.31 0.9l -1.5| 1.0} -7.01 1.0l =16.1] 0.9

o ecececcasccsescecenaccccccsccteccsenctecncatecnnccetennacctecccncctenccctenccccctecccctocccncotocoan

50 | -1.4f 1.0l -0.31 0.91 ~-1.4| 1.0l -6.8/ 1.0l -15.81 0.9

cececrcccccncsnrsecacccanenen cecctecacccateascctecemacctecccntocnccentescnctescnncatecncctenccncctocnnn

51 ’ | 4 1.0l -0.2| 0.91 -1.31 1.0} -6.5| 1.0l =-15.51 0.9

tecmemcetecnnatonccenetenncetecncccctonncatencncscteccnntecnccnctocana

52 | -1.41 1.0} -1.2] 1.0l -6.31* 1.0f =-15.2]1 0.9

----Q--.--y----.--0-----0-------0.----

.11 1.0l -w.91 0.9

cetecccctoncncnatencen

54 | -1.41 1.0l -0.11 0.9 =1.1 1.0l 5.91 1.01 -4.71 0.9

decmcccctaveantenccnsctoncactoccnnccteccccteccccnctoccna

55 . | -1.41 1.0l -0.01 0.9} -1.01 1.1 -5.81 1.01 -i4.4] 0.9

(COMT INUED)

TABLE 1
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBLK OF OBSERVATIONS, CLUSTERS, AND VAR!ABLES
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 6u0

D e TE L R T DL DL L LR L LDl ettt dedadde g

| VARIABLES

|eecemceccececcecncnccnaces o e= - .-
| 1 | 2 | 4 | 8 | 16

|ecmenen cemmactececacccsscsctemncccccssacadoccncsnsccccebeccccnanccanne
|

MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD
+- + +

ceccctoccncebncccccadbosccs

cemeccscecsnncaccccencccnnsascsdecccccetecnnntenccccad

59 | -1.4] 1.0l

ceccccatecccacatd +
60 | -1.3] 1.0l
-1.31 1.0l

-1.31 0.91

0.91 0.6/ 1.11 =5.1] 1.0l =13.5| 0.9
0.8/ =-0.5| 1.1 -b.9] 0.91 -13.2] 0.9

NN

CLUSTERS i I i 1 | I | | i
- - i I i I | i i i i i
56 [} -1.41 1.0} 0.0}l 0.91 -0.91 1.1} -5.6] 1.0 -i4.2] 0.9
PN fecccncat + + + + + S eteccsscetecane
57 [} -1.41 1.0l 0.11 0.9 -0.81 1.1] -5.4] 1.0} -13.91 0.9
ceccccescccccecsacccancccncnanssed + + + + + + cmed + cccatececa
58 | -1.4] 1.0} 0.1} 0.9l =0.71 1.1} «5.21 1.0l =-13.71 0.9
cccscsmcncccsnsnsccrancans + -t + + + PSR- S S-S
0.21
0.2l

0.81 -0.41 1.1 -4.81 0.91 -13.01 0.9
0.81 =-0.4| 1.11 -4.6] 0.9 -12.81 0.9

P Quup-S

©
w

+

[~
w

63 I =131 0.91 o0.u1 0.81 -0.31 1.1] -4.5| 0.91 -12.6] 0.9
64 1703 T0.e1 0.51 o0.81  -0.21 1.11 -4.31 0.9 =-12.41 0.9
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Figure 3 plots the probability of the CCC exceeding 2.0 for
each combination of number of observations, clusters, and
variables. All probabilities are less than .10 and most are less
than .05. Table 2 shows the probability of the maximum CCC
exceeding 2.0, where the maximum is taken over numbers of
clusters, for each combination of number of observations and
variables. All probabilities are less than .10. The maximum CCC
exceeded 3.0 only once in the study, for 160 observations and 1
variable. Therefore, a CCC value exceeding 2 or 3 can be taken
as evidence favoring rejection of the null hypothesis of a
uniform distribution on a hyperbox, although a precise
significance level cannot be specified.

FIGURE 3
PROBABILITY OF CCC EXCEEDING 2.0
PLOTTED AGAINST THE NUMBER OF CLUSTERS
FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS
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The

the mean and standard deviation of

ranges

conservative.
computed, and none exceeded the .02 level.

NUMBER OF OBSERVATIONS = 80

TABLE 2

100 TIMES PROBABILITY OF MAXIMUM CCC EXCEEDING 2.0
CLASSIFIED BY NUMBER OF OBSERVATIONS AND VARIABLES

first
distributions.

in the four dimensions.

FOR UNIFORM HYPERCUBICAL DISTRIBUTIONS

EACH TABLE ENTRY IS BASED ON FIFTY SAMPLES

| OBSERVATIONS

|20
|40

Monte

Carlo

| VARIABLES |
|=mmmmommmmeeeaee mmeceeemeoen
I 1 |1 2 | 4 | 8 16 |
---------- ------#-----4'-----*-----#-----4'-----l
| | | | |
| | | | |
| 2| 0] o] o] 0|
|—- ------------- -*-----4‘-----*-----*-----+-----'
| 2| 2| o] 0| o]
| smemmccccccccaaa tremew tecnccntencccctecccnteccnn= |
| 8| 2| 0| o] 0|
I ------ cecccccnee L X toccae Pecccntccsvcetscana
| 8| 2| o} 0| ol
----——----+-----+-----*-----+-----4'-—---I
| 2| 2| o] 0| 0]
Poccaca bocacce +-----+-----¢—----'
| o] 2| 2| (o]| 0]

study examined hypercubical

A second Monte Carlo was run to evaluate the
CCC in uniform distributions on non-cubical hyperboxes. To
keep computer time within reasonable limits the dimensionality
was limited to four while the ranges were varied in three
dimensions. The number of observations was 80, 160, 320, or
640. Fifty samples were generated in each cell. Table 3 gives
the CCC for each
combination of number of observations, clusters, and shape of
hyperbox. The shapes are given as four numbers indicating the

Again the results are

Error rates analogous to those in Table 2 were

TABLE 3

MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

; SHAPE

| 1 1 | 2111 | 2211 | 2221 | 4111 | 4211 | 4221

| ............. $occnccnccce coteccvcccas cccceten [ s ccobosccanane cccctaccas ecssemcee

| MEAN | STD | MEAN | STD | MEAN l ST i MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD
----------- - + Pocccates + + efoccccates * + + <+ cccdoccocdPoccaccntecncs
CLUSTERS | | | | | | | | | | | | | |
-- e=e- | | | | | | | | | | | | ] l
2 | =2.41 0.71 -1.1} o.8] -1.51 o0.8]| -1.91 0.9} -0.81 1.0} -1.1} 1.0l =1.2| 1.0
..................... ccccccnscatecnccnctecccctaccccccteccccdoconcnctocnncd + * + + + decccccotocnna
3 [} -3.2| 0.8} -2.11 0.7l -2.71 o0.8] -2.9/ 0.8} -0.6| 0.6} =1.91 0.9 -1.71 o.8
oo + ectoccecd + - +* + + + + + + + etoncne
4 | -4.01 0.8l =2.71 0.71 -1.91 1.1} =3.71 0.9] -1.0f 0.6! -1.91 0.91 -2.5| 0.8
.................. + + + ccats * + + eteccceteccncscteccnctocccccctenccndrcccccctoncce
5 | -4.31 0.9] -3.2]1 o0.81 -1.81 1.0} -2.91 0.9| -1.31 0.6l -1.61 0.01 -2.41 0.8
.................... + + + + + + + + + +* et coctoccnctecnnccateccnn
6 | -3.61 1.0l -2.91 o0.8] -1.8] 0.9 =2.4] 0.8} =-1.51 0.6} -1.4] o0.81 -2.2| 0.9
------------------------------- ¢tecccccctrcacctacncccnbenccctbecccccntaccactd + + codecocctonccccntonccotenanccctonaca
7 I =3.11 100 ~-2.71 0.91 -1.8! 0.9 -1.9] 0.9/ -1.71 0.7 ~-1.31 0.9 =1.91 0.9
............................. estececscctoncacteccnnnad + ced tecancccat + + .t ceoterccccteccccnctrcnne
8 ! -2.61 0.91 -2.41 0.81 -1.81 0.8 -1.61 1.0l -1.81 0.7l -1.71 0.9

=1.3| o.8!



TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OGSERVATIONS 80

| MEAN | STD | MEAN | STD | MEAN | STD
cococa ceccroncscnccccracccne coateccancs tecccetecccccctocnnctacccana teccee
CLUSTERS = : : | l |
D L L T ] ]
2 | =1.31 1.1} =1.51 O.BI -2.01 0.8
ceccccconcccccccccan ecccemmccnctennccoctecnaa tecocccctacccatocccnnn tecnaa
3 1. =2.71 1.21 -2.81 1.0I -2.81 0.9
cccnccncnccccnccarerseccnceccenteccccretencnctrcnncnatecncetecnanne tecnaa
L) | =1.41 1.2} -2.01 1.3 =3.71 1.1
cesmcscacnccna cosncas cecccrccnstecnccan 4ecccatocccncatenccnctecancnn P pepeppn
5 | =1.41 0. 9I =2.11 0.91 =2.71 1.2
L L L L teccnccnteccnctoncnn cetenccctecncccan -r.----]
6 1 -1.2{ o. 9| =2.11 0.81 =2.01 1.2|
chrcsccccccccccccccnrncssnsccenasteccncscteccccten crecctocvcnctoccncan ¢-----|
7 | =1.11 0. el -2.0} O.BI =1.51 1.1
ceccccccrerccccccnccnccccacccan tececcccctecccctrcncncatrnncctacccnnn tecmee
8 I =101 0.71 =-1.9] o.sl -1.3. 1.0}

TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 160

: : SNAPE
] 1 1 11 l 2111 | 2211 | 2221 | 41 11 | 4211 | 4221
....... ecccateccrrnccncccctacccrccccrcccterncraccncccate ircacnnanecsdecccnenccenracrdannccancacnnee
| HEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD I HEAN | STD | ME | sSTD
ccccccccccccsccrccnccccccnccccnctecnccncteccsctrcnnccctecanctecncnee tececctecnancctecccnteccccnatecccactoccans ctecccetecccnce teccen
|

| | | | I | | | | I |

CLUSTERS
| | | | | | | | | | |
=1.71 1. =2. OI 1.1 =2.71 1.21 =1.71 1.51 =1.31 1.2] -1.1} 1.0

2

comcccans + cctecccctecccccnteccca 4ecccccctenccnta cecccctecccntroscccctrcccctancccontancen
3 . . -2.9]1 1.01 4. Ql 1.0] 4.5 0.74 =1.31 0.71 =2.51 1.0l -2.4] 0.8
ccecccncccccccncccncccnccccccsebrncacnntonncntoccncccctecccctrrccccctacccctenocccctocaccteccncacteccncfecccccctecccctecccccntecnan

4 | =6.21 0.9] -4.21 0.9} 3.1 1.4 =6.3]1 0.9] -1.61 0.8| -2.81 o0.8| -3.81 0.8

cccccccscccncncecsccrencnnncsnncatenccccctanccctocsccncctecncctecccnactencnctronccceteccnctesnccectennccteccnccctecanctocccccctoccan

5 | -7. 2l 0. 9! =5. 1I 1.0l =3.51 1.2| ' -4.8| 1.0} =2.11 0.7l -2. hl 0.81 -3.71 0.9

ccccccccccccacccccccnncncaccccatenccccatacccctocncocatecnnn decocccctecccctececncctonccctacnccnn tecccctrcnccnctacana tecccncctecane
6 | 6. OI 1. 05 -4, 8! 0.91 =3.61 1.2] =3.71 1.1} -2.61 0.7] -2. OI 0.7} =3.41 1.0}
ccne - ceccetecccncetoconatocrcacctoncncteccccnctrccnctecccccntaccccteccccccteccnctnscncscteannctoncccncteccas
7 | =5.11 1.0} -4.5! 0.9l =3.51 1.1} =3.11 1. -2.81 0.71 -1. GI 0. 8| -3.11 0.9
ceccecmcccccccrcncccccnnccnracotesncccctecccctesncccctencccteccccnctrcccctecccccctoccantonncacatonccctoconnnatecccaten cccacteccen
8 . | =4.4f 1.0l -4.2| 0.8} 3.4} 1.0l -2.8]1 1.2} -2.91 0.6l -2. Ol 0. OI -2.8] 0.91
e cccaa + cetececcteccnccntrcacatecccccctanccctoccnccctenccctoncncactecncctocncocctoccnctecccncctoacce |
9 | =3.71 1.0l -3.91 o.81 -3.31 1.0l =2.61 1.1 -2.91 0.6| -2.01 0.9] =2.5| 0.81
L e e et et e T L Lt TP OE PP S |
10 | =3.2| 1.0} -3.71 0.8} =3.11 0.9! =2.51 1.1} -2.91 0.6l -2.01 0.8} -2.2| o0.8]
- cmed + etecccccctocccctecccccctenccctecnccccdecccctocncccctrccncteccccactecccabocccacatocann|
n | -2.71 1.0} =3.41 0.9 -3.01 0.91 =2.31 .21 -2.81 0.6} -2.11 0.8} -2.01 o0.8]
cocan 4eccccactennccteccaccatenccntecncccctencccteccccccteccnctencnccntececcteccnccntenccateccccactocan- |
12 ] -2.3] 1. 0| -3.11 0.9l =2.91 1.0l -2.2] .21 °2.7| 0.71 .81 0.8:
PR + + + + + + -4 +- etecccnteccccoctonces
13 | -2.01 0.91 =2.71 1.0l -2.1) 1.1 -2. 6I 0.71 6l 0.8}
- con + + oo ctccccetmcccccctenccctoncccccctenccctecccccatecccctecnccnctocccntencncantonncs |
W | -1.81 1.0l -2.61 0.9] =2.51 1. OI -1.91 1. 1l -2.5| 0.7l -2.01 0.8} -1.5]1 0. 9=

+ et + + + + + + + eteccnctoccncantoccen
15 | =1.5| 1.0l -2.31 0.9] =2.31 1. OI -1.8] 1. OI -2.4] 0.7} -2.0/ o.8} =1.31 0.9}
- + ccctes + + beconcnctoca + cot= ccctecccncatenccctecccncatoacne|
16 ] -1.41 1.0} =2.11 0.91 =2.21 1.0l =1.71 1.0l -2.31 0.7 =1.91 0.8l -1.21 0.9}
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 160

|

| ........ ercccconccaccnacenne P L L

| 4411 | 4421 | 4 4un

P L etccccscncscncebecccccce commw

) | MEAN | STD | MEAN | STD | MEAN | STD

............. cecccecccccecnenanteoncesatenecstesncenctonccotrccncnatecane
CLUSTERS | | | | | |
cemmace= e ceececcccncanaa - i | ] | |
2 I =1.91 1.11  =1.61 1.0l -2.51 1.1
PR PR e et it ST T L L L DL Ll dd
3 I -4.61 1.1 =-4.31 1.1 -4.u4f 0.9
L L e e T T L T T T Y cetoccnctenaccnatesccatenccccnbraces
4 | =2.41 1.4  =2.51 1.1}
ensescecccnew PR T T T T I T T RN PR E I I 2

5 | -2.41 vl =271
6 | -2.1| 0.91 -2.71 1.0l

ceccescessceccsasmeccsccsasenactecnccmctenccctenacann toccccten

7 | -1.91 0.8 -2.61 0.9 -3.01 1.3
+

| |
cesscccsccns- ceccmcacceccccsccstaccccnctoccectoccanan +

8 | -1.61 0.8} -2.5|
L L L e DXL TR L LT T bovocccntacna=d

9 | -1.51 0.8| -2.31

ccrmccccew cccmeccccccccnacncen ecotecmccea toomn= teccccca tocccat

10 | -1.41 0.81 -2.21 0.9]
cececncssccones cemcccccsccencne R L L T toecca= o

1 | -1.31 0.7} -2.0} 0.91
e L bl el ket decccs cofeccnctuccces
12 | -1.21 0.71 -1.91 o0.81
ecesccsceserecccconscscnnrsccsctncccccctenccctoncccenbonncctan

13 | -1.2]1 0.7] -1.71 o0.8]

cecmemcesaccssccscsnascecrecasrtonccncateccccteccccccdacccatene

W | -1.21 0.8/ -1.61 o0.8] -1.2| 0.9

eccececcccnecnsncsccenenanccecntescccnatecccctecnccncteccccteccccanbocann
15 | -1.21 0.71 -1.4] 0.8} -1.1f 0.9
escccecssceccccessresacnccsccncnsdeccnanctrannctecccccctecnncbaccccnnboncan
16 | -1.31 0.7 -1.31 0.8l -1.01 0.9

TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 320

| SHAPE

|------ ------ coemvsessrcorescenascacenase ecccccecrccnmcncnccanan - cocos cecccsccccsns
] 111 I 2111 | 2211 | 2221 | 4111 | 4211 | 4221
jeemococansa P . cececteccccccccccosteccccccencncetecancnvascccctonccncnncnas etecccccncnccas
| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD

....... cecccccccccaccaccaccccctencncsctacncctecncnactenncetencncccteoncatenccncnteccnntbaccnccctenccctencccncteccanteccnncnteccce

meeeeeseececcccccscccsccacacenes | | | | | | | | | | | | | |

2 * | -5.21 1.31 -2.61 1.2]| -2.91 1.21 -4.41 1.5] -2.01 1.61 -1.81 1.5] -2.31 1.4
- ceccacns ccne cetecoccmcteccccteccnccatecacatecnncnctecccnteanns cetecccatecccccntacccctnnccccctecccctecccccctoccas
3 | -7.61 1.0l =4.11 1.0} -6.81 1.21 -6.81 1.3} -1.71 0.91 -3.91 1.0l =3.71 a1
cecccccccccncccscscncnancnsccecteccnnan teccccteacenccctanccctonnccnctecnan tocecacctecccateccccccteccsctroncccatecccctecncccctoncas
L) I =10.01 1.1} -6.31 1.01 =4.71 1.61 -9.8| 1.2 =2.11 1.0] -4.31 0.8] -6.11 1.1
ecmceccsccsccsnascnsccscnccsccsctecncscetacncetecncncntenccetocncann teccoctecccccatoccnctenncnncteccsctocncccntaccnntecccccctanaca
5 I =12.51 1.1} -8.2] 1.0l =5.4] 1.51 =7.91 1.1} -2.91 0.9] -3.81 0.91 -6.11 0.9
cocccass ceeteccccnatecnactocmancctecscntacncasctocncctonnnccateccnctenncccctencentecncncetrancnntecccccabonncs

| =11.0} 1.2] =-8.21 1.0l -5.51 1.2] ~-6.41 1.2 -3.71 o.81 -3.21 1.0l -5.91 0.9
-9.81 1.2| -7.91 1.01 -5.61 1.1 -5.3] 1.2} -u.2| o.8) -2.81 1.3/ -5.61 0.9

coctucccet cectecccntosscacoteccnntenccccctecnnntencscscbrccccteccccnatenace

-8.71 1.3} -7.6i 1.1 -5.61 1.0l -4.91 1.4} -U.gl 0.61 -2.91 1.2} -5.2] 0.9

coetecccatoccccactecccctanacccctecccnteccccsctoncantan etecccctonncccatecnce

=7.71 1.31 °7.21 1.11 -5.5| 0.9] -4.9] 1.2| ~-4.8] o0.8] ~-3.1] 1.2] ~-4.71 0.9

ccccccctbone cctecescteccnccobooncatecncncntanccctacnccnstonccctecncccctancas

-6.81 I.Ni -6.81 1.11 =5.41 0.91 -h.71 1.11 -4.9| o0.8] -3.21 1.2] -4.31 0.9

coata

7

.

etecccccatocccctocnccnstescnctennnccatonnnn

1" -6.11 1.4} -6.31 1.1l -5.31 0.8} -4.61 1.0]| -4.9]1 0.8} -3.31 1.1 -3.91 0.9
cccaceee - cona cetasventesncecntecccntencccccteccnctecccccntecncatacacnced + ceatee + cetenace

-5.51 1.4 =5.91 1.1} -5.2) 0.71 ~4.4} 1.0} -k.9i 0.8; -3.31 1.0l -3.61 0.9

eccetecccctecscccatocccnteccnccctecccotecancccteccantocccccctecccctecacaccteccnctecccccctecann

=5.01 1.3} '5.51 .91 -5.01 0.71 -M.31 0.91 -“.91 0.8| -3.31 1.01 -3.31 0.9
=4.51 1.31 -5.11 1.1 -h.al 0.71 -h.ll 0.91 -u4.8]1 o0.8! -3.31 0.9] -3.0] 0.9

ccccctecsactecncacatecentd -t -t -

Za.21 1.3 -u.81 1.11  -u.6] 0.71 -u.0l 0.9] -4.61 0.7 -3.3] 0.9] -2.9] 0.9

ccetecccatranccnctecccctecccs recncctoance

S3.81 1.2 -kl 1.0 -4 0.71 -3.81 0.9 -4.5| 0.70 -3.3] 0.9] -2.8] 1.0

etecccctecnnanat [ . ccotncccntencnncateanan

2351 1,21 Rl 1.00 -w.1i 0.71 -3.71 0.91 -4.31 0.7) ~-3.3] 0.8 -2.81 1.0

ceccccccccencscescccnananscenseteccnacetrennctrcscncatonnnatannncrctecccetecccncctenccctaccccactenccccdocccccetenccctencncccbonana

| -3.8 1.01 =-3.91 0.7| -3.6] 0.9] -4.1| 0.71 -3.2] 0.8] -2.7| 0.9
19 I 2351 1.0l -3.71 0.71 -3.41 0.91 ~-u.0l 0.7) =3.11 0.8 ~-2.61 0.9

-
N
- S N N D S

(CONT INUED) 22



TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND Hvr! RBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 320

: SHAPE |
| 1111 | 211 1 | 2211 | 2221 ) 411 | 4211 | 4221 |
l-.--------...¢-..--.------.¢--.---.---...0---.-.-.-----0--...-.--..--4----.---..-..9 ...... |

| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD |

POt bbbl A D S L D L it ST LT e e ol T YR Sy |

CLUSTERS | | | | | | | | | | | | | l |

| | | | | | | | | | | | |
20 | -2.81 1.1 -3.31 1.0l -3.5/| 0.8/ -3.3] 0.9/ -3.8 0.7 -3.01 o0.8] -2. 5! 0.91

cecmccccccscnnncnccccncnnccccnctrnccccctecccctononnnctencnctennnann tecccctecccccctonccctocncccctaccnata ecccecctecccctecccccedonaan
21 I =2.61 1.1} =3.01 1.0} -3.31 0.8} -3. 1| 0. 9| =3.61 0.7} =2.91 0.8} -2. l‘l 0.9}
ececcececnccnrnccccccnnccnccnccctecconcctecccetenccccctoacectecncccctacnccboncncan tecccctenna P et St S el LT TR |
22 | =2.5| 1.1} -2.81 1.0} =3.11 o0.8} -3.01 oO. 9l =3.41 0.7] -2.9]1 0.8l -2 3. 0.91
cecceccrcacssncccccccccenccncncctoccccnatecncctosncccotacsnctennnna etececcteccccnctonccctennccna deccccteccccccteccccteccccnntoncnn
23 | =2.3|1 1.1} =2.61 1.0} -2.91 0.8} =2.91 0.91 =3.2f 0.71 -2.8| 0.8} °2 2| 0.8]
Pt L L L LT D T T-THpPiD DS R PA- PR S AP S S G- SIS SIS S S SR SRR

24 | =2.11 1.1 =2.41 1.1} -2.71 0.8] =2.71 0.91 3.1 0.7 0.81 -21l 0.8!

bbbttt bl e L e Ll e e L e L e Ll L TT DR SR P R e Sl |

25 | =2.21 1.1 0.917 -2.91 0.7} -2.51 0.8] 2.0l o0.8!
cecccacncncccncncccccccccrrcsncteccncnctecvactocccanateccnatane metemccctocccccctanccctecnncnctencnctocnncnctonana |
26 | 1.1 . 0.91 -2.8| 0.7] -2.41 o0.8] -1. 9I 0.8|
ceccccncccrrnccrnnccccnsnsnsccctecccanctacnand cetecccctenncccatecccctecccecctecnnctrnccncatocccctonncccctecccctornnccntonane |
27 | 1.1 . 0. 85 -2.4] 0.91 '=2.61 0.7l -2.31 0.8l -1. 6! 0.8
cccccccrccnncnncccccnncccccrccstrancncntenccctencnncctecnantecccncatacccatan cecccatccccctecccnnctennnn tecmcccetencnctecccncctoncan|
28 | -1.51 1.1} -1.81 1.0| =2.01 oO. Gl -2.21 0.9] -2.5| 0.7} -2.2! 0.8} =1.71 0.8}
[ -.------.-..--.---.-0-------0--..-¢..---.-+-----¢-------§----.q-------¢-----¢-----.-4---.-*.------4---..4. ------ |
29 | =1.4] 1.1 -1.71 1.0l -1.91 o0.8i -2. 1| 0.91 =2.3] 0.7l -2.11 0.8} -1. 6l 0.8]
cscone --.-------.------.--Q-------0--.-.0------.¢-----¢----..-¢---.-0--.-. ...... ctecccncctococntocncnan Pecoccctenccnnctocnne
30 | =1.31 1.1 =1.51 1.0} -1.71 o0.8] -2. OI 0.91 -2.21 0.7} -2.01 0.8} -1, 5| 0.8|
--------------------.---.---—..Q-------*-----Q.-.----f-----#-------*--o.-Q----o--#----.}-------’-----0----.-—#-----#.---. ...... -1
3 | =1.21 1.1} =1.41 1.0} -1.61 0.8] -1.81 0.91 =2.01 0.71 =1.9| 0.8} -1. bl 0.71
crave coas -9.------9--.--0--.----0--.--4----.--0---..Q------.Q-----Q---.---Q-.---’---—---Q ..... tecccccntocana|
32 | =110 1. -1.3f 1.0l -1.4] o0.8] -1.71 0.91 =1.91 0.7] =-1.81 0.8} -1.31 0.71

TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 320

1 ) : SHAPE
| 44117 | 4421 | 444

......... cecetecccconccnccctecccnncanconn

1=
| MEAN | STD | MEAN | STD | MEAN | STD

|eeccccrcccccncncncnccccsncccccntoccncncteccnnteccnccctecaantecscnnatacace

CLUSTERS | | | | | |

| | | i |
2 | =2.61 1.5] =2.9| 1.5} =3.71 1.6

ceccccccrcrcecccancnnncncnccnscstranccceteccactecccccatorrcctonsnnccteanan

3 | -6.8] 1.3] -6.81 1.2] -6.61 1.5

ceccccnccccnccccacnccccancncscnntenanccctrccnctocccccndoncnntracascatacann

L) | =3.91 1.8] 4.1 1.6l -9.61 1.3

ceccscccccccnncccscnnnsncrccncctonnccccteccccteccconateccnatencssantonnne

5 | =3.61 1.31 -4.41 1.31 -8.0| 1.2

ccenceccccccnccccnccccrncrnccrvarctencccncteccccteccccncatecarebrancanatrannn

6 I =3.31 1. 0| =4.51 1.1 =6.5] 1.3

cceccccccccccaraccnccancccccccnctencnccatane toe deccae

7 | -3.01 o. 9l 4.4 1.0l =5.3] 1.4

cececcncccccncccccncccnncrcsscandeccccnatrcncetonccacctecccntoncccnatennna

8 -2.71 o0.81 3l o0l 4.4 1.2

ccccccncen caee cecetecccctecccnccteccncatecccccatonnna

9 -2.5| 0.8} =4.21 1.0} 4.0 1.2

- coctocccntocncocetanccatecncanctonmne
10 -2.4| 0.81 -4.0] 1.0] -3.8] 1.2
- cone - eeccnccterccatoncccnctencantanccacatacnce
1 =2.3] 0.71 =-3.81 1.01 -3.61 1.1
- cotoone eteom + . -
12 -2.21 0.7 =3.6] 1.1] -3.5| 1.0
13 -2, 1 071 -3.41 1.1 -3.2] 0.9

w
15
16

=2.1] 0.7/ =-3.21 1.0l -3.01 0.9

eteccnccteccsccatencen

-2.21 0.8 -2.91 1.0 -2.8] 0.9
-2.2] 0.8] -2.7] 1.0] =-2.6] 0.9

cocadrccced + + L s
17 -2.3] 0. BI =2.51 1.0l -2.41 0.9
——eet * -t tocmee

18
19

=2.3] 0.0I =2.41 1.0/ -2.21 0.9

cecccetecccatocancnctaccnctocccccntocane

-2.31 o.8} =2.2|1 1.0] -2.11 1.0

LR Dk T T WA SR G [N Q- Q- G G

(CONTINUED)
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UN!IFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON. FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 320

I SHAPE
: 4411 I 4421 I 444
csmcccsescecetoceccncccannebeccans cosmn-
| MEAN | STD | MEAN | STD | MEAN | sro
............... crescccccnonnacctbenncccnstenacntoccansntonccatoccccnntecane
CLUSTERS : I : : : =
20 | -2, 3| 0.8/ =-2.11 1.0l -1.9] 0.9
cscmcnssaccccnnascans ccccccccsctecncccatacana tmccccccatecccctecccccctacnce
21 -2. 3! 0. el -1. 9| 1. OI -1, sl 0.9

n
w
[ S QG G S
'
N
n
[=]
~
.
-
~
-
[-]
)
-
-}
o
0

............................ emetecnccecteccccteaccncctecccctecncccatocnnn
24 -2.21 0.7l -1 6| 1.01 -1.51 0.8
S cecmcaccccctbonccces tecccctecccccctecann teccccna tocenn
25 -2.2| 0.71 -1. 5| 1.0l -1.41 0.8
....... ececcccccceccccccccanncctecccccatecccatesccccctaccccteccccnntanccn
26 | -2.11 0.71 -1.4] 1.0l -1.4] 0.8
ccccsecns cccccccccccns ececccscnctenncccctrcccctnccccc-tecccctecccnanteccan
27 | =2.11 0.71 -1.4] .01 -1.31 0.8
...................... ceccccccstecrcccnteccnctenccacebrcccntecnccnatecnan
28 | -2.0| oO. 7| -1. 3| 1.01 -1.2] 0.8
cecccescccccnccnccccncacnacee ecetecccccctacccctencccncta A

| -2.0| oO. 7I -1, 2| 1.01 -1.2| 0.8

ceccccccsnscccnnnen ceccccccccccatecncnccbroccctrcnnncntencccctecnncecteocne
30 I -1.91 0.7] -1.2] 1.0} 1 1| 0.8
ecccccncccccccsncncccas cccccccvctencccccteccnatencnccctrcccctencncncctocnca
3 | -1.91 0.71 -1.11 1.0l -1. OI 0.8
cmceeccccmcsccscccaccancan cceccatecccccctecccateccnccntecccctennccccteccen
32 | -1.81 0.7 -1.11 0.9 -1.01 0.8

TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION (S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

...... cocsececcccancanccne --.----T- ceccccccccncces ane
|ececocea ccconcccscccccnne P L T T T T L T cwcoow cecccanccne
| 111 l 2 1 1 | 2211 I 2221 | 4111 | 4211 | 4221
......................................... ccmccscetrcnccercccccatenccccacccncncteccccnccccnnn

1=
] HEAN | STO 1 HEAN | STD | MEAN | STD l MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD

cemecccccsssansccanscnsccsasnenctecssscntecnnctecnccnatosscadracncsntecccctecnnccctecncatecccccctocccctecnnccctecccctaccccnctoncan

N N S A I
-3. 3I 1.51 -4.u4f 1.81 -5.31 2.3l =2.71 2.71 -3.5|1 2.2} =3.51 1.9

ccccccsccscccmcascses fecccotecccccctonnna T

1 9.8 1.5 =10.1} 1.5] -2.91 0.91 =5.91 1.3l =5.71 1.2

4 1.1 2.1 ol 1.41 - -3.3] 1.1}

........... ccccsccccsceccvssncntescnccoboncnnteecnacntenccntenccccctocvactennncantacacad + <+

5 I =19.41 1.3] =12.4| 1.3 -8. 5! 1. 6| =12.51 1.4] -4.71 1.1 =6.1]
ccccecnscenccasnccocsencscssesnbossscnatecccctescncnatoscvctencccnctecccctaccce cctecncctrccccnntecnnctenccccctecccctoacncncntoenacne

6 I =17.31 1.31 -12.61 1.2 -8. 5! 1. H! =10.21 1.4} -5.91 0.9l =5.21 1.1} -9.41 1.2

A L L LT T T TP P P T R T TR I R R ST PR 2L R PR TR SRR 2L TR P IR ST Y T

7 | =15.41 1.3] -12.3] 1.1} -8.61 1.3] -8.51 1.5 -6.8/ 0.91 -4.51 0.91 ~-8.8] 1.1

g L LD T Py g A SR
8 | =-13.81 1. Ul -12.01 1. ll -8.81 1.21 =7.91 1.8} -7.41 0.91 -4.81 1. 21 -8.2| 1.0
.o + coctaccaad + teccaad + + + + tecccntecccncctoncne
9 | =12.51 1.3} -11.6I 1. 2I -8.91 1.2} -7.91 1.51 -7.81 0.8} =5.31 1.2] -7.71 0.9
e * et + tecccatecncccctecnocnteccnccntanccctonccccntecncctecnccnctoccca
10 I =131 1.3 -1, 1| 1. 2| =9.01 1.1} -7.81 1.4} -8. ll 0.8} =5.6/ 1.0l -7. 1| 1. 0
cecccececcncacccessncncnsnscsnccsatroncnccetacccctennne + s etecccctanca + + - .

n -10.3} 1.3l =-10. 6l 1.2I =9.01 1.1} =7.61 1.3| -8. 2I 0.8l =5.71 0.9 =6. 6I 1. 0

ccoccssccsccsccancan ctecmcntecccccctaccactecncacetecractocenacntecccctenncncnteanactocnccceteccaotenanccaboanan

|
12 i °9 5I 1.3! =10. 1I 1.21  =8.91 1.1}  -7.51 1.3} -8.2| 0.8] -5.81 0.8 =6.11 1.1

cew coan dPoccccccd + + * Pocccad + Poccccccdoccvccdecosancntbaccns

13 | -8 7| 1.4 -9.6] 1.2) <-8.71 1.1 -7, Ml 1.31 -8.2| 0.8l -5.91 o.8]| -5.81 1.0

cececcscccsscscnscsnsccsscsssasntannssnntocccotoccnacctencondrncccncboncnatoccncnctd + + dtecccccedoccnctenscsccabccan
1 | -8.11 1.51 =9.11 1.2| ~-8.6/ 1.0l =-7.2| 1.2| -8.11 0.8] =-5.91 0.8/ ~-5.4 1.0
-7.61 1.4l -8.6] 1.21 -8.4l 1.0l =7.01 1.2 ~-7.9] 0.8] =-6.0) 0.8 =5.2] 1.1
cnwe eton <+ + + + —ead -+ <+ +* +* Pocncatococncctecccs

-7.21 1.3] -8.21 1.2 -8.2] 1.0l -6.81 1.2 =-7.8] 0.8] =-6.01 0.8] =-5.21 1.2
-6.91 1.21 -1.81 1.2l =-7.9] 1.0l <-6.7 1.1| -7.6] 0.8] -6.0| O. ol 5.3 1.2

P
w
b — o

+

-— o o o

18 -6.61 1.2] -7.41 1.2| -1.71 1.01 -6.61 1.11 -7.5] 0.8| -6.01 0. °l -5.2] 1.1
cossecsvcevwessscccncsas <+ - + + edocncete <+ <+ + <+ ecnctovccccteoncccccndascos
19 6.4 1.1  -6.91 1.2 -7.41 1.00 -6.4] 1.11 =-7.31 0.8/ <6.01 0.8 =5.1] 1.0

(CONTINUED)

24
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASS!IFIED BY NUMBER Of OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

| SHAPE
|--- ---------------------- cccmcoccene L e crccrmcnercrccnsncnoncccscnn crccnccncs cocone
: 111 I 2111 I 2211 | 2221 I 4119 I 4211 I 4221
iy S S eteccccaccnaa coteccncna cocsncctoncocs cosencobornccncnnces etovcocn caceacs
| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD
[RpRp—— -n - doccnccctocscotonnonnntocsconteccnncrtecncntecnncncteccnntan ccccctescanteccccnntenccctecnce P —
|

CLUSTERS | | | | | | | | I | | |

ccecmcccccccncccoscnacacananans|

| | | | | [ | | | | | | |
20 | =6.1) 1.1l -6.51 1.2 =-7.1] 0.9/ ~-6.21 1.1 -7.71 0.7l <-5.91 o0.81 -5.01 1.0

ecnncoconsnrcsnccocsnoncrnsnssscscbecncnnctoncnctecncccodescccdscnvencbrsnvobrcnnenctoccnctrcancectonconboncossobonccctoccncnntacnne [

21 | =5.91 1.1} -6.21 1.2 -6.81 0.91 “6.11 1.1} -6.91 0.7] -5.91 0.8} -4.91 1.0}

cecassscaccsncnsrecsccancccsssctenancccteasnctencccsctecncctoncnccctecccctecnnccctecccateccncccteccncteccaccatecccetecccncatacces |

22 | =5.71 1.1} -5.91 1.2| -6.61 0.9] =5.91 1.0} -6.71 0.7 -5.91 o0.81 4.8 1.0

cecceccccccsnncacccnsccncrancoctancccortecccntencnanntecncctrcncncatecccctecncncctranccteanccanteccnctocrcccctenncctecncncctennan
23 | =5.51 1.1] =5.61 1.2 -6.3] 0.9] =5.71 1.0} =-6.51 0 7! -5.81 0.8} =4.71 1.0
cecmccaccscscncscrsaccaccancscotecnancntecenntecnccnctecnccteccncectocncctrccancctenccctecccccctocccctocnan ceteccontecccccntencna|
24 | =5.31 1.1 =5.41 1. 2I -6. 1I 0.91 =5.51 1.0l =-6.31 0 7[ =5.71 0 Bl -4, 6| 1.01
cescccecccsnnccaccccscccnacccnctrccrccctenccctecccccctecccctoccccccteccan toccccca 4ecccctecncecctecccntacenccctecccntoccnccctancnn
25 | =5.11 1.1 =5. 1| 1. 2I =5. 81 0.91 =5.31 1.0l -6.0l 0.71 =-5.61 O.BI =4, 5! 1.01
ccscccccccccscnscccccccccsnccncatecacccctecccntecccccntonn ectecccccntenccatececccctevcactocanccctonccntoncccnntecccctocccacatocnce
26 | -4, 9| 1.1} -4, 9l 1.21 =5.61 0.91 =5. 2I 1. OI -5.81 0.7} =5.51 0.8l -4, 5! 1.0}
ccccconcccccccnccccccccccaccccadonccccaboncan ¢eccccacteccnctecccccctocccctecnncnntecaccteccnns etecccctecccccctenccctennccaa L |
27 | -4. 7I 1.1} -4.71 1.2] =5.41 0. 8! =5. OI 1. Ol -5. 6I 0.71 -5.41 0.91 -4.41 0.9
cecccccccncacccsccsacccccnccanctocancactoncas 4ecccccctecccctrnccccctocccctonccccnteccnctenccnnctencnn deccccactecces deccccccteaces
28 | -4, 6| 1.1} 4.5 1.21 =5.21 oO. 8| -4, Bl 1. Ol -5. “I 0.71 =5.31 0.9] -4.31 0.9
- cccne ceccocnccncctacacccatenccatocccs cetecccctecccccntoccrcteccnccatecccctoccnccatenscntnncncnctecncctnnccnccctoncne
29 | 4.4 1.0 -4.31 1.21 -5.01 0.8} -4.61 1.0} =5.21 0.71 -5.2| oO. Bl -4.21 0.9
cccscencscscsnccsncccnccncancsctenccrsatesccabeccccnctecccntrcnccccteccrotoncnacctenncctennncncteccnctecscnsctecncnteccnn cotancan
30 | =4.21 1.0} =4.11 1.2} -4.8] o0.8] 4.5 0.9 =5.01 0.7| -5.11 0. Bl 4.1 0.9
- coan tecccccetncncntecanccctecncntenncncctecccctecccncntecccctecsnccatenccctancccnctnnccntoncnccctancns
N | 4.1 1.0} -3.91 .21 -4.61 0.8] =4.31 0.9] -4, BI 0.71 -5.01 0.8! -4.01 0.9
- ccecen tecccccctecncctecccccctecncntencsccctacccctacncncsatacccctancncccctans ecctecccccnteccantecacncntennnn

32 | =3.91 1.0f -3.8/ 1.2/ -4.4f 0.8/ -4.11 0.9 -4, 6l 0.71 -4.91 0.91 -3.9/ 0.9

ccccccccetncncccctecccatocncnccteansntecncnccteannctecancastecncetecccccctesncctecnccccteacncteccccnctennan

33 | -3.8! 0. 9I -3.61 1.2} -4.2| o0.8| =3.91 0.91 =4.41 0.7 -4.81 0.91 -3.8] - 0.9

cetecccctecncncctencontecnccanteccnctocnccantonccctecnnccsadbecccctecnnncctancas

=4.11 0.8} -3.81 o. 9I -4, 3! 0.71 -4.6| 0.91 -3.71 0.9

cetemcccteccccnctacace teccccncteccnctecccccatancen

4. Il -4.5| 0.8} 0.9

ceccccas .- .- CXTE Y

-3.81

0.8} =4.31 0.91

(CONT INUED)
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

| +
| MEAN | STD I MEAN | STD l MEAN | STD | HEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD

ecccccccccnccncsncaccccncscancctoconcnctenccctacacccntaccnctoccccnctocccatecccccctecccctocncnanteccncteccrocatrnnccbocananad

CLUSTERS | | | | | | | | | | ’ = = |

------ ceeemeemeceeanan] I i | | I i | I i
38 | -3.0l 0.9i =-3.0f 1.1] -3.4] 0.7] -3.2] 0.9 ~3.7i

ccemccccanns cccceaa ceccsccccncctosncccatencnctesccccntecccctecncanntecccatn

2.9 0.9

-3.2]1 o0.8

........ cateccae

-2. 6| 09I ! -3. Ol Oal -2. OI -3.31 ! O9I -3.1] o0.8
------- eccccccnrccccssccaccnccenteccnncctecccetenccccctecsnctbacaccncctoccnctacccnncbenccctonaccactocccctooncccctecnnctoccncnctecnnn
42 | -2.51 0.91 -2. 6I 1.1 -2.9! 0.8] -2.71 oO. 9l -3.2| 0.8} =3.61 0.91 -3.01 0.8
ccmcmccccncncnccencncccans [y tececccctecccctecccccctencnn decncana tececctrcnccccteccccteccncnn 4ecccctececcncteccacteccccnctancas
43 | -2. hl Q. 9| -2, 5! 1.1] -2. GI 0.8 -2.61 oO. 9l -3.1] 0.8} -3.51 0.9 -2. 9I 0.8
cecemcccccccccncncccnrccrccnsncan dtecccccatencanten ccccetaanen teccccnctaccnn B S

Ly | -2, 2] 09I -2. M 1.1 -2, 7I 0.8] -2.5| 0.9 -2.91 0.8] =3.41 0.91 -2. 8I 0.8

cemcsccnancssscncrsccccnnccsscatencncsctrencctecncccnteccnctoccnccctecccctecccnccdocccntecscccctenccateccacncteccccteccannctanana

45 | -2.11 0.91 =2.31 1.1 -2.51 0.8l -2.31 0.91 -2.81 0.8! -3.2|1 0.91 -2.81 0.8

...... ecccecscccscncencreccaccctoncnccctenanctencnncatecncctescccacteacnctenccncctecnnntacccccctenccctecccccnteccncteccccnatoncan

1ué | -2.0|1 oO. 9l -2. 2I 1. 1I -2. NI 0.8l -2. ZI 0.91 -2.71 0.8} =3.11 0.91 -2.71 0.8
escccescscecccccnsccccnans eseccctecccccctenccctoccncoctenncrteccncnctenann teccccnctaca cctmcccccatecccntesncccntenccctenccccctoccen
47 | -1. 9| 0. 9I -2. YI 1. ll -2. 3| 0.8 -2. 1I 0.91 -2. 6| 0. Ol -3. OI 0. 9I -2.61 0.8
ececcccscscssccncne eccccsaccccctbomcncactan cectecccncctecnnccteccccccteccrctecccccctrcccctesccnncteccncbonncnnctocncaten ccccctaccnn
48 | -1, BI 0. 9' -2.01 1.0l -2.21 0.8} =2.0f 0.9i -2. Sl 0. a| -2. 9I 0. 9l -2.5| 0.8
cemcecccecacccccccrccccccscancanntecccscctaccnctecnnann tecnmcctocccncntecnccctececcnctencncteccnnactencontecncncnteccccteccccccbeccan
49 | =1.71 o. 9| -1. 9| 1. OI -2.01 o0.81 =1.91 o. 9| -2 Ml 0.81 -2.81 0.91 -2.41 0.8
cccscemscccscccnrcacnccnnnnn cccctennccccteccccteccccoctocccctancaccan tecccctecnncnctecccctancacnctana cctecnccmctoccccteccccactrnana
50 | -1.61 O. 9I -1. BI 1. OI =1.91 0.8} -1.8{ oO. 9l -2 3|

......... eccccccccmccccccnccncctecnnccatrcccntecccccctecccatecccscctoncccteccnccctecccctecconced

-1.71 1.0l -1. 8I 0.8l =1.71 0.91 -2.2|

[ . decccccctoccan tecccccctecccntecccccntancccteconcectenrccotecaccnctannns

52 .61 1.0 -1. 7l 0. BI -1.61 0.9! -2.1y 0.8} -2.4] 0.91 -2.2]1 0.8
P cctmcccntecccccctocenctocncana tecocctecnccnctecccctenccncctencccteccnanatocaca
53 51 1. OI =1.61 O. 8I -1. SI 0.91 -2.0!1 0.8l -2, 3| 0.91 -2.1| o0.8
cccenccccccccncncnccnccanns mmcetecmcecctocmactacmcmeatocmnetemann etecccctoccoccnteccen teccccectecnccctecccccntencen tecccccctoncan
54 | -1. 2I 0. 9| -1. 5l 1. Ol -1.5| 0.8) -1. “I 0.91 =-1.91 0.8} -2. Zl 0.91 -2.0| 0.8
cscecccscncccccasccccccnne ccesctecncccctecccctencnann teccactecncncnteccccteccccncatenccntecnccccteccnctocncncctacccctoccncnctencen

55 | =1.1] o. 9| =1.41 1.01 =1.44 0.81 =1.31 0.9] -1.81 0.8} 2.1 0.91 -1.91 o0.8

L L L L L T L L e L L L L T L T T T T T T P P R L

(CONT INUED)

TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

| SHAPE

R L coe cce - ceccccnacscnccccccncana
| 1Y 1 | 2111 | 2211 | 2221 | 41 11 | 4211 | 4221
|eeccncea ecccetecccccccccccctoccrcnncanana tecccccccccncctoccnncccccccctocncnccsvecocboncncccnancaa

| MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD | MEAN | STD

ceccccmcnccccacccteccncnatecccctecccccctecccctenccncctencnntonccccctecncntecccacntoccontecncccctrcncatacncnncbocane

CLUSTERS | | | | g ‘ | | | | i | | |

o | | | | | | | | | |
56 . | =1.01 0.9/ ~-1.31 1.0f =-1.3]1 0.8 =-1.2]1 o0.9] -1.71 0.8 -2.01 0.91 -1.8| 0.8

cccccscccccccccccncccncnccccccctecncccctecccntecccncctecccatecccccctecccateccccnctecccctonncncabeccocteccccnctencncbacnccnctocane

57 | =0.91 0.9] -1.21 1.0l -1.2| o0.81 -1.11 0.91 -1.61 0.81 -1.91 0.91 -1.71 o.8

cecvcccccccccncacse P TR T YRR R L LY TR T T TY TR T + + cetecncctecnccnctacccncbrcocrncndbrcccodocncncctocccs

58 | -0.8! 0.9} -1.11 1.0l -1.1] 0.8l -1. OI 0. 9l -1, 5' 0. Ul -1.8! 0.91 -1. 6| 0.8
ceccecrcccccnncccccccscrcnccssnctbocnccccterccctecccacatoncccteccccccteccnad etocae
1.6/ 0.8

59 | =0.71 0.91 =1.11 1.0l -1.0] o.8}| -0. 9l 0. 9| -1. 5! 0. GI -I.ll 0.91
cateccee

ecccccccccccccncncccccccccncccnctecancnctecccctccnnccctecccctecncccntecccctecnccactocncctecocancetenccctocnnnsatannanten
.51 0.8

60 | -0 6I 0.9/ =-1.0f 0.91 -0.91 0.8/ -0.91 0.9} 1.41 0.8l 1.71 0.9

ccesccscccccncccnn + etecccccctecccctecncccctonanctee cetecccctecccccctecccctecnccactocccctecccccabacnna
61 | '0 51 0.91 0.91 0.91 -0.8| 0.81 -0.81 0.91 =-1.3| 0.8} -1.61 0.91 -1.41 0.8

+ deccccteccaccctecncctenncnnctancaatd + + + + + + 4occan
62 l -0.4) oO. 91 .91 0. 9I -0.8| 0.8} -0.71 0.91 -1.2. 0.8} =1.51 0.9} -1.3] o.8
cecccccnce etecccccctacncctecccccctecnnnd + + + + + + coten + cedoccce
63 | =0. Ml 0.91 -0. Bl 0. 91 -0.71 0.91 -0.61 0.9] =1.1} 0.8} =1.41 0.9] -1.3| 0.8
ccconccnccnccccna Pecocan + coctenccntosccccctaccnct + teca * * + * etocans
64 [ -0.31 0.91 =0.71 0.91 -0.61 0.91 -0.5| 0.91 =1.11 0.8} =1.41 0.9} -1.2¢ 0.8
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UN!IFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

{ SHAPE

| L h 11 I 4421 l 44y

| NEAN | STD I MEAN | STD I HEAN | STD

[ ceccccccccacncs T T etecccctecccana teccna

| | I | | |
| | | | |
t -3.41 1.61 -3.81 1.4 ~4.9]1 2.2

ccocccconccnssateccccncteccccterrcnnctencnctecnccee L erpp.

5 | =5.71 1.5] =7.11 1, 5l =12.41 1.4

..... cccmceccncecencccecsccnsssdrccncnnteancntecccncctencccctenccanctecccn

6 | =5.31 1.1) =7.01 1.1} =10.2] 1.4

ccmemcmcorscccceccccnnsnsancscnabocncccctescccterncncctecccctecanccctoncan

7 ] =5.01 1.0| =7.2} 0.91 -8.u4} 1.4

cocencscccaccanas [ cocetecccncctecccctennccncctocccctonccncntaccnn

8 | -4.61 1.0} -7.21 0.8l -7.21 1.2

T R T T R

9 | -4.31 0.9l =7.21 0.8} =6.71 1.1

........... eccemccccccccceccsnnntusncacatecncatecccccctonccntecccccntoccna
10 | -4, 1| 0. 8( -7. 1| 0. BI -6.41 1.1
Y cectocccccateacantoncccccteaccctoncnn cotecman
1 | -4 0I 0. Bl -7. OI 0. BI -6.21 1.1
E e R P T R L g cecacsceate ceccccsteovaccctan scccotococcotocccccats —---

12 | -3.8/ oO. Gl -6.8!1 O. 8! -6.01 1.1

cececcccnsccnccccccrsssssnncncsaterncernctecccctecsancctocccatecncccatecann

| -3.6] 0.8} -6.5| 0.8} =5.71 1.1

e N S

| =-3.5] 0.7/ -6.31 o0.8] ~-5.41 1.1

B cosmctrnccccntecncntrcnccccteccccteccnccatacaen

| -3. 9| 0. 9| =5. 7| 0. BI 1.1
cescccscceveanrcceccccnccsscnasntecscacctenccctencnccnteccnatoccnn cetovoma
17 | -4, OI 0. 9| =5. HI 0. BI -4.81 1.0
ceccscaccnaccs cscmcccccccnave cetecccccctecccateconccatocnas doccccactocane

18 | 4. ll 0. 9! =5. 1| 0.8] 4.6/ 1.0

ccemccesccconscncccccsccecccsccctonccccctenccctecncccatacncctonncnnstanane

19 | -4.21 0.91 =4.91 0.91 “4.4] 1.0

(CONTINUED)
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS 640

| SHAPE

| 4y l Ly 21 l 444

| MEAN | STD l MEAN | STD t MEAN
......... LR L L I L e L DLl S L e C L e L L L L] ey

| I | | |
| | | | |
| -4.11 0.8] -4.71 0.91 -u. 2!

ceccccccccccetecancccterccctecncccatecccctrcnncaatbemnnn

| 0. 8! “4.5| 0.9] -4, Ol
ceccccmcccteccncna toccacta cmcen= tecccctecccccctenacnn
| -4.11 o. BI -4.31 0.9} -3.91 0.9
........ ecccccvccnccccccnccccnctocccncntocccctennnncetecccctomacnacatacnnn
23 | “4.11 o0.8} -4.1]1 o. 9I -3. 7I 0.9
ceccccescccncccccccnccccncccans temcccnctoncan teccccccta ccecctecccccctancaa
24 | =4.1] 0.8} -4.01 o. 9| -3. 6I 0.9
----------------- cecccrcrecnccntrrnccnntrccnctecocccctrececbocvanccntoccna
25 | =4.1} o0.8l -3.81 0.91 -3.51 0.9
....... D et St T DT SHNS R SEEIe SIS Sl
26 | -4.1] o0.8] =3.71 0.91 -3.41 0.9
. cceccccteccccns tocnaa decccccctrcnnctocncccctocane
27 | -4.1] 0.8} -3. 6I 0.91 -3.31 0.9
.............. ececccccccccccccatenncccctecccatecccncctecccatecncncatanann
28 | -4.01 0.8| =3.51 0.9} -3.11 0.9
crcsccmmcceccccccnccnnene cccescctocacaan tocccate PPN $occcctecncccatoccnn
29 | -4.0| 0.8! -3.4| o0.91 -3.0f 0.9
ceccremsccncecencee cncccccccen ertocccana tecnna tecceccctencnctecccccntanana
30 | -4.01 0.8l =3.31 1.0l -2.91 0.9

ceccmessccccccccccncccan cecccccctesccnnan tececcteccccnctanccctecccncntacnne

.9I 061 -3.31

-3.21 1.0l -2.61 0.9

+ commnen teccnctenccncctocann

34 | -3. Bl 0. Gl -3. 2! 1.0} =2.5| 0.9
g g ceccccedocncccctecccctoccncantonnna tecccccctencen
35 | -3. 81 0. 8I -3. ‘ll 0.91 -2.4] 0.9
............... cemccmcccccccccctocccccctecccnteccncnnctecncntencccnctancnn
36 | -3.81 0.8} -3.01 0.9] -2.31 0.9
..... csmccccccccccccanccncccccnctencnccctrcccctencncncteccecteancccntacnna
37 [ =3.71 0.91 -2. 9| 0.91 -2.21 0.9

(CONTINUED)
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TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION 1S BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

: SHAPE
} 441 I 442 l 4y u 1
ceecscoevcsencsatecncvcccnvecrstoeccncsnnnennn
| MEAN | STD | MEAN | STD | MEAN | STD |
---------------------- cossccacctecncccctocccntencccanteccnsteccaccscstocnna
CLUSTERS = } { | | |
ceccceaccccccccccean. ceeccecman | | |
38 | -3.71 0.9/ -2.8|/ 0.9] -2.21 0.9
------------ B L L L L T L L L L L T iy Wy G S
39 i -3.61 0.91 -2.81 0.91 -2.11 0.9
crccsrcrcccsarccccrcccnencrcscrcrtocnccnctecnnctensnnccteravateccccantencnn
40 | -3.51 0.91 2.71 0.91 -2. 0| 0.9
----------- ccccesccccnccncncnsetecnncccdrceccteccccccbrcccnte
41 | -3.51 9l 6l 0. 91
crmcscncrcccccan ceccmecncrveccsstencrcnctencnnntonccsncdonccctoanncan T .
42 I -3 ul 0. 91 -2. SI 1. o| -1.91 0.9
cccccmncccccecccnnncenccscencenae bocccccntoccna tecccccctrcrontranccnncctecnns
43 I -3. ul 0.91 =2.41 0.9} -1.8] 0.9
PRy - [ - ccccretecnnccnctocccatoscnccctecccntenccccctorcnn
'Y | -3.31 0.91 =-2.41 0.9} -1. al 0.8
ccccmcccsccsscscccnccccanne cenestencccncteccrcntecncccctenncntecnccccdannen
45 I =3.21 0.91 -2. 3l 1.0l -1, 7| 0.8
B L T T T L Ty iy iy deccnccrtacccctecncccctracce teccaceccteccnn
46 1 -3. 2I 0. 9I -2. 2I 1. OI -1, 6l 0.8
47 | -3. 1| 0. 91 -2. 2| 1. 01 -1. 6| 0.8
cnemsecccrcccccncccccscna cecsccscteccccns decccctecccccctoncoctoncnccntoncen
48 | =3.01 0.91 =2.1} o 9| -1. 5I 0.8
cccccccnnccccccncen crccccene- cntronccnctocccntecncccoteaccntocccnsctoncnn
49 I -3.01 0.91 -2.0l o9l -1. ul 0.8
cccemcscrccceccccccscccnscnccnsbocncccctecncctencnccntoncovdrccoccnctanacne
50 i -2.91 oO. 9( -2.01 0.9] -1. hl 0.8
cecocvensrceccsnencnne ccccoccncecns L L e L T
51 | -2.81 oO. 9l -1.91 0.9]
cocctecccctocnn
0.91 -1, 3! 0.8
cetoccan decccccatencen
1.0l 21 0.8
ercccccocccccnccacn secccceccotecacccctecncetecnnccctecscctocnscccteanca
1.01 -1, 2| 0.8
cocmsscccccccccccnccsccccaccncnteccnnactoncne q.----.-q-----+------.+----.
55 I -2, 6I 0.91 =-1.61 1.0} -1.11 0.8

(CONT INUED)

TABLE 3
MEANS AND STANDARD DEVIATIONS OF THE CUBIC CLUSTERING CRITERION
CLASSIFIED BY NUMBER OF OBSERVATIONS, CLUSTERS, AND HYPERBOX SHAPE
FOR UNIFORM DISTRIBUTIONS ON HYPERBOXES IN FOUR DIMENSIONS
EACH MEAN AND STANDARD DEVIATION IS BASED ON FIFTY SAMPLES

NUMBER OF OBSERVATIONS = 640

|eecceccmccann

| 4 41 | 4421 | 4 44

[ R et

| MEAN | STD | MEAN l STD | MEAN | STD

ecsccccccsscccssccccccs cond + beccacteccccnctoance
CLUSTERS ! ] ] | ]

| | | I |
56 | =2.5| 0.9f =-1.6]1 1.0l ~-1.11 0.8

R

57 | =2.41 0.91 =1.51 1.0} -1.0/ 0.8

cccccccsccccsccnacsnccnscsnssansatesnncsatoncratecccncctecancntocccccatonnaa

58 | -2.31 0.91 -1.51 1.0l -1.01 o0.8

ccemccacccccccccsscccccncncnccncctecnccertrcccctoncccrobescantrcncanctannan

59 I =2.31 0.9/ =-1.41 1.0/ -0.9| 0.8

. - coctecncccctescnctennncnatecccntecncnnntanenn

60 -2.2| 0.9] -1.3] 1.0l -0.5| 0.8
61 -2.11 0.9/ =-1.3] 1.0/ -0.8] 0.8
62 -2.11 0.9] ~-1.2| 1.0l -0.8]1 0.8

cecncocnscccccccccncccccancssnsncteccccncbrncecdeccnnacdeccantonccncatoccnn

63 | -2.01 0.9 =-1.21 1.0l -0.8! 0.8

[P ceccecccscctecccccctescnctonncccatecccctecscccotoncan

64 I =1.91 0.91 =1.31 1.0} -0.71 0.8

-

scsccoccssoccnanccncnccccnanas cee
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Table 4 provides an indication of the power of the CCC for
detecting a mixture of two spherical normal distributions with
unit variance and equal sampling probabilities. Ten samples of
100 observations were generated from each of 15 populations
with 1, 2, 4, 8, or 16 variables and a distance between
component means of 4, 5, or 6 standard deviations. Table 4
shows the frequency with which the CCC exceeded 2. The
power decreases as the dimensionality increases, as expected.
With 1 variable, a separation of 4 or 5 standard deviations is
required for good power, while 16 variables require a
separation of 6 or more standard deviations.

TABLE 4
FREQUENCY OF THE CCC EXCEEDING 2.0
IN TEN SAMPLES OF 100 OBSERVATIONS FROM A MIXTURE
OF TWO SPHERICAL MULTIVARIATE NORMAL DISTRIBUTIONS
WITH UNIT VARIANCE AND EQUAL SAMPLING PROBABILITIES

|

| | CENTROIDS |
| | s=mmmmcccccccncaa
| I 4 1 5 | 6 |
‘ ................ teccee tecccctecna= '
| VARIABLES | | | |
|=memmmmmmmmmaaa- | | | |
11 | 5] 10} 10}
|emmmecrncncncan— tocmm- temm—- tecmc- |
|2 | 3] 10} 10}
| ................ toemmm- tomcee- toeccoe |
| 4 [ (o]] 8| 10}
| ................ bemcae tocca= temmw= |
|8 | (o7} 4| 10}
I ................ teccc= toecca= teccew ‘
|16 | 0| ol 71

Milligan and Cooper (1983) performed a Monte Carlo comparison
of 30 criteria for the number of clusters, including the CCC. In
the overall evaluation, the CCC ranked sixth best, correctly
identifying the number of clusters 321 times of 432 attempts.
The CCC tended to overestimate the number of clusters,
probably because some of the clusters were elliptical rather
than spherical.

Examples

Figures 4 through 6 show CCC plots for samples of 100

observations from various normal distributions clustered by
Ward's method. In each case the CCC values are negative and
generally decreasing as the number of clusters increases.

Figure 4 is based on a univariate normal distribution. Figure 5
comes from a spherical multivariate normal distribution in 16
dimensions. Figure 6 illustrates an elliptical normal distribution

in 16 dimensions, for which the standard deviation in the jth

dimension is j. 20
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Figure 7 is a scatterplot of 100 observations from a mixture of
two circular normal distributions separated by 6 standard
deviations. Figure 7A shows the corresponding CCC plot with a
sharp peak clearly indicating two clusters. Figure 7B presents
an analysis of the data in Figure 7 standardized to unit
standard deviations. Standardization causes the clusters to
become highly elliptical in violation of the alternative hypothesis
on which the CCC is based. The resulting plot suggests the
possibility of four or nine clusters. This example illustrates the
danger of indiscriminate standardization.

FIGURE 7
PLOT OF 50 0BS FROM EACH OF TWO CIRCULAR NORMAL DISTRIBUTIONS
SEPARATED BY 6 STANDARD DEVIATIONS
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FIGURE 78
CCC PLOT
FOR STANDARDI!ZED DATA IN FIGURE 7
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Table 5 gives the means of six clusters in two dimensions that
are used to generate data in Figures 8 and 9. Figure 8 shows
120 observations from six circular normal distributions with the
given means and standard deviations of 1.0 unit. By eye it is
apparent that there are at least four clusters, but the clusters
labeled A, B, and C cannot be easily distinguished. The CCC
plot in Figure 8A has a peak at five clusters, but the peak is
rather blunt, indicating that two of the five clusters are not
well separated, or perhaps that there are only four clusters,

one of which may be elliptical. In the scatterplot in Figure 9,
the standard deviation of each cluster is reduced to .25 units.
The CCC plot in Figure 9A has a blunt peak at six clusters,

suggesting either six circular clusters or five clusters of which
one may be elliptical.

TABLE 5
CLUSTER MEANS FOR FIGURES 8 AND 9

CLUSTER MEANS
MEAN " cout coL2

ROW1
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FIGURE 8
PLOT OF 120 OBSERVATIONS
FROM A MIXTURE OF 6 CIRCULAR MULTIVARIATE NORMAL DISTRIBUTIONS
WITH STANDARD DEVIATION 1.0
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FIGURE 9
PLOT OF 120 OBSERVATIONS
FROM A MIXTURE OF 6 CIRCULAR MULTIVARIATE NORMAL DISTRIBUTIONS
WiTH STANDARD DEVIATION .25
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Table 6 contains the means of 16 clusters in a hierarchical
arrangement used to generate data in Figures 10 and 11. Figure
10 plots the first two dimensions, showing clusters with
standard deviations of 1.0 unit. There are four apparent
clusters, each one of which actually is four clusters separated
in the two dimensions not shown on the plot. The view through
the other two dimensions would be similar but the apparent
separation among the clusters would be reduced by a factor of
four. The levels of interest in the hierarchy are 2, 4, 8, or 16
clusters. The first three of these levels can be seen in the CCC
plot in Figure 10A as large jumps or local peaks in the CCC. In
Figure 11 the standard deviations are reduced to .25 units, and
the corresponding CCC plot in Figure 11A shows all four levels
of the hierarchy.

TABLE 6
CLUSTER MEANS FOR FIGURES 10 AND 11

CLUSTER MEANS
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FIGURE 10
PLOT OF 240 OBSERVATIONS IN THE FIRST TWO DIMENSIONS
OF A MIXTURE OF 16 SPHERICAL MULTIVARIATE NORMAL DISTRIBUTIONS
WiTH STANDARD DEVIATION 1.0
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FIGURE 11
PLOT OF 240 OBSERVATIONS IN THE FIRST TWO DIMENS!ONS
OF A MIXTURE OF 16 SPHERICAL MULTIVARIATE NORMAL DISTRIBUTIONS
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Figure 12 shows a CCC plot for the raw iris data from Fisher
(1936). There is a local peak at three clusters, the correct
value, but also a much higher peak at five or six clusters due
to the elliptical nature of the clusters. If the data are
standardized, the three cluster solution becomes apparent as
shown in Figure 13. ‘

FIGURE 12
CCC PLOT FOR RAW IRIS DATA
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Conclusion

The best way to use the CCC is to plot its value against the

number of clusters, ranging from one cluster up to about one-
tenth the number of observations. The CCC may not be well-

behaved if the average number of observations per cluster is
less than ten. The following guidelines should be used for

interpreting the CCC:

* Peaks on the plot with the CCC greater than 2 or 3 indicate
good clusterings.

o Peaks with the CCC between 0 and 2 indicate possible
clusters but should be interpreted cautiously.

e There may be several peaks if the data have a hierarchical
structure.

e Very distinct non-hierarchical spherical clusters usually
show a sharp rise before the peak followed by a gradual
decline.

e Very distinct non-hierarchical elliptical clusters often show
a sharp rise to the correct number of clusters followed by a
further gradual increase and eventually a gradual decline.

e If all values of the CCC are negative and decreasing for
two or more clusters, the distribution is probably unimodal
or long-tailed. :

* Very negative values of the CCC, say -30, may be due to
outliers. Outliers generally should be removed before
clustering.

e If the CCC increases continually as the number of clusters
increases, the distribution may be grainy or the data may
have been excessively rounded or recorded with just a few
digits.

A final and very important warning: neither the CCC nor R? is
an appropriate criterion for clusters that are highly elongated
or irregularly shaped. If you do not have prior substantive
reasons for expecting compact clusters, use a nonparametric
clustering method such as Wong and Lane's (1983), rather than
Ward's method or k-means.
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