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Overview: ROBUSTREG Procedure

The main purpose of robust regression is to detect outliers and provide resistant (stable) results in the presence
of outliers. In order to achieve this stability, robust regression limits the in�uence of outliers. Historically,
robust regression techniques have addressed three classes of problems:

� problems with outliers in the Y direction (response direction)

� problems with multivariate outliers in the X space (that is, outliers in the covariate space, which are
also referred to as leverage points)

� problems with outliers in both the Y direction and the X space

Many methods have been developed in response to these problems. However, in statistical applications
of outlier detection and robust regression, the methods that are most commonly used today are Huber M
estimation, high breakdown value estimation, and combinations of these two methods. The ROBUSTREG
procedure provides four such methods: M estimation, LTS estimation, S estimation, and MM estimation.

� M estimation, introduced by Huber (1973), is the simplest approach both computationally and theo-
retically. Although it is not robust with respect to leverage points, it is still used extensively in data
analysis when contamination can be assumed to be mainly in the response direction.

� Least trimmed squares (LTS) estimation is a high breakdown value method that was introduced by
Rousseeuw (1984). The breakdown value is a measure of the proportion of contamination that an
estimation method can withstand and still maintain its robustness. The performance of this method
was improved by the FAST-LTS algorithm of Rousseeuw and Van Driessen (2000).

� S estimation is a high breakdown value method that was introduced by Rousseeuw and Yohai (1984).
Given the same breakdown value, S estimation has a higher statistical ef�ciency than LTS estimation.

� MM estimation, introduced by Yohai (1987), combines high breakdown value estimation and M
estimation. It has the same high breakdown property as S estimation but a higher statistical ef�ciency.

Features

The ROBUSTREG procedure has the following main features:

� offers four estimation methods: M, LTS, S, and MM

� provides 10 weight functions for M estimation

� provides robust R square and deviance for all estimates

� provides asymptotic covariance and con�dence intervals for regression parameters by using the M, S,
and MM methods
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� provides robust Wald and F tests for regression parameters by using the M and MM methods

� provides Mahalanobis distance and robust Mahalanobis distance by using the generalized minimum
covariance determinant (MCD) algorithm

� provides outlier and leverage-point diagnostics

� supports parallel computing for S and LTS estimates

� supports constructed effects, including spline and multimember effects

� produces �t plots and diagnostic plots by using ODS Graphics

Getting Started: ROBUSTREG Procedure

The following examples demonstrate how you can use the ROBUSTREG procedure to �t a linear regression
model and obtain outlier and leverage-point diagnostics.

M Estimation

This example shows how you can use the ROBUSTREG procedure to do M estimation, which is a commonly
used method for outlier detection and robust regression when contamination is mainly in the response
direction.

The following data set,Stack, is the well-known stack loss data set presented by Brownlee (1965). The data
describe the operation of a plant for the oxidation of ammonia to nitric acid and consist of 21 four-dimensional
observations. The explanatory variables for the response stack loss (y) are the rate of operation (x1), the
cooling water inlet temperature (x2), and the acid concentration (x3).

data Stack;
input x1 x2 x3 y exp $ @@;
datalines;

80 27 89 42 e1 80 27 88 37 e2
75 25 90 37 e3 62 24 87 28 e4
62 22 87 18 e5 62 23 87 18 e6
62 24 93 19 e7 62 24 93 20 e8
58 23 87 15 e9 58 18 80 14 e10
58 18 89 14 e11 58 17 88 13 e12
58 18 82 11 e13 58 19 93 12 e14
50 18 89 8 e15 50 18 86 7 e16
50 19 72 8 e17 50 19 79 8 e18
50 20 80 9 e19 56 20 82 15 e20
70 20 91 15 e21
;
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The following PROC ROBUSTREG statements analyze the data:

proc robustreg data=stack;
model y = x1 x2 x3 / diagnostics leverage;
id exp;
test x3;

run;

By default, the ROBUSTREG procedure uses the bisquare weight function to do M estimation, and it
uses the median method to estimate the scale parameter. The MODEL statement speci�es the covariate
effects. The DIAGNOSTICS option requests a table for outlier diagnostics, and the LEVERAGE option adds
leverage-point diagnostic results to this table for continuous covariate effects. The ID statement speci�es
that the variableexp be used to identify each observation (experiment) in this table. If the ID statement is
omitted, the observation number is used to identify the observations. The TEST statement requests a test of
signi�cance for the covariate effects that are speci�ed. The results of this analysis are displayed in Figures
100.1 through 100.3.

Figure 100.1 displays the model-�tting information and summary statistics for the response variable and the
continuous covariates. The Q1, Median, and Q3 columns provide the lower quantile, median, and upper
quantile, respectively. The MAD column provides a robust estimate of the univariate scale, which is computed
as the standardized median absolute deviation (MAD). For more information about the standardized MAD,
see Huber (1981, p. 108). The Mean and Standard Deviation columns provide the usual mean and standard
deviation. A large difference between the standard deviation and the MAD for a variable indicates some
extreme values for that variable. In the stack loss data, the stack loss (responsey) has the biggest difference
between the standard deviation and the MAD.

Figure 100.1 Model-Fitting Information and Summary Statistics
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Figure 100.2 displays the table of robust parameter estimates, standard errors, and con�dence limits. The
Scale row provides a point estimate of the scale parameter in the linear regression model, which is obtained
by the median method. For more information about scale estimation methods, see the section “M Estimation”
on page 8174. For the stack loss data, M estimation yields the �tted linear model:

Oy D � 42:2845C 0:9276x1 C 0:6507x2 � 0:1123x3

Figure 100.2 Model Parameter Estimates

Figure 100.3 displays outlier and leverage-point diagnostics. Standardized robust residuals are computed
based on the estimated parameters. Both the Mahalanobis distance and the robust MCD distance are displayed.
Outliers and leverage points, identi�ed by asterisks, are de�ned by the standardized robust residuals and
robust MCD distances that exceed the corresponding cutoff values displayed in the diagnostics summary.
Observations 4 and 21 are outliers because their standardized robust residuals exceed the cutoff value in
absolute value. The procedure detects four observations that have high leverage values. Leverage points
(points with high leverage values) that have smaller standardized robust residuals than the cutoff value in
absolute value are called good leverage points; others are called bad leverage points. Observation 21 is a bad
leverage point.

Figure 100.3 Diagnostics

Two particularly useful plots for revealing outliers and leverage points are a scatter plot of the standardized
robust residuals against the robust distances (RD plot) and a scatter plot of the robust distances against the
classical Mahalanobis distances (DD plot).
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For the stack loss data, the following statements produce the RD plot in Figure 100.4 and the DD plot in
Figure 100.5. The histogram and the normal quantile-quantile plots (shown in Figure 100.6 and Figure 100.7,
respectively) for the standardized robust residuals are also created using the HISTOGRAM and QQPLOT
suboptions of the PLOTS= option.

ods graphics on;

proc robustreg data=stack plots=(rdplot ddplot histogram qqplot);
model y = x1 x2 x3;

run;

ods graphics off;

These plots are helpful in identifying outliers in addition to good and bad high-leverage points.

These plots are requested when ODS Graphics is enabled by specifying the PLOTS= option in the PROC
ROBUSTREG statement. For general information about ODS Graphics, see Chapter 21, “Statistical Graphics
Using ODS.” For speci�c information about the graphics available in the ROBUSTREG procedure, see the
section “ODS Graphics” on page 8201.

Figure 100.4 RD Plot for Stack Loss Data
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Figure 100.5 DD Plot for Stack Loss Data

Figure 100.6 Histogram
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Figure 100.7 Q-Q Plot

Figure 100.8 displays robust versions of goodness-of-�t statistics for the model. You can use the robust
information criteria, AICR and BICR, for model selection and comparison. For both AICR and BICR, the
lower the value, the more desirable the model.

Figure 100.8 Goodness-of-Fit Statistics

Figure 100.9 displays the test results that are requested by the TEST statement. The ROBUSTREG procedure
conducts two robust linear tests, the� test and theR2

n test. For information about how the ROBUSTREG
procedure computes test statistics and the correction factor lambda, see the section “Linear Tests” on
page 8180. Because of the largep-values for both tests, you can conclude that the effectx3 is not signi�cant
at the 5% level.



M Estimation F 8153

Figure 100.9 Test of Signi�cance

For the bisquare weight function, the default tuning constant,c = 4.685, is chosen to yield a 95% asymptotic
ef�ciency of the M estimates with the Gaussian distribution. For more information, see the section “M
Estimation” on page 8174. The smaller the constantc, the lower the asymptotic ef�ciency but the sharper
the M estimate as an outlier detector. For the stack loss data set, you could consider using a sharper outlier
detector.

The following PROC ROBUSTREG step uses a smaller constant,c = 3.5. This tuning constant corresponds
to an ef�ciency close to 85%. For the relationship between the tuning constant and asymptotic ef�ciency of
M estimates, see Chen and Yin (2002).

proc robustreg method=m(wf=bisquare(c=3.5)) data=stack;
model y = x1 x2 x3 / diagnostics leverage;
id exp;
test x3;

run;

Figure 100.10 displays the table of robust parameter estimates, standard errors, and con�dence limits when
PROC ROBUSTREG uses the constantc = 3.5.

The re�tted linear model is

Oy D � 37:1076C 0:8191x1C 0:5173x2� 0:0728x3

Figure 100.10 Model Parameter Estimates
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Figure 100.11 displays outlier and leverage-point diagnostics when the constantc = 3.5 is used. Besides
observations 4 and 21, observations 1 and 3 are also detected as outliers.

Figure 100.11 Diagnostics

LTS Estimation

If the data are contaminated in the X space, M estimation might yield improper results. It is better to use the
high breakdown value method. This example shows how you can use LTS estimation to deal with X-space
contaminated data. The following data set,hbk, is an arti�cial data set that was generated by Hawkins, Bradu,
and Kass (1984).

data hbk;
input index $ x1 x2 x3 y @@;
datalines;

1 10.1 19.6 28.3 9.7 2 9.5 20.5 28.9 10.1
3 10.7 20.2 31.0 10.3 4 9.9 21.5 31.7 9.5
5 10.3 21.1 31.1 10.0 6 10.8 20.4 29.2 10.0
7 10.5 20.9 29.1 10.8 8 9.9 19.6 28.8 10.3
9 9.7 20.7 31.0 9.6 10 9.3 19.7 30.3 9.9

11 11.0 24.0 35.0 -0.2 12 12.0 23.0 37.0 -0.4
13 12.0 26.0 34.0 0.7 14 11.0 34.0 34.0 0.1
15 3.4 2.9 2.1 -0.4 16 3.1 2.2 0.3 0.6
17 0.0 1.6 0.2 -0.2 18 2.3 1.6 2.0 0.0
19 0.8 2.9 1.6 0.1 20 3.1 3.4 2.2 0.4
21 2.6 2.2 1.9 0.9 22 0.4 3.2 1.9 0.3
23 2.0 2.3 0.8 -0.8 24 1.3 2.3 0.5 0.7
25 1.0 0.0 0.4 -0.3 26 0.9 3.3 2.5 -0.8
27 3.3 2.5 2.9 -0.7 28 1.8 0.8 2.0 0.3
29 1.2 0.9 0.8 0.3 30 1.2 0.7 3.4 -0.3
31 3.1 1.4 1.0 0.0 32 0.5 2.4 0.3 -0.4
33 1.5 3.1 1.5 -0.6 34 0.4 0.0 0.7 -0.7
35 3.1 2.4 3.0 0.3 36 1.1 2.2 2.7 -1.0
37 0.1 3.0 2.6 -0.6 38 1.5 1.2 0.2 0.9
39 2.1 0.0 1.2 -0.7 40 0.5 2.0 1.2 -0.5
41 3.4 1.6 2.9 -0.1 42 0.3 1.0 2.7 -0.7
43 0.1 3.3 0.9 0.6 44 1.8 0.5 3.2 -0.7
45 1.9 0.1 0.6 -0.5 46 1.8 0.5 3.0 -0.4
47 3.0 0.1 0.8 -0.9 48 3.1 1.6 3.0 0.1
49 3.1 2.5 1.9 0.9 50 2.1 2.8 2.9 -0.4
51 2.3 1.5 0.4 0.7 52 3.3 0.6 1.2 -0.5
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53 0.3 0.4 3.3 0.7 54 1.1 3.0 0.3 0.7
55 0.5 2.4 0.9 0.0 56 1.8 3.2 0.9 0.1
57 1.8 0.7 0.7 0.7 58 2.4 3.4 1.5 -0.1
59 1.6 2.1 3.0 -0.3 60 0.3 1.5 3.3 -0.9
61 0.4 3.4 3.0 -0.3 62 0.9 0.1 0.3 0.6
63 1.1 2.7 0.2 -0.3 64 2.8 3.0 2.9 -0.5
65 2.0 0.7 2.7 0.6 66 0.2 1.8 0.8 -0.9
67 1.6 2.0 1.2 -0.7 68 0.1 0.0 1.1 0.6
69 2.0 0.6 0.3 0.2 70 1.0 2.2 2.9 0.7
71 2.2 2.5 2.3 0.2 72 0.6 2.0 1.5 -0.2
73 0.3 1.7 2.2 0.4 74 0.0 2.2 1.6 -0.9
75 0.3 0.4 2.6 0.2
;

Both ordinary least squares (OLS) estimation and M estimation (not shown here) suggest that observations
11 to 14 are outliers. However, these four observations were generated from the underlying model, whereas
observations 1 to 10 were contaminated. The reason that OLS estimation and M estimation do not pick up
the contaminated observations is that they cannot distinguish good leverage points (observations 11 to 14)
from bad leverage points (observations 1 to 10). In such cases, the LTS method identi�es the true outliers.

The following statements invoke the ROBUSTREG procedure and use the LTS estimation method:

proc robustreg data=hbk fwls method=lts;
model y = x1 x2 x3 / diagnostics leverage;
id index;

run;

Figure 100.12 displays the model-�tting information and summary statistics for the response variable and
independent covariates.

Figure 100.12 Model-Fitting Information and Summary Statistics
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Figure 100.13 displays information about the LTS �t, which includes the breakdown value of the LTS
estimate. The breakdown value is a measure of the proportion of contamination that an estimation method
can withstand and still maintain its robustness. In this example the LTS estimate minimizes the sum of 57
smallest squares of residuals. It can still estimate the true underlying model if the remaining 18 observations
are contaminated. This corresponds to a breakdown value around 0.25, which is set as the default.

Figure 100.13 LTS Pro�le

Figure 100.14 displays parameter estimates for covariates and scale. Two robust estimates of the scale
parameter are displayed. For information about computing these estimates, see the section “Final Weighted
Scale Estimator” on page 8183. The weighted scale estimator (Wscale) is a more ef�cient estimator of the
scale parameter.

Figure 100.14 LTS Parameter Estimates
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Figure 100.15 displays outlier and leverage-point diagnostics. The ID variableindex is used to identify
the observations. If you do not specify this ID variable, the observation number is used to identify the
observations. However, the observation number depends on how the data are read. The �rst 10 observations
are identi�ed as outliers, and observations 11 to 14 are identi�ed as good leverage points.

Figure 100.15 Diagnostics

Figure 100.16 displays the �nal weighted least squares estimates. These estimates are least squares estimates
that are computed after the detected outliers are deleted.

Figure 100.16 Final Weighted LS Estimates
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Syntax: ROBUSTREG Procedure

The following statements are available in the ROBUSTREG procedure:

PROC ROBUSTREG < options > ;
BY variables ;
CLASS variables ;
EFFECT name=effect-type(variables < / options >) ;
ID variables ;
MODEL response = < effects > < / options > ;
OUTPUT < OUT=SAS-data-set > keyword=name < . . . keyword=name > ;
PERFORMANCE < options > ;
TEST effects ;
WEIGHT variable ;

The PROC ROBUSTREG statement invokes the procedure. The METHOD= option in the PROC ROBUS-
TREG statement selects one of the four estimation methods, M, LTS, S, and MM. By default, Huber M
estimation is used. The MODEL statement is required and speci�es the variables to be used in the regression.
You can specify main effects and interaction terms in the MODEL statement, as in the GLM procedure. (See
Chapter 47, “The GLM Procedure.”) The CLASS statement speci�es which explanatory variables to treat as
categorical. The ID statement names variables to identify observations in the outlier diagnostics tables. The
WEIGHT statement identi�es a variable in the input data set whose values are used to weight the observations.
The OUTPUT statement creates an output data set that contains �nal weights, predicted values, and residuals.
The TEST statement requests robust linear tests for the model parameters. The PERFORMANCE statement
tunes the performance of the procedure by using single or multiple processors available on the hardware.
Multiple OUTPUT and TEST statements are permitted.

PROC ROBUSTREG Statement

PROC ROBUSTREG < options > ;

The PROC ROBUSTREG statement invokes the ROBUSTREG procedure. Table 100.1 summarizes the
options available in the PROC ROBUSTREG statement.

Table 100.1 PROC ROBUSTREG Statement Options

Option Description

COVOUT Saves the estimated covariance matrix
DATA= Speci�es the input SAS data set
FWLS Computes the �nal weighted least squares estimates
INEST= Speci�es an input SAS data set that contains initial estimates
ITPRINT Displays the iteration history of the iteratively reweighted least squares

algorithm
METHOD= Speci�es the estimation method
NAMELEN= Speci�es the length of effect names
ORDER= Speci�es the order in which to sort classi�cation variables
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Table 100.1 continued

Option Description

OUTEST= Speci�es an output SAS data set that contains the parameter estimates
PLOT Speci�es options that control details of the plots
SEED= Speci�es the seed for the random number generator

You can specify the followingoptions in the PROC ROBUSTREG statement.

COVOUT
saves the estimated covariance matrix in the OUTEST= data set. This option is not supported for LTS
estimation.

DATA=SAS-data-set
speci�es the input SAS data set to be used by PROC ROBUSTREG. By default, the most recently
created SAS data set is used.

FWLS
computes the �nal weighted least squares estimates. These estimates are equivalent to the least squares
estimates after the detected outliers are deleted.

INEST=SAS-data-set
speci�es an input SAS data set that contains initial estimates for all the parameters in the model. For a
detailed description of the contents of the INEST= data set, see the section “INEST= Data Set” on
page 8198.

ITPRINT
displays the iteration history of the iteratively reweighted least squares algorithm that is used in M and
MM estimation. You can also use this option in the MODEL statement.

METHOD=method-type < (options) >
speci�es the estimation method and some additionaloptions for the estimation method. PROC
ROBUSTREG provides four estimation methods: M estimation, LTS estimation, S estimation, and
MM estimation. The default method is M estimation.

NOTE : Because the LTS and S methods use subsampling algorithms, these methods are not suitable in
an analysis that uses variables that have only a few unequal values or a few unequal values within one
BY group. For example, indicator variables that correspond to a classi�cation variable often fall into
this category. The same issue also applies to the initial LTS and S estimates in the MM method. For a
model that includes classi�cation independent variables or continuous independent variables with a
few unequal values, the M method is recommended.

NAMELEN=n
speci�es the length of effect names in tables and output data sets to ben characters, wheren is a value
between 20 and 200. The default length is 20 characters.

ORDER=DATA | FORMATTED | FREQ | INTERNAL
speci�es the sort order for the levels of the classi�cation variables (which are speci�ed in the CLASS
statement).

This option applies to the levels for all classi�cation variables, except when you use the (default)
ORDER=FORMATTED option with numeric classi�cation variables that have no explicit format. In
that case, the levels of such variables are ordered by their internal value.

The ORDER= option can take the following values:



8160 F Chapter 100: The ROBUSTREG Procedure

Value of ORDER= Levels Sorted By

DATA Order of appearance in the input data set

FORMATTED External formatted value, except for numeric variables
with no explicit format, which are sorted by their
unformatted (internal) value

FREQ Descending frequency count; levels with the most
observations come �rst in the order

INTERNAL Unformatted value

By default, ORDER=FORMATTED. For ORDER=FORMATTED and ORDER=INTERNAL, the sort
order is machine-dependent.

For more information about sort order, see the chapter on the SORT procedure in theBase SAS
Procedures Guideand the discussion of BY-group processing inSAS Language Reference: Concepts.

OUTEST=SAS-data-set
speci�es an output SAS data set that contains the parameter estimates and, if the COVOUT option is
speci�ed, the estimated covariance matrix. For a detailed description of the contents of the OUTEST=
data set, see the section “OUTEST= Data Set” on page 8198.

PLOT | PLOTS < (global-plot-options) > < =plot-request >

PLOT | PLOTS < (global-plot-options) > < =(plot-request < . . . plot-request > ) >
speci�es options that control details of the plots. If ODS Graphics is enabled but you do not specify
the PLOTS= option, then PROC ROBUSTREG produces the robust �t plot by default when the model
includes a single continuous independent variable.

ODS Graphics must be enabled before plots can be requested. For example:

ods graphics on;
proc robustreg data=stack plots=all;

model y = x1 x2 x3;
run;
ods graphics off;

For more information about enabling and disabling ODS Graphics, see the section “Enabling and
Disabling ODS Graphics” on page 607 in Chapter 21, “Statistical Graphics Using ODS.”

Theglobal-plot-options apply to all plots that are generated by the ROBUSTREG procedure. The
following global-plot-option is available:

ONLY
suppresses the default robust �t plot. Only plots that are speci�cally requested are displayed.

You can specify more than oneplot-request within the parentheses after PLOTS=. For a single
plot-request, you can omit the parentheses. The followingplot-requests are available:
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ALL
creates all appropriate plots.

DDPLOT < (LABEL=ALL | LEVERAGE | NONE | OUTLIER) >
creates a plot of robust distance against Mahalanobis distance. For more information about robust
distance, see the section “Leverage-Point and Outlier Detection” on page 8196. The LABEL=
option speci�es how the points in this plot are to be labeled, as summarized in Table 100.2.

Table 100.2 Options for Label

Value of LABEL= Label Method

ALL Label all points
LEVERAGE Label leverage points
NONE No labels
OUTLIERS Label outliers

By default, the ROBUSTREG procedure labels both outliers and leverage points.

If you specify ID variables in the ID statement, the values of the �rst ID variable are used as
labels; otherwise, observation numbers are used as labels.

FITPLOT < (NOLIMITS) >
creates a plot of robust �t against the single independent continuous variable that is speci�ed
in the model. You can request this plot when only a single independent continuous variable is
speci�ed in the model. Con�dence limits are added to the plot by default. The NOLIMITS option
suppresses these limits.

HISTOGRAM
creates a histogram for the standardized robust residuals. The histogram is superimposed with a
normal density curve and a kernel density curve.

NONE
suppresses all plots.

QQPLOT
creates the normal quantile-quantile plot for the standardized robust residuals.

RDPLOT < (LABEL=ALL | LEVERAGE | NONE | OUTLIER) >
creates the plot of standardized robust residual against robust distance. For more information
about robust distance, see the section “Leverage-Point and Outlier Detection” on page 8196.
The LABEL= option speci�es a label method for points in this plot. These label methods are
described in Table 100.2.

If you specify ID variables in the ID statement, the values of the �rst ID variable are used as
labels; otherwise, observation numbers are used as labels.

SEED=number
speci�es the seed for the random number generator used to randomly select the subgroups and subsets
for LTS and S estimation. By default, or if you specify 0, the ROBUSTREG procedure generates a
random seed.
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Options with METHOD=M

When you specify METHOD=M < (options) >, you can specify the followingoptions:

ASYMPCOV=H1 | H2 | H3
speci�es the type of asymptotic covariance that is computed for the M estimate. The three types are
described in the section “Asymptotic Covariance and Con�dence Intervals” on page 8179. By default,
ASYMPCOV=H1.

CONVERGENCE=criterion < (EPS=value) >
speci�es a convergence criterion for the M estimate. Table 100.3 lists the three criteria that are
available.

Table 100.3 Options to Specify Convergence Criteria

Type Option
Coef�cient CONVERGENCE=COEF
Residual CONVERGENCE=RESID
Weight CONVERGENCE=WEIGHT

By default, CONVERGENCE=COEF. You can specify the precision of the convergence criterion by
using the EPS= option; by default, EPS=1E–8.

MAXITER=n
sets the maximum number of iterations during the parameter estimation. By default,MAXITER=1000.

SCALE=scale-type | value
speci�es the scale parameter or a method of estimating the scale parameter. These methods and options
are summarized in Table 100.4.

Table 100.4 Options to Specify Scale

Scale Option Defaultd
Fixed constant SCALE=value
Huber estimate SCALE=HUBER < (D=d) > 2.5
Median estimate SCALE=MED
Tukey estimate SCALE=TUKEY < (D=d) > 2.5

By default, SCALE=MED.

WEIGHTFUNCTION=function-type

WF=function-type
speci�es the weight function that is used for the M estimate. The ROBUSTREG procedure provides
10 weight functions, which are listed in Table 100.5. You can specify the parameters in these functions
by using the A=, B=, and C= options. These functions are described in the section “M Estimation” on
page 8174. The default weight function is bisquare.
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Table 100.5 Options to Specify Weight Functions

Weight Function Option Default a, b, c
Andrews WF=ANDREWS < (C=c) > 1.339
Bisquare WF=BISQUARE < (C=c) > 4.685
Cauchy WF=CAUCHY < (C=c) > 2.385
Fair WF=FAIR < (C=c) > 1.4
Hampel WF=HAMPEL < (< A=a > < B=b > < C=c >) > 2, 4, 8
Huber WF=HUBER < (C=c) > 1.345
Logistic WF=LOGISTIC < (C=c) > 1.205
Median WF=MEDIAN < (C=c) > 0.01
Talworth WF=TALWORTH < (C=c) > 2.795
Welsch WF=WELSCH < (C=c) > 2.985

Options with METHOD=LTS

When you specify METHOD=LTS < (options) >, you can specify the followingoptions:

CSTEP=n
speci�es the number of concentration steps (C-steps) for the LTS estimate. For information about how
the default value is determined, see the section “LTS Estimate” on page 8181.

H=n
speci�es the quantile for the LTS estimate. For information about how the default value is determined,
see the section “LTS Estimate” on page 8181

IADJUST=ALL | NONE
requests (IADJUST=ALL) or suppresses (IADJUST=NONE) the intercept adjustment for all estimates
in the LTS algorithm. By default, the intercept adjustment is used for data sets that contain fewer than
10,000 observations. For more information, see the section “Algorithm” on page 8181.

NBEST=n
speci�es the number of best solutions that are kept for each subgroup during the computation of the
LTS estimate. The default number is 10, which is the maximum number allowed.

NREP=n
speci�es the number of times to repeat least squares �t in subgroups during the computation of the LTS
estimate. For information about how the default number is determined, see the section “LTS Estimate”
on page 8181.

SUBANALYSIS
requests a display of the subgrouping information and parameter estimates within subgroups. This
option generates the ODS tables that are listed in Table 100.6.
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Table 100.6 ODS Tables Available with SUBANALYSIS Option

ODS Table Name Description
BestEstimates Best �nal estimates for LTS

BestSubEstimates Best estimates for each subgroup

CStep C-step information for LTS

Groups Grouping information for LTS

SUBGROUPSIZE=n
speci�es the data set size of the subgroups in the computation of the LTS estimate. The default number
is 300.

Options with METHOD=S

When you specify METHOD=S < (options) >, you can specify the followingoptions:

ASYMPCOV=H1 | H2 | H3 | H4
speci�es the type of asymptotic covariance that is computed for the S estimate. The four types are
described in the section “Asymptotic Covariance and Con�dence Intervals” on page 8186. By default,
ASYMPCOV=H4.

CHIF= TUKEY | YOHAI
speci�es the� function for the S estimate. PROC ROBUSTREG provides two� functions, Tukey's
bisquare function and Yohai's optimal function, which you can request by specifying CHIF=TUKEY
and CHIF=YOHAI, respectively. The default is Tukey's bisquare function.

EFF=value
speci�es the ef�ciency (as a fraction) of the S estimate. The parameterk0 in the � function is
determined by this ef�ciency. The default ef�ciency is determined such that the consistent S estimate
has a breakdown value of 25%. This option is overwritten by the K0= option if both options are used.

K0=value
speci�es thek0 parameter in the� function of the S estimate. If you specify CHIF=TUKEY, the
default is 1.548. If you specify CHIF=YOHAI, the default is 0.66. These default values correspond to
a 50% breakdown value of the consistent S estimate.

MAXITER=n
sets the maximum number of iterations for computing the scale parameter of the S estimate. By default,
MAXITER=1000.

NREP=n
speci�es the number of repeats of subsampling in the computation of the S estimate. For information
about how the default number of repeats is determined, see the section “Algorithm” on page 8184.
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NOREFINE
suppresses the re�nement of the S estimate. For more information, see the section “Algorithm” on
page 8184.

SUBSETSIZE=n
speci�es the size of the subset for the S estimate. For information about how the default value is
determined, see the section “Algorithm” on page 8184.

TOLERANCE=value
speci�es the tolerance for the S estimate of the scale. The default value is 0.001.

Options with METHOD=MM

When you specify METHOD=MM < (options) >, you can specify the followingoptions:

ASYMPCOV=H1 | H2 | H3 | H4
speci�es the type of asymptotic covariance that is computed for the MM estimate. The four types
are described in the section “Details: ROBUSTREG Procedure” on page 8174. By default, ASYMP-
COV=H4.

BIASTEST < (ALPHA= number) >
requests the bias test for the �nal MM estimate. For more information about this test, see the section
“Bias Test” on page 8188.

CHIF=TUKEY | YOHAI
selects the� function for the MM estimate. PROC ROBUSTREG provides two� functions, Tukey's
bisquare function and Yohai's optimal function, which you can request by specifying CHIF=TUKEY
and CHIF=YOHAI, respectively. The default is Tukey's bisquare function. This� function is also
used by the initial S estimate if you specify the INITEST=S option.

CONVERGENCE=criterion < (EPS=number) >
speci�es a convergence criterion for the MM estimate. Table 100.7 lists the three criteria that are
available.

Table 100.7 Options to Specify Convergence Criteria

Type Option
Coef�cient CONVERGENCE=COEF
Residual CONVERGENCE=RESID
Weight CONVERGENCE=WEIGHT

By default, CONVERGENCE=COEF. You can specify the precision of the convergence criterion by
using the EPS= option; by default, EPS=1E–8.
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EFF=value
speci�es the ef�ciency (as a fraction) of the MM estimate. The parameterk1 in the � function is
determined by this ef�ciency. The default ef�ciency is set to 0.85, which corresponds tok1 D 3:440if
you specify CHIF=TUKEY ork1 D 0:868if you specify CHIF=YOHAI.

INITEST=LTS | S
speci�es the initial estimator for the MM estimator. By default, the LTS estimator with its default
settings is used as the initial estimator for the MM estimator.

INITH=h
speci�es the integerh for the initial LTS estimate that is used by the MM estimator. For information
about how to specifyh and how the default is determined, see the section “Algorithm” on page 8187.

K0=number
speci�es the parameterk0 in the� function for the MM estimate. If you specify CHIF=TUKEY, the
default isk0 D 2:9366. If you specify CHIF=YOHAI, the default isk0 D 0:7405. These default
values correspond to the 25% breakdown value of the MM estimator.

MAXITER=n
sets the maximum number of iterations during the parameter estimation. By default,MAXITER=1000.

BY Statement

BY variables ;

You can specify a BY statement with PROC ROBUSTREG to obtain separate analyses of observations in
groups that are de�ned by the BY variables. When a BY statement appears, the procedure expects the input
data set to be sorted in order of the BY variables. If you specify more than one BY statement, only the last
one speci�ed is used.

If your input data set is not sorted in ascending order, use one of the following alternatives:

� Sort the data by using the SORT procedure with a similar BY statement.

� Specify the NOTSORTED or DESCENDING option in the BY statement for the ROBUSTREG
procedure. The NOTSORTED option does not mean that the data are unsorted but rather that the
data are arranged in groups (according to values of the BY variables) and that these groups are not
necessarily in alphabetical or increasing numeric order.

� Create an index on the BY variables by using the DATASETS procedure (in Base SAS software).

For more information about BY-group processing, see the discussion inSAS Language Reference: Concepts.
For more information about the DATASETS procedure, see the discussion in theBase SAS Procedures Guide.

CLASS Statement

CLASS variables < / TRUNCATE > ;
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The CLASS statement names the classi�cation variables to be used in the model. Typical classi�cation
variables areTreatment, Sex, Race, Group, andReplication. If you use the CLASS statement, it must appear
before the MODEL statement.

Classi�cation variables can be either character or numeric. By default, class levels are determined from the
entire set of formatted values of the CLASS variables.

NOTE : Prior to SAS 9, class levels were determined by using no more than the �rst 16 characters of the
formatted values. To revert to this previous behavior, you can use the TRUNCATE option in the CLASS
statement.

In any case, you can use formats to group values into levels. See the discussion of the FORMAT procedure
in theBase SAS Procedures Guideand the discussions of the FORMAT statement and SAS formats inSAS
Formats and Informats: Reference. You can adjust the order of CLASS variable levels with the ORDER=
option in the PROC ROBUSTREG statement.

You can specify the followingoption in the CLASS statement after a slash (/):

TRUNCATE
speci�es that class levels should be determined by using only up to the �rst 16 characters of the
formatted values of CLASS variables. When formatted values are longer than 16 characters, you can
use this option to revert to the levels as determined in releases prior to SAS 9.

EFFECT Statement

EFFECT name=effect-type (variables < / options >) ;

The EFFECT statement enables you to construct special collections of columns for design matrices. These
collections are referred to asconstructed effectsto distinguish them from the usual model effects that are
formed from continuous or classi�cation variables, as discussed in the section “GLM Parameterization of
Classi�cation Variables and Effects” on page 385 in Chapter 19, “Shared Concepts and Topics.”

You can specify the followingeffect-types:

COLLECTION speci�es a collection effect that de�nes one or more variables as a single
effect with multiple degrees of freedom. The variables in a collection are
considered as a unit for estimation and inference.

LAG speci�es a classi�cation effect in which the level that is used for a particular
period corresponds to the level in the preceding period.

MULTIMEMBER | MM speci�es a multimember classi�cation effect whose levels are determined by
one or more variables that appear in a CLASS statement.

POLYNOMIAL | POLY speci�es a multivariate polynomial effect in the speci�ed numeric variables.

SPLINE speci�es a regression spline effect whose columns are univariate spline ex-
pansions of one or more variables. A spline expansion replaces the original
variable with an expanded or larger set of new variables.

Table 100.8 summarizes theoptions available in the EFFECT statement.
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Table 100.8 EFFECT Statement Options

Option Description

Collection Effects Options
DETAILS Displays the constituents of the collection effect

Lag Effects Options
DESIGNROLE= Names a variable that controls to which lag design an observation

is assigned

DETAILS Displays the lag design of the lag effect

NLAG= Speci�es the number of periods in the lag

PERIOD= Names the variable that de�nes the period. This option is required.

WITHIN= Names the variable or variables that de�ne the group within which
each period is de�ned. This option is required.

Multimember Effects Options
NOEFFECT Speci�es that observations with all missing levels for the

multimember variables should have zero values in the
corresponding design matrix columns

WEIGHT= Speci�es the weight variable for the contributions of each of the
classi�cation effects

Polynomial Effects Options
DEGREE= Speci�es the degree of the polynomial
MDEGREE= Speci�es the maximum degree of any variable in a term of the

polynomial
STANDARDIZE= Speci�es centering and scaling suboptions for the variables that

de�ne the polynomial

Spline Effects Options
BASIS= Speci�es the type of basis (B-spline basis or truncated power

function basis) for the spline effect
DEGREE= Speci�es the degree of the spline effect
KNOTMETHOD= Speci�es how to construct the knots for the spline effect

For more information about the syntax of theseeffect-types and how columns of constructed effects are
computed, see the section “EFFECT Statement” on page 395 in Chapter 19, “Shared Concepts and Topics.”

ID Statement

ID variables ;

When you request the diagnostics table by specifying the DIAGNOSTICS option in the MODEL statement,
the variables that are listed in the ID statement are displayed in addition to the observation number. You can
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use these variables to identify each observation. If the ID statement is omitted, the observation number is
used to identify the observations.

MODEL Statement

< label: > MODEL response = < effects > < / options > ;

You can specify main effects and interaction terms in the MODEL statement, as in the GLM procedure (see
Chapter 47, “The GLM Procedure”).

The optionallabel, which must be a valid SAS name, is used to label the model in the OUTEST data set.

Table 100.9 summarizes theoptions available in the MODEL statement.

Table 100.9 MODEL Statement Options

Option Description

ALPHA= Speci�es the signi�cance level
CORRB Produces the estimated correlation matrix
COVB Produces the estimated covariance matrix
CUTOFF= Speci�es the multiplier of the cutoff value for outlier detection
DIAGNOSTICS Requests the outlier diagnostics
FAILRATIO= Speci�es the failure-ratio threshold
ITPRINT Displays the iteration history
LEVERAGE Requests an analysis of leverage points
NOGOODFIT Suppresses the computation of goodness-of-�t statistics
NOINT Speci�es no-intercept regression
SINGULAR= Speci�es the tolerance for testing singularity

You can specify the followingoptions for the model �t.

ALPHA= value
speci�es the signi�cance level for the con�dence intervals for regression parameters. Thevalue must
be between 0 and 1. By default, ALPHA=0.05.

CORRB
produces the estimated correlation matrix of the parameter estimates.

COVB
produces the estimated covariance matrix of the parameter estimates.

CUTOFF=value
speci�es the multiplier of the cutoff value for outlier detection. By default, CUTOFF=3.

DIAGNOSTICS < (ALL) >
requests the outlier diagnostics. By default, only observations that are identi�ed as outliers or leverage
points are displayed. Specify the ALL option to display all observations.
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FAILRATIO= value
speci�es the failure-ratio threshold for the subsampling algorithm of an LTS or S estimate. It also
applies to the initial LTS or S step in an MM estimate. The threshold must be between 0 and 1. Its
default value is 0.99. For more information, see the section “LTS Estimate” on page 8181 or “S
Estimate” on page 8183.

ITPRINT
displays the iteration history of the iteratively reweighted least squares algorithm that is used by M and
MM estimation. You can also use this option in the PROC ROBUSTREG statement.

LEVERAGE < ( leverage-options) >
requests an analysis of leverage points for the covariates. The results are added to the diagnostics table,
which you can request by specifying the DIAGNOSTICS option in the MODEL statement.

You can use the followingleverage-options:

CUTOFF=value
speci�es the leverage cutoff value for leverage-point detection. For more information, see the
section “Leverage-Point and Outlier Detection” on page 8196. You can also specify the cutoff
value by using the CUTOFFALPHA= option.

CUTOFFALPHA= alpha-value
speci�es the leverage cutoff� value for leverage-point detection. The respective leverage cutoff

value equals
q

� 2
p I1� � (or

q
� 2

qI1� � if projection is applied in the generalized MCD algorithm).
By default,� D 0:025.

H=n

QUANTILE=n
speci�es the quantile to be minimized for the MCD algorithm that is used for the leverage-point
analysis. By default, H=Œ.3nC p C 1/=4•, wheren is the number of observations andp is the
number of independent variables, excluding the intercept.

MCDALPHA= alpha-value
speci�es the MCD cutoff� value for the �nal MCD reweighting step. The respective MCD cutoff

value equals
q

� 2
p I1� � (or

q
� 2

qI1� � if projection is applied in the generalized MCD algorithm).
By default,� D 0:025.

MCDCUTOFF=value

MCDCUT=value
speci�es the MCD cutoff value for the �nal MCD reweighting step. For more information, see
the section “Mahalanobis Distance versus Robust Distance” on page 8190 and Rousseeuw and
Van Driessen (1999). You can also specify the cutoff value by using the MCDALPHA= option.

MCDINFO
requests that detailed information about the MCD covariance estimate be displayed, including
the low-dimensional structure, the breakdown value, the MCD center, and the MCD covariance
itself. The option outputs the ODS tables of the MCD pro�le, MCD center, MCD covariance,
and MCD correlation.
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OPC | OFFPLANECOEF
requests the ODS table of the coef�cients for MCD-dropped components, when projection is
applied in the generalized MCD algorithm. The OFFPLANECOEF option is ignored for the
regular MCD algorithm.

PROJECTIONALPHA= alpha-value

PALPHA= alpha-value
speci�es the projection cutoff� value to be used to judge whether an observation is on or off the
low-dimensional hyperplane that is identi�ed by the generalized MCD algorithm. The respective

projection cutoff value equals
q

� 2
1I1� � . By default,� D 0:001.

PROJECTIONCUTOFF=value

PCUTOFF=value
speci�es the projection cutoff value to be used to judge whether an observation is on or off the
low-dimensional hyperplane identi�ed by the projected MCD algorithm. For more information,
see the section “Mahalanobis Distance versus Robust Distance” on page 8190 and Rousseeuw
and Van Driessen (1999). You can also specify the projection cutoff value by using the PALPHA=
option.

PROJECTIONTOLERANCE= value

PTOL=value
speci�es the projection tolerance value for the low-dimensional structure detection. For more
information, see the section “Leverage-Point and Outlier Detection” on page 8196.

NOGOODFIT
suppresses the computation of goodness-of-�t statistics.

NOINT
speci�es no-intercept regression.

SINGULAR=value
speci�es the tolerance for testing singularity of the information matrix and the crossproducts matrix
for the initial least squares estimates. By default, SINGULAR=1E–12.

OUTPUT Statement

OUTPUT < OUT=SAS-data-set > keyword=name < . . . keyword=name > ;

The OUTPUT statement creates an output SAS data set that contains statistics calculated after the model is
�tted. At least one speci�cation of the formkeyword=name is required.

All variables in the original data set are included in the new data set, along with the variables that are
created by usingkeyword= options in the OUTPUT statement. These new variables contain �tted values and
estimated quantiles. To create a SAS data set in a permanent library, you must specify a two-level name. For
more information about permanent libraries and SAS data sets, seeSAS Language Reference: Concepts.

You can use the following speci�cations in the OUTPUT statement:
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OUT=SAS-data-set speci�es the new data set. By default, the procedure uses theDATAn convention to
name the new data set.

keyword=name speci�es the statistics to include in the output data set and gives names to the new
variables. Specify akeyword for each desired statistic (see the following list), an equal
sign, and the variable to contain the statistic.

Thekeywords that are allowed and the statistics that they represent are as follows:

LEVERAGE speci�es a variable to indicate leverage points. To include this variable in the OUT=
data set, you must specify the LEVERAGE option in the MODEL statement. For
information about how to de�ne the LEVERAGE keyword, see the section “Leverage-
Point and Outlier Detection” on page 8196.

MD speci�es a variable to contain the Mahalanobis distances. For the de�nition of Maha-
lanobis distance, see the section “Robust Distance” on page 8190.

OUTLIER speci�es a variable to indicate outliers. For information about how to de�ne the OUT-
LIER keyword, see the section “Leverage-Point and Outlier Detection” on page 8196.

PMD speci�es a variable to contain the projected Mahalanobis distances. For the de�nition
of projected Mahalanobis distance, see the section “Robust Distance” on page 8190.

POD speci�es a variable to contain the projected off-plane distances. For the de�nition of
off-plane distance, see the section “Robust Distance” on page 8190.

PRD speci�es a variable to contain the projected robust MCD Mahalanobis distances. For
the de�nition of projected robust distance, see the section “Robust Distance” on
page 8190.

PREDICTED | P speci�es a variable to contain the estimated responses

Oy i D x0
i

O�

RD speci�es a variable to contain the robust MCD Mahalanobis distances. For the de�ni-
tion of robust distance, see the section “Robust Distance” on page 8190.

RESIDUAL | R speci�es a variable to contain the unstandardized residuals

y i � Oy i or y i � x0
i

O�

SRESIDUAL | SR speci�es a variable to contain the standardized residuals

y i � Oy i

O�
or

y i � x0
i

O�

O�
:

By default, the LTS method uses Wscale asO� for computing the standardized residuals.

STDP speci�es a variable to contain the estimates of the standard errors of the estimated
mean responses

q
x0

i † xi

where† denotes the covariance matrix of the parameter estimates. You can request the
ODS table of this covariance matrix by specifying the COVB option in the MODEL
statement. The STDP= option is applied to M, S, and MM estimation, but not to LTS
estimation.
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STDI speci�es a variable to contain the estimates of the standard errors of the individual
predicted values

q
x0

i † xi C O� 2:

The STDI= option is applied to M, S, and MM estimation, but not to LTS estimation.

WEIGHT speci�es a variable to contain the computed �nal weights.

PERFORMANCE Statement

The PERFORMANCE statement is used to specify options that affect the performance of PROC ROBUS-
TREG and to request tables that show the performance options in effect and timing details. See Chen (2002)
for some empirical results.

PERFORMANCE < options > ;

You can specify the followingoptions:

CPUCOUNT=n | ACTUAL
speci�es the number of processors to use in forming crossproduct matrices. You can specify any integer
in the range 1–1024 forn. CPUCOUNT=ACTUAL sets CPUCOUNT to the number of physical
processors available. This can be less than the number of physical CPUs if the SAS process has been
restricted by system administration tools. Setting CPUCOUNT= to a number greater than the actual
number of available CPUs might result in reduced performance. This option overrides the SAS system
option CPUCOUNT=. If CPUCOUNT=1, then NOTHREADS is in effect, and PROC ROBUSTREG
uses singly threaded code.

DETAILS
requests the PerfSettings table that shows the performance settings in effect and the “Timing” table
that provides a broad timing breakdown of the PROC ROBUSTREG step.

NOTHREADS
disables multithreaded computation. This option overrides the SAS system option THREADS.

THREADS
enables multithreaded computation. This option overrides the SAS system option NOTHREADS.

TEST Statement

< label: > TEST effects ;

When you use M estimation and MM estimation, the TEST statement provides a means of obtaining a test
for the canonical linear hypothesis about the parameters of the tested effects

� j D 0; j D i1; : : : ; iq

whereq is the total number of parameters of the tested effects.
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PROC ROBUSTREG provides two kinds of robust tests: the� test and theR2
n test. They are described in the

section “Details: ROBUSTREG Procedure” on page 8174. No test is available for LTS and S estimation.

The optionallabel, which must be a valid SAS name, is used to label output from the corresponding TEST
statement.

WEIGHT Statement

WEIGHT variable ;

The WEIGHT statement speci�es a weight variable in the input data set.

If you want to use �xed weights for each observation in the input data set, place the weights in a variable
in the data set and specify the name in a WEIGHT statement. The values of the WEIGHT variable can
be nonintegral and are not truncated. Observations that have nonpositive or missing values for the weight
variable do not contribute to the �t of the model.

Details: ROBUSTREG Procedure

This section describes the statistical and computational aspects of the ROBUSTREG procedure. The following
notation is used throughout the section.

Let X D .x ij / denote ann � p matrix, lety D .y 1; : : : ; yn /0denote a givenn-vector of responses, and let
� D .� 1; : : : ; � p /0denote an unknownp-vector of parameters or coef�cients whose components are to be
estimated. The matrixX is called the design matrix. Consider the usual linear model,

y D X� C e

wheree D .e1; : : : ; en /0 is ann-vector of unknown errors. It is assumed that (for a givenX) the components
ei of e are independent and identically distributed according to a distributionL. �=� / , where� is a scale
parameter (usually unknown). OftenL. �/ � ˆ. �/ , the standard normal distribution function. The vector of
residuals for a given value ofO� is denoted byr D .r 1; : : : ; rn /0, and theith row of the matrixX is denoted by
x0

i .

M Estimation

M estimation in the context of regression was �rst introduced by Huber (1973) as a result of making the
least squares approach robust. Although M estimators are not robust with respect to leverage points, they are
popular in applications where leverage points are not an issue.

Instead of minimizing a sum of squares of the residuals, a Huber-type M estimatorO� M of � minimizes a sum
of less rapidly increasing functions of the residuals:

Q. � / D
nX

i D 1

�
� r i

�

�
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wherer D y � X� . For the ordinary least squares estimation,� is the square function,�.z/ D z2.

If � is known, then when derivatives are taken with respect to� , O� M is also a solution of the system ofp
equations:

nX

i D 1

 
� r i

�

�
xij D 0; j D 1; : : : ; p

where D @�
@z. If � is convex,O� M is the unique solution.

The ROBUSTREG procedure solves this system by using iteratively reweighted least squares (IRLS). The
weight functionw.x/ is de�ned as

w.z/ D
 .z/

z

The ROBUSTREG procedure provides 10 kinds of weight functions through the WEIGHTFUNCTION=
option in the MODEL statement. Each weight function corresponds to a� function. For a complete
discussion, see the section “Weight Functions” on page 8176. You can specify the scale parameter� by using
the SCALE= option in the PROC ROBUSTREG statement.

If � is unknown, both� and� are estimated by minimizing the function

Q. � ; � / D
nX

i D 1

h
�

� r i

�

�
C a

i
�; a > 0

The algorithm proceeds by alternately improvingO� in a location step andO� in a scale step.

For the scale step, the following three methods are available to estimate� , which you can select by specifying
the SCALE= option:

1. (SCALE=HUBER < (D=d) >) ComputeO� by the iteration

�
O� .m C 1/

� 2
D

1
nh

nX

i D 1

� d

�
r i

O� .m/

� �
O� .m/

� 2

where

� d .x/ D
�

x2=2 if jx j < d
d2=2 otherwise

is the Huber function andh D n� p
n

�
d2 C .1 � d2/ˆ.d / � 0:5� d

p
2�e � 1

2 d 2
�

is the Huber con-
stant (Huber 1981, p. 179). You can use the D=d option to specifyd. By default, D=2.5.
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2. (SCALE=TUKEY < (D=d) >) ComputeO� by solving the supplementary equation

1
n � p

nX

i D 1

� d

� r i

�

�
D �

where

� d .x/ D

(
3x 2

d 2 � 3x 4

d 4 C x 6

d 6 if jx j < d
1 otherwise

Here D 1
6 � 0

1 is Tukey's bisquare function, and� D
R

� d .s/dˆ.s/ is the constant such that the
solution O� is asymptotically consistent whenL. �=� / D ˆ. �/ (Hampel et al. 1986, p. 149). You can use
the D=d option to specifyd. By default, D=2.5.

3. (SCALE=MED) ComputeO� by the iteration

O� .m C 1/ D median
n
jy i � x0

i
O� .m/ j=� 0; i D 1; : : : ; n

o

where� 0 D ˆ � 1.0:75/ is the constant such that the solutionO� is asymptotically consistent when
L. �=� / D ˆ. �/ (Hampel et al. 1986, p. 312).

SCALE=MED is the default.

Algorithm

The basic algorithm for computing M estimates for regression is iteratively reweighted least squares (IRLS).
As the name suggests, a weighted least squares �t is carried out inside an iteration loop. For each iteration, a
set of weights for the observations is used in the least squares �t. The weights are constructed by applying
a weight function to the current residuals. Initial weights are based on residuals from an initial �t. The
ROBUSTREG procedure uses the unweighted least squares �t as a default initial �t. The iteration terminates
when a convergence criterion is satis�ed. The maximum number of iterations is set to 1,000. You can specify
both the weight function and the convergence criteria.

Weight Functions

You can specify the weight function for M estimation by using the WEIGHTFUNCTION= option. The
ROBUSTREG procedure provides 10 weight functions. By default, the procedure uses the bisquare weight
function. In most cases, M estimates are more sensitive to the parameters of these weight functions than to
the type of weight function. The median weight function is not stable and is seldom recommended in data
analysis; it is included in the ROBUSTREG procedure for completeness. You can specify the parameters
for these weight functions. Except for the Hampel and median weight functions, default values for these
parameters are de�ned such that the corresponding M estimates have 95% asymptotic ef�ciency in the
location model with the Gaussian distribution (Holland and Welsch 1977).

The following list shows the weight functions available. See Table 100.5 for the default values of the constants
in these weight functions.
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Andrews W.x; c/ D

(
sin.x=c/

x=c if jx j � �c
0 otherwise

Bisquare W.x; c/ D

( �
1 � .x=c/2

� 2 if jx j < c
0 otherwise

Cauchy W.x; c/ D 1
1C . jx j=c/2

Fair W.x; c/ D 1
.1 Cj x j=c/

Hampel W.x; a; b; c/ D

8
ˆ̂
<̂

ˆ̂
:̂

1 jx j < a
a

jx j a < jxj � b
a

jx j
c�j x j
c� b b < jxj � c

0 otherwise
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Huber W.x; c/ D
�

1 if jx j < c
c

jx j otherwise

Logistic W.x; c/ D tanh .x=c/
x=c

Median W.x; c/ D

(
1
c if x D 0
1

jx j otherwise

Talworth W.x; c/ D
�

1 if jx j < c
0 otherwise

Welsch W.x; c/ D exp
�
� .x=c/ 2

2

�

Convergence Criteria

The following convergence criteria are available in PROC ROBUSTREG:

� relative change in the coef�cients (CONVERGENCE=COEF)
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� relative change in the scaled residuals (CONVERGENCE=RESID)

� relative change in weights (CONVERGENCE=WEIGHT)

You can specify the criteria by using the CONVERGENCE= option in the PROC ROBUSTREG statement.
The default is CONVERGENCE=COEF.

You can specify the precision of the convergence criterion by using the EPS= suboption. The default is
EPS=1E–8.

In addition to these convergence criteria, a convergence criterion that is based on a scale-independent measure
of the gradient is always checked. For more information, see Coleman et al. (1980). A warning is issued if
this additional criterion is not satis�ed.

Asymptotic Covariance and Con�dence Intervals

The following three estimators of the asymptotic covariance of the robust estimator are available in PROC
ROBUSTREG:

H1: K 2 Œ1=.n� p/•
P

. .r i // 2

Œ.1=n/
P

. 0.r i //• 2 .X0X/ � 1

H2: K
Œ1=.n� p/•

P
. .r i // 2

Œ.1=n/
P

. 0.r i //•
W � 1

H3: K � 1 1
.n � p/

X
. .r i // 2W � 1.X0X/W � 1

whereK D 1 C p
n

Var. 0/
.E 0/ 2 is a correction factor andWj k D

P
 0.r i /x ij xik . For more information, see

Huber (1981, p. 173).

You can specify the asymptotic covariance estimate by using the ASYMPCOV= option. The ROBUSTREG
procedure uses H1 as the default because of its simplicity and stability. Con�dence intervals are computed
from the diagonal elements of the estimated asymptotic covariance matrix.

R Square and Deviance

The robust version of R square is de�ned as

R2 D

P
�

�
y i � O�

Os

�
�

P
�

�
y i � x0

i
O�

Os

�

P
�

�
y i � O�

Os

�

The robust deviance is de�ned as the optimal value of the objective function on the� 2 scale,

D D 2Os2
X

�

 
y i � x0

i
O�

Os

!

where� 0 D  , O� is the M estimator of� , O� is the M estimator of location, andOs is the M estimator of the
scale parameter in the full model.
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Linear Tests

Two tests are available in PROC ROBUSTREG for the canonical linear hypothesis

H 0 W � j D 0; j D i1; : : : ; iq

whereq is the total number of parameters of the tested effects. The �rst test is a robust version of theF test,
which is referred to as the� test. Denote the M estimators in the full and reduced models asO� .0/ 2 • 0 and
O� .1/ 2 • 1, respectively. Let

Q0 D Q. O� .0// D minfQ. � / j� 2 • 0g

Q1 D Q. O� .1// D minfQ. � / j� 2 • 1g

with

Q D
nX

i D 1

�
� r i

�

�

The robustF test is based on the test statistic

S2
n D

2
q

ŒQ1 � Q0•

AsymptoticallyS2
n � �� 2

q underH 0, where the standardization factor is� D
R

 2.s/dˆ.s/=
R

 0.s/ dˆ.s/
andˆ is the cumulative distribution function of the standard normal distribution. Large values ofS2

n are
signi�cant. This test is a special case of the general� test of Hampel et al. (1986, Section 7.2).

The second test is a robust version of the Wald test, which is referred to as theR2
n test. This test uses a test

statistic

R2
n D n. O� i1 ; : : : ; O� iq /H � 1

22 . O� i1 ; : : : ; O� iq /0

where1
n H22 is theq � q block (corresponding to� i1 ; : : : ; � iq ) of the asymptotic covariance matrix of the M

estimateO� M of � in ap-parameter linear model.

UnderH 0, the statisticR2
n has an asymptotic� 2 distribution withq degrees of freedom. Large values ofR2

n
are signi�cant. For more information, see Hampel et al. (1986, Chapter 7).

Model Selection

When M estimation is used, two criteria are available in PROC ROBUSTREG for model selection. The �rst
criterion is a counterpart of Akaike's (1974) information criterion for robust regression (AICR); it is de�ned
as

AICR D 2
nX

i D 1

�.r i Wp / C �p

wherer i Wp D .y i � x0
i

O� /= O� , O� is a robust estimate of� and O� is the M estimator with thep-dimensional
design matrix.

As with AIC, � is the weight of the penalty for dimensions. The ROBUSTREG procedure uses� D
2E 2=E 0 (Ronchetti 1985) and estimates it by using the �nal robust residuals.
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The second criterion is a robust version of the Schwarz information criteria (BICR); it is de�ned as

BICR D 2
nX

i D 1

�.r i Wp / C p log.n/

High Breakdown Value Estimation

Thebreakdown valueof an estimator is the smallest contamination fraction of the data that can cause the
estimates on the entire data to be arbitrarily far from the estimates on only the uncontaminated data. The
breakdown value of an estimator can be used to measure the robustness of the estimator. Rousseeuw and
Leroy (1987) and others introduced the following high breakdown value estimators for linear regression.

LTS Estimate

The least trimmed squares (LTS) estimate that was proposed by Rousseeuw (1984) is de�ned as thep-vector

O� LTS D arg min
�

QLTS . � / with QLTS . � / D
hX

i D 1

r 2
.i /

wherer 2
.1/ � r 2

.2/ � ::: � r 2
.n/ are the ordered squared residualsr 2

i D .y i � x0
i � /2, i D 1; : : : ; n, andh is

de�ned in the rangen
2 C 1 � h � 3nC p C 1

4 .

You can specify the parameterh by using the H= option in the PROC ROBUSTREG statement. By default,
h D Œ3nC p C 1

4 •. The breakdown value isn� h
n for the LTS estimate.

The ROBUSTREG procedure computes LTS estimates by using the FAST-LTS algorithm of Rousseeuw and
Van Driessen (2000). The estimates are often used to detect outliers in the data, which are then downweighted
in the resulting weighted LS regression.

Algorithm
Least trimmed squares (LTS) regression is based on the subset ofh observations (out of a total ofn
observations) whose least squares �t possesses the smallest sum of squared residuals. The coverageh can
be set betweenn2 andn. The LTS method was proposed by Rousseeuw (1984, p. 876) as a highly robust
regression estimator with breakdown valuen� h

n . The ROBUSTREG procedure uses the FAST-LTS algorithm
that was proposed by Rousseeuw and Van Driessen (2000). The intercept adjustment technique is also
used in this implementation. However, because this adjustment is expensive to compute, it is optional. You
can use the IADJUST= option in the PROC ROBUSTREG statement to request or suppress the intercept
adjustment. By default, PROC ROBUSTREG does intercept adjustment for data sets that contain fewer than
10,000 observations. The steps of the algorithm are described brie�y as follows. For more information, see
Rousseeuw and Van Driessen (2000).

1. The defaulth is Œ3nC p C 1
4 •, wherep is the number of independent variables. You can specify any integer

h with Œn
2 • C 1 � h � Œ3nC p C 1

4 • by using the H= option in the MODEL statement. The breakdown
value for LTS,n� h

n , is reported. The defaulth is a good compromise between breakdown value and
statistical ef�ciency.
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2. If p = 1 (single regressor), the procedure uses the exact algorithm of Rousseeuw and Leroy (1987, p.
172).

3. If p � 2, PROC ROBUSTREG uses the following algorithm. Ifn < 2 ssubs, wheressubsis the
size of the subgroups (you can specifyssubsby using the SUBGROUPSIZE= option in the PROC
ROBUSTREG statement; by default,ssubs= 300), PROC ROBUSTREG draws a randomp-subset
and computes the regression coef�cients by using thesep points (if the regression is degenerate,
anotherp-subset is drawn). The absolute residuals for all observations in the data set are computed,
and the �rsth points that have the smallest absolute residuals are selected. From this selectedh-
subset, PROC ROBUSTREG carries outnstepsC-steps (concentration steps; for more information,
see Rousseeuw and Van Driessen 2000). You can specifynstepsby using the CSTEP= option in the
PROC ROBUSTREG statement; by default,nsteps= 2. PROC ROBUSTREG redrawsp-subsets and
repeats the preceding computationnreptimes, and then �nds thenbsol(at most) solutions that have the
lowest sums ofh squared residuals. You can specifynrepby using the NREP= option in the PROC
ROBUSTREG statement; by default, NREP=minf500;

� n
p

�
g. For smalln andp, all

� n
p

�
subsets are

used and the NREP= option is ignored (Rousseeuw and Hubert 1996). You can specifynbsolby using
the NBEST= option in the PROC ROBUSTREG statement; by default, NBEST=10. For each of these
nbsolbest solutions, C-steps are taken until convergence and the best �nal solution is found.

4. If n � 5ssubs, construct �ve disjoint random subgroups with sizessubs. If 2ssubs< n < 5 ssubs,
the data are split into at most four subgroups withssubsor more observations in each subgroup, so
that each observation belongs to a subgroup and the subgroups have roughly the same size. Letnsubs
denote the number of subgroups. Inside each subgroup, PROC ROBUSTREG repeats the step 3
algorithmnrep/ nsubstimes, keeps thenbsolbest solutions, and pools the subgroups, yielding the
merged set of sizenmerged . In the merged set, for each of thensubs� nbsol best solutions,nsteps
C-steps are carried out by usingnmerged andhmerged D Œnmerged

h
n • and thenbsolbest solutions are

kept. In the full data set, for each of thesenbsolbest solutions, C-steps are taken by usingn andh until
convergence and the best �nal solution is found.

NOTE : At step 3 in the algorithm, a randomly selectedp-subset might be degenerate (that is, its design
matrix might be singular). If the total number ofp-subsets from any subgroup is greater than 4,000 and the
ratio of degeneratep-subsets is higher than the threshold that is speci�ed in the FAILRATIO= option, the
algorithm terminates with an error message.

R Square
For models with the intercept term, the robust version of R square for the LTS estimate is de�ned as

R2
LTS D 1 �

s2
LTS .X; y/

s2
LTS .1; y/

For models without the intercept term, it is de�ned as

R2
LTS D 1 �

s2
LTS .X; y/

s2
LTS .0; y/

For both models,

sLTS .X; y/ D dh;n

vu
u
t 1

h

hX

i D 1

r 2
.i /
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Note thatsLTS is a preliminary estimate of the parameter� in the distribution functionL. �=� / .

Heredh;n is chosen to makesLTS consistent, assuming a Gaussian model. Speci�cally,

dh;n D 1=

s

1 �
2n

hch;n
� .1=c h;n /

ch;n D 1=ˆ � 1
�

h C n
2n

�

whereˆ and� are the distribution function and the density function of the standard normal distribution,
respectively.

Final Weighted Scale Estimator
The ROBUSTREG procedure displays two scale estimators,sLTS and Wscale. The estimator Wscale is a
more ef�cient scale estimator based on the preliminary estimatesLTS ; it is de�ned as

WscaleD

s P
i wi r i

2
P

i wi � p

where

wi D
�

0 if jr i j=sLTS > k
1 otherwise

You can specifyk by using the CUTOFF= option in the MODEL statement. By default,k = 3.

S Estimate

The S estimate that was proposed by Rousseeuw and Yohai (1984) is de�ned as thep-vector

O� S D arg min
�

S.� /

where the dispersionS.� / is the solution of

1
n � p

nX

i D 1

�
�

y i � x0
i �

S

�
D �

Here� is set to
R

�.s/dˆ.s/ such thatO� S andS. O� S / are asymptotically consistent estimates of� and� for
the Gaussian regression model. The breakdown value of the S estimate is

�
maxs �.s/

The ROBUSTREG procedure provides two choices for� : Tukey's bisquare function and Yohai's optimal
function.

Tukey's bisquare function, which you can specify by using the option CHIF=TUKEY, is



8184 F Chapter 100: The ROBUSTREG Procedure

� k0 .s/ D
�

3. s
k0

/2 � 3. s
k0

/4 C . s
k0

/6; if jsj � k0

1 otherwise

The constantk0 controls the breakdown value and ef�ciency of the S estimate. If you use the EFF= option
to specify the ef�ciency, you can determine the correspondingk0. The defaultk0 is 2.9366, such that the
breakdown value of the S estimate is 0.25, with a corresponding asymptotic ef�ciency for the Gaussian model
of 75.9%.

The Yohai function, which you can specify by using the option CHIF=YOHAI, is

� k0 .s/ D

8
ˆ̂
<̂

ˆ̂
:̂

s2

2 if jsj � 2k0

k2
0Œb0 C b1. s

k0
/2 C b2. s

k0
/4

Cb3. s
k0

/6 C b4. s
k0

/8• if 2k0 < jsj � 3k0

3:25k2
0 if jsj > 3k 0

whereb0 D 1:792, b1 D � 0:972, b2 D 0:432, b3 D � 0:052, andb4 D 0:002. If you use the EFF= option
to specify the ef�ciency, you can determine the correspondingk0. By default,k0 is set to 0.7405, such that
the breakdown value of the S estimate is 0.25, with a corresponding asymptotic ef�ciency for the Gaussian
model of 72.7%.

Algorithm
The ROBUSTREG procedure implements the algorithm that was proposed by Marazzi (1993) for the S
estimate, which is a re�ned version of the algorithm that was proposed by Ruppert (1992). The re�ned
algorithm is brie�y described as follows.

Initialize iter = 1.

1. Draw a randomq-subset of the totaln observations, and compute the regression coef�cients by using
theseq observations (if the regression is degenerate, draw anotherq-subset), whereq � p can be
speci�ed by using the SUBSIZE= option. By default,q D p.

2. Compute the residuals:r i D y i �
P p

j D 1 xij � j for i D 1; : : : ; n. For the �rst iteration, whereiter = 1,
take the following substeps:

a) If all jr i j D 0 for i D 1; : : : ; n, which meansy i exactly equals
P p

j D 1 xij � j for all i D 1; : : : ; n,
this algorithm terminates with a message for exact �t.

b) Otherwise, sets� D 2medianfj r i j; i D 1; : : : ; ng.

c) If s� D 0, updates� D minfj r i j > 0; i D 1; : : : ; ng.

d) If
P n

i D 1 �.r i =s� / > .n � p/� , sets� D 1:5s� ; go to step 3.

If iter > 1 and
P n

i D 1 �.r i =s� / < D .n � p/� , go to step 3; otherwise, go to step 5.

3. Solve the following equation forsby using an iterative algorithm:

1
n � p

nX

i D 1

�.r i =s/ D �
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4. If iter > 1 ands > s� , go to step 5. Otherwise, sets� D s and� � D � . If s� < TOLS, returns� and
� � ; otherwise, go to step 5.

5. If iter < NREP, setiter D iter C 1 and return to step 1; otherwise, returns� and� � .

The ROBUSTREG procedure performs the following re�nement step by default. You can request that this
re�nement not be performed by specifying the NOREFINE option in the PROC ROBUSTREG statement.

6. Let  D � 0. Using the valuess� and� � from the previous steps, compute the M estimates� M and
� M of � and� with the setup for M estimation that is described in the section “M Estimation” on
page 8174. If� M > s � , give a warning and returns� and� � ; otherwise, return� M and� M .

You can specify TOLS by using the TOLERANCE= option; by default, TOLERANCE=0.001. Alter-
nately, you can specify NREP by using the NREP= option. You can also use the option NREP=NREP0 or
NREP=NREP1 to determine NREP according to Table 100.11. NREP=NREP0 is set as the default.

Table 100.11 Default NREP

P NREP0 NREP1
1 150 500
2 300 1000
3 400 1500
4 500 2000
5 600 2500
6 700 3000
7 850 3000
8 1250 3000
9 1500 3000

>9 1500 3000

NOTE : At step 1 in the algorithm, a randomly selectedq-subset might be degenerate. If the total number of
q-subsets from any subgroup is greater than 4,000 and the ratio of degenerateq-subsets is higher than the
threshold speci�ed in the FAILRATIO= option, the algorithm terminates with an error message.

R Square and Deviance
For the model with the intercept term, the robust version of R square for the S estimate is de�ned as

R2
S D 1 �

.n � p/S 2
p

.n � 1/S2
�

For the model without the intercept term, it is de�ned as

R2
S D 1 �

.n � p/S 2
p

nS2
0

In both cases,Sp is the S estimate of the scale in the full model,S� is the S estimate of the scale in the
regression model with only the intercept term, andS0 is the S estimate of the scale without any regressor.
The devianceD is de�ned as the optimal value of the objective function on the� 2 scale:

D D S2
p
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Asymptotic Covariance and Con�dence Intervals
Because the S estimate satis�es the �rst-order necessary conditions as the M estimate, it has the same
asymptotic covariance as the M estimate. All three estimators of the asymptotic covariance for the M estimate
in the section “Asymptotic Covariance and Con�dence Intervals” on page 8179 can be used for the S estimate.
Besides, the weighted covariance estimator H4 that is described in the section “Asymptotic Covariance
and Con�dence Intervals” on page 8189 is also available and is set as the default. Con�dence intervals
for estimated parameters are computed from the diagonal elements of the estimated asymptotic covariance
matrix.

MM Estimation

MM estimation is a combination of high breakdown value estimation and ef�cient estimation that was
introduced by Yohai (1987). It has the following three steps:

1. Compute an initial (consistent) high breakdown value estimateO� 0. The ROBUSTREG procedure
provides two kinds of estimates as the initial estimate: the LTS estimate and the S estimate. By default,
the LTS estimate is used because of its speed and high breakdown value. The breakdown value of
the �nal MM estimate is decided by the breakdown value of the initial LTS estimate and the constant
k0 in the� function. To use the S estimate as the initial estimate, specify the INITEST=S option in
the PROC ROBUSTREG statement. In this case, the breakdown value of the �nal MM estimate is
decided only by the constantk0. Instead of computing the LTS estimate or the S estimate as the initial
estimate, you can also specify the initial estimate explicitly by using the INEST= option in the PROC
ROBUSTREG statement. For more information, see the section “INEST= Data Set” on page 8198.

2. Find O� 0such that

1
n � p

nX

i D 1

�

 
y i � x0

i
O� 0

O� 0

!

D �

where� D
R

�.s/dˆ.s/ .

The ROBUSTREG procedure provides two choices for� : Tukey's bisquare function and Yohai's
optimal function.

Tukey's bisquare function, which you can specify by using the option CHIF=TUKEY, is

� k0 .s/ D
�

3. s
k0

/2 � 3. s
k0

/4 C . s
k0

/6 if jsj � k0

1 otherwise

wherek0 can be speci�ed by using the K0= option. The defaultk0 is 2.9366, such that the asymptoti-
cally consistent scale estimateO� 0has a breakdown value of 25%.

Yohai's optimal function, which you can specify by using the option CHIF=YOHAI, is

� k0 .s/ D

8
ˆ̂
<̂

ˆ̂
:̂

s2

2 if jsj � 2k0

k2
0Œb0 C b1. s

k0
/2 C b2. s

k0
/4

Cb3. s
k0

/6 C b4. s
k0

/8• if 2k0 < jsj � 3k0

3:25k2
0 if jsj > 3k 0
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whereb0 D 1:792, b1 D � 0:972, b2 D 0:432, b3 D � 0:052, andb4 D 0:002. You can use the K0=
option to specifyk0. The defaultk0 is 0.7405, such that the asymptotically consistent scale estimate
O� 0has a breakdown value of 25%.

3. Find a local minimumO� MM of

QMM D
nX

i D 1

�
�

y i � x0
i �

O� 0

�

such thatQMM . O� MM / � QMM . O� 0/ . The algorithm for M estimation is used here.

The ROBUSTREG procedure provides two choices for� : Tukey's bisquare function and Yohai's
optimal function.

Tukey's bisquare function, which you can specify by using the option CHIF=TUKEY, is

�.s/ D � k1 .s/ D
�

3. s
k1

/2 � 3. s
k1

/4 C . s
k1

/6 if jsj � k1

1 otherwise

wherek1 can be speci�ed by using the K1= option. The defaultk1 is 3.440 such that the MM estimate
has 85% asymptotic ef�ciency with the Gaussian distribution.

Yohai's optimal function, which you can specify by using the option CHIF=YOHAI, is

�.s/ D � k1 .s/ D

8
ˆ̂
<̂

ˆ̂
:̂

s2

2 if jsj � 2k1

k2
1Œb0 C b1. s

k1
/2 C b2. s

k1
/4

Cb3. s
k1

/6 C b4. s
k1

/8• if 2k1 < jsj � 3k1

3:25k2
1 if jsj > 3k 1

wherek1 can be speci�ed by using the K1= option. The defaultk1 is 0.868 such that the MM estimate
has 85% asymptotic ef�ciency with the Gaussian distribution.

Algorithm

The initial LTS estimate is computed using the algorithm described in the section “LTS Estimate” on
page 8181. You can control the quantile of the LTS estimate by specifying the option INITH=h, whereh is
an integer betweenŒn

2 • C 1 andŒ3nC p C 1
4 •. By default,h D Œ3nC p C 1

4 •, which corresponds to a breakdown
value of around 25%.

The initial S estimate is computed using the algorithm described in the section “S Estimate” on page 8183.
You can control the breakdown value and ef�ciency of this initial S estimate by the constantk0, which you
can specify by using the K0= option.

The scale parameter� is solved by an iterative algorithm

.� .m C 1/ /2 D
1

.n � p/�

nX

i D 1

� k0

�
r i

� .m/

� �
� .m/

� 2

where� D
R

� k0 .s/dˆ.s/ .

After the scale parameter is computed, the iteratively reweighted least squares (IRLS) algorithm with �xed
scale parameter is used to compute the �nal MM estimate.
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Convergence Criteria

In the iterative algorithm for the scale parameter, the relative change of the scale parameter controls the
convergence.

In the iteratively reweighted least squares algorithm, the same convergence criteria for the M estimate that
are used before are used here.

Bias Test

Although the �nal MM estimate inherits the high breakdown value property, its bias from the distortion of the
outliers can be high. Yohai, Stahel, and Zamar (1991) introduced a bias test. The ROBUSTREG procedure
implements this test when you specify the BIASTEST= option in the PROC ROBUSTREG statement. This
test is based on the initial scale estimateO� 0and the �nal scale estimateO� 0

1, which is the solution of

1
n � p

nX

i D 1

�

 
y i � x0

i
O� MM

O� 0
1

!

D �

Let  k0 .z/ D
@�k 0 .z/

@z and k1 .z/ D
@�k 1 .z/

@z . Compute

Qr i D .y i � x0
i

O� 0/= O� 0 for i D 1; : : : ; n

v0 D
.1=n/

P
 0

k0
. Qr i /

. O� 0
1=n/

P
 k0 . Qr i / Qr i

p .0/
i D

 k0 . Qr i /
.1=n/

P
 0

k0
. Qr i /

for i D 1; : : : ; n

p .1/
i D

 k1 . Qr i /
.1=n/

P
 0

k1
. Qr i /

for i D 1; : : : ; n

d2 D
1
n

X
.p .1/

i � p .0/
i /2

Let

T D
2n. O� 0

1 � O� 0/
v0d2. O� 0/2

Standard asymptotic theory shows thatT approximately follows a� 2 distribution withp degrees of freedom.
If T exceeds the� quantile� 2

� of the � 2 distribution withp degrees of freedom, then the ROBUSTREG
procedure gives a warning and recommends that you use other methods. Otherwise, the �nal MM estimate and
the initial scale estimate are reported. You can specify� by using the ALPHA= option after the BIASTEST=
option. By default, ALPHA=0.99.
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Asymptotic Covariance and Con�dence Intervals

Because the MM estimate is computed as an M estimate with a known scale in the last step, the asymptotic
covariance for the M estimate can be used here for the asymptotic covariance of the MM estimate. Besides
the three estimators H1, H2, and H3 as described in the section “Asymptotic Covariance and Con�dence
Intervals” on page 8179, a weighted covariance estimator H4 is available. H4 is calculated as

K 2 Œ1=.n� p/•
P

. .r i // 2

Œ.1=n/
P

. 0.r i //• 2 W � 1

whereK D 1 C p
n

Var. 0/
.E 0/ 2 is the correction factor andWj k D 1

Nw

P
wi xij xik , Nw D 1

n

P
wi .

You can specify these estimators by using the option ASYMPCOV=[H1 | H2 | H3 | H4]. The ROBUSTREG
procedure uses H4 as the default. Con�dence intervals for estimated parameters are computed from the
diagonal elements of the estimated asymptotic covariance matrix.

R Square and Deviance

The robust version of R square for the MM estimate is de�ned as

R2 D

P
�

�
y i � O�

Os

�
�

P
�

�
y i � x0

i
O�

Os

�

P
�

�
y i � O�

Os

�

and the robust deviance is de�ned as the optimal value of the objective function on the� 2 scale,

D D 2Os2
X

�

 
y i � x0

i
O�

Os

!

where� 0 D  , O� is the MM estimator of� , O� is the MM estimator of location, andOs is the MM estimator of
the scale parameter in the full model.

Linear Tests

For MM estimation, you can use the same� test andR2
n test that used for M estimation. For more information,

see the section “Linear Tests” on page 8180.

Model Selection

For MM estimation, you can use the same two model selection methods that are used for M estimation. For
more information, see the section “Model Selection” on page 8180.
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Robust Distance

The ROBUSTREG procedure uses the robust multivariate location and scatter estimates for leverage-point
detection. The procedure computes a robust version of the Mahalanobis distance by using a generalized
minimum covariance determinant (MCD) method. The original MCD method was proposed by Rousseeuw
(1984).

Algorithm

PROC ROBUSTREG implements a generalized MCD algorithm that is based on the fast-MCD algorithm
formulated by Rousseeuw and Van Driessen (1999), which is similar to the algorithm for least trimmed
squares (LTS).

Mahalanobis Distance versus Robust Distance

The canonical Mahalanobis distance is de�ned as

MD.xi / D Œ.xi � Nx/0NC.X/ � 1.xi � Nx/•1=2

whereNx D 1
n

P n
i D 1 xi and NC.X/ D 1

n� 1

P n
i D 1.xi � Nx/0.xi � Nx/ are the empirical multivariate location

and scatter, respectively. Herexi D .x i1 ; : : : ; xip /0 excludes the intercept. The relationship between the
Mahalanobis distanceMD.xi / and the hat matrixH D .h ij / D X.X0X/ � 1X0 is

hi i D
1

n � 1
MD2

i C
1
n

The canonical robust distance is de�ned as

RD.xi / D Œ.xi � T.X// 0C.X/ � 1.xi � T.X//• 1=2

whereT.X/ andC.X/ are the robust multivariate location and scatter, respectively, that are obtained by the
MCD method.

To achieve robustness, the MCD algorithm estimates the covariance of a multivariate data set mainly through
an MCDh-point subset of the data set. This subset has the smallest sample-covariance determinant among
all possibleh-subsets. Accordingly, the breakdown value for the MCD algorithm equals.n � h/

n . This means

the MCD estimate is reliable, even if up to100.n � h/
n % observations in the data set are contaminated.

Low-Dimensional Structure

It is possible that the original data are inp-dimensional space but theh-point subset that yields the minimum
covariance determinant lies in a lower-dimensional hyperplane. Applying the canonical MCD algorithm to
such a data set would result in a singular covariance problem (called exact �t in Rousseeuw and Van Driessen
1999), such that the relevant robust distances cannot be computed. To deal with the singularity problem and
provide further leverage-point analysis, PROC ROBUSTREG implements a generalized MCD algorithm.
(For more information, see the section “Generalized MCD Algorithm” on page 8194.) The algorithm
distinguishes in-(hyper)plane points from off-(hyper)plane points, and performs MCD leverage-point analysis
in the dimension-reduced space by projecting all points onto the hyperplane.
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Low-dimensional structure is often induced by classi�cation covariates. Suppose that, in a study that has
25 female subjects and 5 male subjects,genderis the only classi�cation effect. If the breakdown setting is
greater than 5

.25 C 5/ , the canonical MCD algorithm fails, and so does the relevant leverage-point analysis. In
this case, the MCDh-subset would contain only female observations, and the constant gender in theh-subset
would cause the relevant MCD estimate to be singular. The generalized MCD algorithm solves that problem
by identifying all male observations as off-plane leverage points, and then carries out the leverage-point
analysis, with all the other covariates being centered separately for female and male groups against their
group means.

In general, low-dimensional structure is not necessarily due to classi�cation covariates. Imagine that 80
children are supposed to play on a straight trail (denoted byy D x) but that some adventurous children go
off the trail. The following statements generate theChildren data set and the relevant scatter plot:

data Children;
do i=1 to 80;

off_trail=ranuni(321)>.9;
x=rannor(111) * ranuni(321);
trail_x=(i-40)/80 * 3;
trail_y=trail_x;
if off_trail=1 then y=x-1+rannor(321);
else y=x;
output;

end;
run;

proc sgplot data=Children;
series x=trail_x y=trail_y/lineattrs=(color="red" pattern=4);
scatter x=x y=y/group=off_trail;
ellipse x=x y=y/alpha=.05 lineattrs=(color="green" pattern=34);

run;

Figure 100.17 shows the positions of all 80 children, the trail (as a red dashed line), and a contour curve of
regular Mahalanobis distance that is centered at the mean position (as a green dotted ellipse). In terms of
regular Mahalanobis distance, the associated covariance estimate is not singular, but its relevant leverage-point
analysis completely ignores the trail (which is the entity of the low-dimensional structure). The children
outside the ellipse are de�ned as leverage points, but the children off the trail would not be viewed as leverage
points unless they had large Mahalanobis distances. As mentioned in Rousseeuw and Van Driessen (1999),
the canonical MCD method can �nd the low-dimensional structure, but it does not provide further robust
covariance estimation because the MCD covariance estimate is singular. As an improved version of the
canonical MCD method, the generalized MCD method can �nd the trail, identify the children off the trail as
off-plane leverage points, and further execute in-plane leverage analysis. The following statements apply the
generalized MCD algorithm to theChildren data set:

ods graphics on;
proc robustreg data=children plots=ddplot(label=none);

model i = x y/leverage(mcdinfo opc);
run;
ods graphics off;
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Figure 100.17 Scatter Plot for Children Data

Figure 100.18 exactly identi�es the equation that underlies the trail. The analysis projects off-plane points
onto the trail and computes their projected robust distances and projected Mahalanobis distances the same
way as it does for the in-plane points.

Figure 100.18 Robust Dependence Equations



Robust Distance F 8193

Figure 100.19 shows the relevant distance-distance plot. Robust distance is typically greater than Mahalanobis
distance because the sample covariance can be strongly in�uenced by unusual points that cause the sample
covariance to be larger than the MCD covariance.

Figure 100.19 DD Plot for Children Data

NOTE : The PROC ROBUSTREG step in this example is used to obtain the leverage diagnostics; the response
is not relevant for this analysis.

Through the off-plane and in-plane symbols and the horizontal cutoff line in Figure 100.19, you can separate
the children into four groups:

� on the trail and close to the MCD center

� on the trail but far away from the MCD center

� off the trail but close to the MCD center

� off the trail and far away from the MCD center

The children in the latter three groups are de�ned as leverage points in PROC ROBUSTREG.
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Generalized MCD Algorithm

The generalized MCD algorithm follows the same resampling strategy as the canonical MCD algorithm by
Rousseeuw and Van Driessen (1999) but with the following modi�cations:

1. Data are orthonormalized before further processing. The orthonormalized covariates,x�
i , are de�ned

by x�
i D .xi � Nx/Pƒ � 1=2, whereP andƒ are the eigenvector and eigenvalue matrices, respectively,

of NC.X/ (that is, NC.X/ D Pƒ P0).

2. Let

Sh .X � / D
1

h � 1

hX

j D 1

.x�
i j

� Nx� /0.x�
i j

� Nx� / D
p � 1X

j D 1

� j pj pj
0

denote the covariance and eigendecomposition of a low-dimensionalh-subsetfx�
i1

; : : : ; x�
ih

g, where

Nx� D 1
h

P h
j D 1 x�

i j
and the eigenvalues satisfy

� 1 � � � � � � q > 0 D � qC 1 D � � � D � p

Then, the rank ofSh .X � / equalsq, and the pseudo-determinant ofSh .X � / is de�ned as
Q q

j D 1 � j . In

�nite-precision arithmetic,q is de�ned as the number of� 's where � i
� 1

is greater than a certain tolerance
value. You can specify this tolerance by using the PTOL= suboption of the LEVERAGE option.

3. If Sh .X � / andNx� are the covariance and center estimates, respectively, then the projected Mahalanobis
distance forxi is de�ned as

2

4
qX

j D 1

�
.x�

i � Nx� /pj
� 2

� j

3

5

1=2

The generalized algorithm also computes off-plane distance for eachxi as
2

4
pX

j D qC 1

�
.x�

i � Nx� /pj
� 2

3

5

1=2

In �nite-precision arithmetic,
�
.x�

i � Nx� /pj
� 2 in the previous off-plane formula are truncated to zero if

they satisfy
�
.x�

i � Nx� /pj
� 2

� j
� cutoff

You can tune thiscutoff by using either the PCUTOFF= or PALPHA= suboption of the LEVERAGE
option. The points with zero off-plane distances are called in-plane points; otherwise, they are called
off-plane points. Analogous to ordering all points in terms of their canonical Mahalanobis distances,
for the generalized MCD algorithm the points are �rst sorted by their off-plane distances, and the points
with the same off-plane distance values are further sorted by their projected Mahalanobis distances.

4. Instead of comparing the determinants ofh-subset covariance matrices, the generalized algorithm
compares both the ranks and pseudo-determinants of theh-subset covariance matrices. If the ranks
of two matrices are different, the matrix that has the smaller rank is treated as if its determinant were
smaller. If two matrices are of the same rank, they are compared in terms of their pseudo-determinants.
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5. Suppose that theSh .X � / of the minimum determinant is singular. Then the relevant low-dimensional
structure or hyperplane can be identi�ed by using the eigendecomposition ofSh .X � / . The eigenvectors
that correspond to the nonzero eigenvalues form a basis for the low-dimensional hyperplane. The
projected off-plane distance (POD) forxi is de�ned as the off-plane distance that is associated with
the Sh .X � / . To provide further leverage analysis on the low-dimensional hyperplane, everyx�

i is
transformed into.x�

i p1; : : : ; x�
i pq / , wherepj are the eigenvectors of theSh .X � / . The projected robust

distance (PRD) is then computed as the reweighted Mahalanobis distance on all the transformed
in-plane points. The off-plane points are assigned zero weights at the reweighting stage, because
they are leverage points by de�nition. The in-plane points are classi�ed into two groups, the normal
group and the in-plane leverage group. This classi�cation is made by comparing their projected robust
distances with a leverage cutoff value. (For more information, see the section “Leverage-Point and
Outlier Detection” on page 8196.) This reweighting process mirrors the one that was proposed by
Rousseeuw and Van Driessen (1999). However, the degrees of freedomp for the reweighting critical
� 2 value are replaced byq. You can control the� 2 critical value by specifying the MCDCUTOFF= or
MCDALPHA= option.

If the data set under investigation has a low-dimensional structure, you can use two ODS objects, Depen-
denceEquations and MCDDependenceEquations, to identify the regressors that are linear combinations of
other regressors plus certain constants. The equations in DependenceEquations hold for the entire data set,
whereas the equations in MCDDependenceEquations apply only to the majority of the observations.

By using the OPC suboption of the LEVERAGE option, you can request an ODS table called DroppedCom-
ponents. Figure 100.20 shows the DroppedComponents table for theChildren data set example. This table
contains a set of coef�cient vectors for regressors, which form a basis of the complementary space for the
relevant low-dimensional structure.

Figure 100.20 MCD-Dropped Components

By using the MCDINFO suboption of the LEVERAGE option, you can request that detailed information
about the MCD covariance estimate be displayed in four ODS tables: MCDPro�le, MCDCenter, MCDCov,
and MCDCorr. Figure 100.21 shows an example of the MCD information tables for theChildren data set.
The number of dimensions in the table MCDPro�le equals the number of nonintercept regressors minus the
number of design-dropped components. The speci�ed value of H is the same ash for theh-subset that you
can specify by using the QUANTILE= suboption of the LEVERAGE option in the MODEL statement. The
reweighted H is the number of observations that are actually used to compute the MCD center and MCD
covariance after the reweighting step of the MCD algorithm.
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Figure 100.21 MCD Information

Leverage-Point and Outlier Detection

The regular variable LEVERAGE is de�ned as

LEVERAGE D
�

0 if RD.xi / � C.p/
1 otherwise

whereC.p/ D
q

� 2
p I1� � is the cutoff value.C.p/ can be set by using the leverage CUTOFF= option, and�

can be set by using the leverage CUTOFFALPHA= option.

If projected robust distances are computed for a data set that has a low-dimensional structure, the default

cutoff value isC.q/ D
q

� 2
qI1� � , whereq is the dimensionality of the low-dimensional space. LEVERAGE

is then de�ned as

LEVERAGE D

8
<

:

0 if POD.xi / D 0 and PRD.xi / � C.q/
1 if POD.xi / D 0 and PRD.xi / > C.q/ (called in-plane leverage)
1 if POD.xi / > 0 (called off-plane leverage)

where POD is the projected off-plane distance and PRD denotes the projected robust distance. You can
specify a cutoff value by using the CUTOFF= or CUTOFFALPHA= suboption of the LEVERAGE option in
the MODEL statement.
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Residualsr i ; i D 1; : : : ; n, based on robust regression estimates are used to detect vertical outliers. The
variable OUTLIER is de�ned as

OUTLIER D
�

0 if jr i j � k O�
1 otherwise

where O� is the estimated scale in the model and the multiplierk of the cutoff value is speci�ed by the
CUTOFF= option in the MODEL statement. By default,k = 3.

An ODS table called Diagnostics contains the LEVERAGE and OUTLIER variables.

Implementation of the WEIGHT Statement

You can use the WEIGHT statement to specify a weight variable in the input data set. (For more information,
see the section “WEIGHT Statement” on page 8174.) This section describes how PROC ROBUSTREG
implements the WEIGHT statement for each of the estimation methods and for leverage detection.

M Estimation

If you use M estimation with a known scale, then instead of minimizingQ. � / D
P n

i D 1 �. r i
� / , the weighted

M estimation minimizes the weighted Huber-type objective function

Q. � / D
nX

i D 1

vi �
� r i

�

�

wherevi is the weight variable that is speci�ed by the WEIGHT statement. If you use M estimation with
an unknown scale, the weight variable is used in the location steps but not in the scale steps. (For more
information, see the section “M Estimation” on page 8174 and the SCALE= option.) For estimating the
covariance of the weighted M estimation, .r i / and 0.r i / are obtained from the �nal iteration of the
weighted M estimation, andX0X andW are replaced, respectively, byX0VX andWj k D

P
vi  0.r i /x ij xik ,

whereV is a diagonal matrix whose diagonal elements arevi . (For more information, see the section
“Asymptotic Covariance and Con�dence Intervals” on page 8179.) The weight variable does not affect the
model degrees of freedomp and the error degrees of freedomn � p.

LTS Estimation

LTS estimation ignores the weight variable.

S Estimation

S estimation applies the weight variable only in its M-re�nement step. Except for the initial estimates, the
M-re�nement step of S estimation is the same as the weighted M estimation with unknown scale. If you use
the NOREFINE suboption, S estimation ignores the weight variable along with the M-re�nement step.

MM Estimation

By default, the initial step of MM estimation is the initial LTS estimation. Unlike the regular LTS estimation,
the initial LTS estimation is applied to the weighted data.y i

� ; xi
� / 's, wherey i

� D
p

vi y i andxi
� D

p
vi xi .

After the initial LTS estimation, the weight variable is ignored for the subsequent scale adjustment.
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You can use INITEST=S to specify the initial S estimation as the initial step of the MM estimation. As with
the regular S estimation, the weight variable is used only in the M-re�nement step of the initial S estimation.
There is no subsequent scale adjustment step if the initial S estimation is applied.

Except for the initial estimates, the �nal M estimation of the MM estimation is the same as the weighted M
estimation with known scale.

Final Weighted Least Squares Estimation

Final weighted least squares estimation is always applied to the weighted data.y i
� ; xi

� / , no matter how the
weight variable is applied in the preceding estimation. For example, if the option METHOD=LTS is speci�ed
along with the FWLS option, although the outliers that are identi�ed by LTS estimation do not depend on the
weight variable, �nal weighted least squares estimation applies the weight variable to all the points that are
not outliers.

Robust Distances and Leverage Detection

Robust distance computation ignores the weight variable. Because leverage detection depends on robust
distance, it also ignores the weight variable.

INEST= Data Set

When you use M or MM estimation, you can use the INEST= data set to specify initial estimates for all the
parameters in the model. The INEST= option is ignored if you specify LTS or S estimation by using the
METHOD=LTS or METHOD=S option or if you specify the INITEST= option after the METHOD=MM
option in the PROC ROBUSTREG statement. The INEST= data set must contain the intercept variable
(namedIntercept) and all independent variables in the MODEL statement.

If BY processing is used, the INEST= data set should also include the BY variables, and there must be at
least one observation in each BY group. If there is more than one observation in a BY group, the �rst one
that is read is used for that BY group.

If the INEST= data set also contains the_TYPE_ variable, only observations that have the_TYPE_ value
“PARMS” are used as starting values.

You can specify starting values for the iteratively reweighted least squares algorithm in the INEST= data set.
The INEST= data set has the same structure as the OUTEST= data set but is not required to contain all the
variables or observations that appear in the OUTEST= data set. One simple use of the INEST= option is to
pass the previous OUTEST= data set directly to the next model as an INEST= data set, assuming that the two
models have the same parameterization.

OUTEST= Data Set

The OUTEST= data set contains parameter estimates for the model. You can specify a label in the MODEL
statement to distinguish between the estimates for different models that the ROBUSTREG procedure uses. If
the COVOUT option is speci�ed, the OUTEST= data set also contains the estimated covariance matrix of the
parameter estimates. If the ROBUSTREG procedure does not converge, the parameter estimates are set to
missing in the OUTEST data set.
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The OUTEST= data set contains all variables that are speci�ed in the MODEL statement and the BY
statement. For each BY group, the OUTEST= data set has the following:

� one observation that consists of the model's parameter estimates, where the value of the dependent
variable is set to –1

� if the COVOUT option is speci�ed,p observations that contain the rows of the estimated covariance
matrix. For these observations, the dependent variable contains the parameter estimates for the
corresponding row variables.

The following variables are also added to the data set in their display order:

_MODEL_ is a character variable that contains the label of the MODEL statement, if present. Other-
wise, the variable's value is blank.

_NAME_ is a character variable that contains the name of the dependent variable for the parameter
estimates or the name of the row for the covariance matrix estimates.

_TYPE_ is a character variable that contains the type of the observation: either PARMS for
parameter estimates or COV for covariance estimates.

_METHOD_ is a character variable that contains the type of estimation method: either M estimation,
LTS estimation, S estimation, or MM estimation.

_STATUS_ is a character variable that contains the status of model �tting: either Converged, Warning,
or Failed.

INTERCEPT is a numeric variable that contains the intercept parameter estimates and covariances.

_SCALE_ is a numeric variable that contains the scale parameter estimates.

Any BY variables that are speci�ed are also added to the OUTEST= data set.

Computational Resources

The algorithms for the various estimation methods need a different amount of memory for working space.
Let p be the number of parameters that are estimated, and letn be the number of observations that are used in
the model estimation.

For M estimation, the minimum required working space (in bytes) is

3n C 2p2 C 30p

If suf�cient space is available, the input data set is also kept in memory; otherwise, the input data set is read
again to compute the iteratively reweighted least squares estimates, and the execution time of the procedure
increases substantially. For each of the reweighted least squares,O.np 2 C p3/ multiplications and additions
are required for computing the crossproduct matrix and its inverse. TheO.v/ notation means that, for large
values of the argument,v, O.v/ is approximately a constant timesv.

Because the iteratively reweighted least squares algorithm converges very quickly (usually within fewer than
20 iterations), the computation of M estimates is fast.

LTS estimation is more expensive in computation. The minimum required working space (in bytes) is

np C 12nC 4p2 C 60p
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The memory is mainly used to store the current data that the LTS algorithm uses for modeling. The LTS
algorithm uses subsampling and spends much of its computing time on resampling and computing estimates
for subsamples. Because it resamples if singularity is detected, the LTS algorithm might take more time if
the data set has serious singularities.

The MCD algorithm for leverage-point diagnostics is similar to the LTS algorithm.

ODS Table Names

The ROBUSTREG procedure assigns a name to each table that it creates. You can specify these names when
using the Output Delivery System (ODS) to select tables and create output data sets. These names are listed
in Table 100.12.

Table 100.12 ODS Tables Produced by PROC ROBUSTREG

ODS Table Name Description Statement Option
BestEstimates Best �nal estimates for LTS PROC SUBANALYSIS
BestSubEstimates Best estimates for each subgroupPROC SUBANALYSIS
BiasTest Bias test for MM estimation PROC BIASTEST
ClassLevels Classi�cation variable levels CLASS Default
CorrB Parameter estimate correlation

matrix
MODEL CORRB

CovB Parameter estimate covariance
matrix

MODEL COVB

CStep C-step for LTS �tting PROC SUBANALYSIS
DependenceEquations Design dependence equations MODEL LEVERAGE
Diagnostics Outlier diagnostics MODEL DIAGNOSTICS
DiagSummary Summary of the outlier diagnos-

tics
MODEL Default

DroppedComponents Coef�cients for MCD-dropped
components

MODEL LEVERAGE
(OPC)

GoodFit R square, deviance, AIC, and BICPROC METHOD=
InitLTSPro�le Pro�le for initial LTS estimate PROC METHOD=
InitSPro�le Pro�le for initial S estimate PROC METHOD=
IterHistory Iteration history PROC ITPRINT
LTSEstimates LTS parameter estimates PROC METHOD=
LTSLocationScale Location and scale for LTS PROC METHOD=
LTSPro�le Pro�le for LTS estimator PROC METHOD=
LTSRsquare R square for LTS estimate PROC METHOD=
MCDDependenceEquationsRobust dependence equations MODEL LEVERAGE
MCDPro�le MCD pro�le MODEL LEVERAGE

(MCDINFO)
MCDCenter MCD center estimate MODEL LEVERAGE

(MCDINFO)
MCDCov MCD covariance estimate MODEL LEVERAGE

(MCDINFO)
MCDCorr MCD correlation estimate MODEL LEVERAGE

(MCDINFO)
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Table 100.12 (continued)

ODS Table Name Description Statement Option
MMPro�le Pro�le for MM estimator PROC METHOD=
ModelInfo Model information MODEL Default
NObs Observations summary PROC Default
ParameterEstimates Parameter estimates MODEL Default
ParameterEstimatesF Final weighted LS estimates PROC FWLS
ParameterEstimatesR Reduced parameter estimates TEST Default
ParmInfo Parameter indices MODEL Default
SPro�le Pro�le for S estimator PROC METHOD=
Groups Groups for LTS �tting PROC SUBANALYSIS
SummaryStatistics Summary statistics for model vari-

ables
MODEL Default

Tests Results for tests TEST Default

ODS Graphics

Statistical procedures use ODS Graphics to create graphs as part of their output. ODS Graphics is described
in detail in Chapter 21, “Statistical Graphics Using ODS.”

Before you create graphs, ODS Graphics must be enabled (for example, by specifying the ODS GRAPH-
ICS ON statement). For more information about enabling and disabling ODS Graphics, see the section
“Enabling and Disabling ODS Graphics” on page 607 in Chapter 21, “Statistical Graphics Using ODS.”

The overall appearance of graphs is controlled by ODS styles. Styles and other aspects of using ODS
Graphics are discussed in the section “A Primer on ODS Statistical Graphics” on page 606 in Chapter 21,
“Statistical Graphics Using ODS.”

If the model includes a single continuous independent variable, a plot of robust �t against this variable (�t
plot) is provided by default. Two plots are particularly useful in revealing outliers and leverage points. The
�rst is a scatter plot of the standardized robust residuals against the robust distances (RD plot). The second is
a scatter plot of the robust distances against the classical Mahalanobis distances (DD plot). In addition to
these two plots, a histogram and a quantile-quantile plot of the standardized robust residuals are also helpful.

PROC ROBUSTREG assigns a name to each graph that it creates using ODS Graphics. You can use these
names to refer to the graphs when using ODS. The graph names and corresponding PLOTS= options are
listed in Table 100.13.

Table 100.13 Graphs Produced by PROC ROBUSTREG

ODS Graph Name Plot Description Statement PLOTS= Option
DDPlot Robust distance versus Mahalanobis distance

(or projected robust distance versus projected
Mahalanobis distance)

PROC DDPLOT

FitPlot Robust �t versus independent variable PROC FITPLOT
Histogram Histogram of standardized robust residuals PROC HISTOGRAM
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Table 100.13 (continued)

ODS Graph Name Plot Description Statement PLOTS= Option
QQPlot Quantile-quantile plot of standardized robust

residuals
PROC QQPLOT

RDPlot Standardized robust residual versus robust dis-
tance (or projected robust distance)

PROC RDPLOT

Fit Plot

When the model has a single independent continuous variable (with or without the intercept), the ROBUS-
TREG procedure automatically creates a plot of robust �t against this independent variable.

The following simple example shows the �t plot. The data, from Rousseeuw and Leroy (1987, Table 3),
include the logarithm of surface temperature and the logarithm of light intensity for 47 stars in the direction
of the constellation Cygnus.

data star;
input index x y @@;
label x = �Log Temperature�

y = �Log Light Intensity�;
datalines;

1 4.37 5.23 2 4.56 5.74 3 4.26 4.93 4 4.56 5.74
5 4.30 5.19 6 4.46 5.46 7 3.84 4.65 8 4.57 5.27
9 4.26 5.57 10 4.37 5.12 11 3.49 5.73 12 4.43 5.45

13 4.48 5.42 14 4.01 4.05 15 4.29 4.26 16 4.42 4.58
17 4.23 3.94 18 4.42 4.18 19 4.23 4.18 20 3.49 5.89
21 4.29 4.38 22 4.29 4.22 23 4.42 4.42 24 4.49 4.85
25 4.38 5.02 26 4.42 4.66 27 4.29 4.66 28 4.38 4.90
29 4.22 4.39 30 3.48 6.05 31 4.38 4.42 32 4.56 5.10
33 4.45 5.22 34 3.49 6.29 35 4.23 4.34 36 4.62 5.62
37 4.53 5.10 38 4.45 5.22 39 4.53 5.18 40 4.43 5.57
41 4.38 4.62 42 4.45 5.06 43 4.50 5.34 44 4.45 5.34
45 4.55 5.54 46 4.45 4.98 47 4.42 4.50
;

The following statements use the MM method to plot the robust �t of the logarithm of light intensity against
the logarithm of the surface temperature:

ods graphics on;
proc robustreg data=star method=mm;

model y = x;
run;
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Figure 100.22 shows the �t plot. Con�dence limits are added to the plot by default.

Figure 100.22 Robust Fit

You can suppress the con�dence limits by specifying the NOLIMITS option, as shown in the following
statements:

proc robustreg data=star method=mm plot=fitplot(nolimits);
model y = x;

run;

Distance-Distance Plot

The distance-distance (DD) plot is mainly used for leverage-point diagnostics. It is a scatter plot of the robust
distances (or projected robust distances) against the classical Mahalanobis distances (or projected classical
Mahalanobis distances) for the independent variables. For more information about the robust distance, see
the section “Leverage-Point and Outlier Detection” on page 8196.

You can use the PLOT=DDPLOT option to request this plot. The following statements use theStack data set
in the section “M Estimation” on page 8147 to create the single plot shown in Figure 100.5:

proc robustreg data=Stack plot=ddplot;
model y = x1 x2 x3;

run;

The reference lines represent the cutoff values. The diagonal line is also drawn to show the distribution of the
distances. By default, all outliers and leverage points are labeled with observation numbers. To change the
default, you can use the LABEL= option as described in Table 100.2.
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If you specify ID variables in the ID statement, the values of the �rst ID variable instead of observation
numbers are used as labels.

Residual-Distance Plot

The residual-distance (RD) plot is used for both outlier and leverage-point diagnostics. It is a scatter plot of
the standardized robust residuals against the robust distances. For more information about the robust distance,
see the section “Leverage-Point and Outlier Detection” on page 8196.

You can use the PLOT=RDPLOT option to request the RD plot. The following statements use theStack data
set in the section “M Estimation” on page 8147 to create the plot shown in Figure 100.4:

proc robustreg data=Stack plot=rdplot;
model y = x1 x2 x3;

run;

The reference lines represent the cutoff values. By default, all outliers and leverage points are labeled with
observation numbers. To change the default, you can use the LABEL= option as described in Table 100.2.

If you specify ID variables in the ID statement, the values of the �rst ID variable instead of observation
numbers are used as labels.

Histogram and Q-Q Plot

PROC ROBUSTREG produces a histogram and a Q-Q plot for the standardized robust residuals. The
histogram is superimposed with a normal density curve and a kernel density curve. The following statements
use theStack data set from the section “M Estimation” on page 8147 to create the plots in Figure 100.6 and
Figure 100.7:

proc robustreg data=Stack plots=(histogram qqplot);
model y = x1 x2 x3;

run;

Examples: ROBUSTREG Procedure

Example 100.1: Comparison of Robust Estimates

This example contrasts several of the robust methods available in the ROBUSTREG procedure.

The following statements generate 1,000 random observations. The �rst 900 observations are from a linear
model, and the last 100 observations are signi�cantly biased in the Y direction. In other words, 10% of the
observations are contaminated with outliers.
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data a (drop=i);
do i=1 to 1000;

x1=rannor(1234);
x2=rannor(1234);
e=rannor(1234);
if i > 900 then y=100 + e;
else y=10 + 5 * x1 + 3 * x2 + .5 * e;
output;

end;
run;

The following statements invoke PROC REG and PROC ROBUSTREG with the data seta:

proc reg data=a;
model y = x1 x2;

run;

proc robustreg data=a method=m;
model y = x1 x2;

run;

proc robustreg data=a method=mm seed=100;
model y = x1 x2;

run;

proc robustreg data=a method=s seed=100;
model y = x1 x2;

run;

proc robustreg data=a method=lts seed=100;
model y = x1 x2;

run;

The tables of parameter estimates that are generated by using M estimation, MM estimation, S estimation, and
LTS estimation in the ROBUSTREG procedure are shown in Output 100.1.2, Output 100.1.3, Output 100.1.4,
and Output 100.1.5, respectively. For comparison, the ordinary least squares (OLS) estimates that are
produced by the REG procedure (see Chapter 99, “The REG Procedure”) are shown in Output 100.1.1. The
four robust methods, M, MM, S, and LTS, correctly estimate the regression coef�cients for the underlying
model (10, 5, and 3), but the OLS estimate does not.

Output 100.1.1 OLS Estimates for Data with 10% Contamination
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Output 100.1.2 M Estimates for Data with 10% Contamination

Output 100.1.3 MM Estimates for Data with 10% Contamination

Output 100.1.4 S Estimates for Data with 10% Contamination
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Output 100.1.4 continued

Output 100.1.5 LTS Estimates for Data with 10% Contamination

The next statements demonstrate that if the percentage of contamination is increased to 40%, the M method
and the MM method with default options fail to estimate the underlying model. Output 100.1.6 and
Output 100.1.7 display these estimates. However, by tuning the constantc for the M method and the constants
INITH and K0 for the MM method, you can increase the breakdown values of the estimates and capture the
right model. Output 100.1.8 and Output 100.1.9 display these estimates. Similarly, you can tune the constant
EFF for the S method and the constant H for the LTS method and correctly estimate the underlying model by
using these methods. Results are not presented.

data b (drop=i);
do i=1 to 1000;

x1=rannor(1234);
x2=rannor(1234);
e=rannor(1234);
if i > 600 then y=100 + e;
else y=10 + 5 * x1 + 3 * x2 + .5 * e;
output;

end;
run;
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proc robustreg data=b method=m;
model y = x1 x2;

run;

proc robustreg data=b method=mm;
model y = x1 x2;

run;

proc robustreg data=b method=m(wf=bisquare(c=2));
model y = x1 x2;

run;

proc robustreg data=b method=mm(inith=502 k0=1.8);
model y = x1 x2;

run;

Output 100.1.6 M Estimates (Default Setting) for Data with 40% Contamination

Output 100.1.7 MM Estimates (Default Setting) for Data with 40% Contamination
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Output 100.1.7 continued

Output 100.1.8 M Estimates (Tuned) for Data with 40% Contamination

Output 100.1.9 MM Estimates (Tuned) for Data with 40% Contamination
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When there are bad leverage points, the M method fails to estimate the underlying model no matter what
constantc you use. In this case, other methods (LTS, S, and MM) in PROC ROBUSTREG, which are robust
to bad leverage points, correctly estimate the underlying model.

The following statements generate and analyze 1,000 observations, 1% of which are bad high-leverage points.

data c (drop=i);
do i=1 to 1000;

x1=rannor(1234);
x2=rannor(1234);
e=rannor(1234);
if i > 600 then y=100 + e;
else y=10 + 5 * x1 + 3 * x2 + .5 * e;
if i < 11 then x1=200 * rannor(1234);
if i < 11 then x2=200 * rannor(1234);
if i < 11 then y= 100 * e;
output;

end;
run;

proc robustreg data=c method=mm(inith=502 k0=1.8) seed=100;
model y = x1 x2;

run;

proc robustreg data=c method=s(k0=1.8) seed=100;
model y = x1 x2;

run;

proc robustreg data=c method=lts(h=502) seed=100;
model y = x1 x2;

run;

Output 100.1.10 displays the MM estimates with initial LTS estimates, Output 100.1.11 displays the S
estimates, and Output 100.1.12 displays the LTS estimates.

Output 100.1.10 MM Estimates for Data with 1% Leverage Points
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Output 100.1.11 S Estimates for Data with 1% Leverage Points

Output 100.1.12 LTS Estimates for Data with 1% Leverage Points

Example 100.2: Robust ANOVA

The classical analysis of variance (ANOVA) technique that is based on least squares assumes that the
underlying experimental errors are normally distributed. However, data often contain outliers as a result of
recording or other errors. In other cases, extreme responses occur when control variables in the experiments
are set to extremes. It is important to distinguish among these extreme points and determine whether they
are outliers or important extreme cases. You can use the ROBUSTREG procedure for robust analysis of
variance based on M estimation. Usually there are no high-leverage points in a well-designed experiment, so
M estimation is appropriate.

This example shows how to use the ROBUSTREG procedure for robust ANOVA.
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An experiment studied the effects of two successive treatments (T1, T2) on the recovery time of mice that
had certain diseases. Sixteen mice were randomly assigned to four groups for the four different combinations
of the treatments. The recovery times (time) were recorded (in hours) as shown in the following data set:

data recover;
input T1 $ T2 $ time @@;
datalines;

0 0 20.2 0 0 23.9 0 0 21.9 0 0 42.4
1 0 27.2 1 0 34.0 1 0 27.4 1 0 28.5
0 1 25.9 0 1 34.5 0 1 25.1 0 1 34.2
1 1 35.0 1 1 33.9 1 1 38.3 1 1 39.9
;

The following statements invoke the GLM procedure (see Chapter 47, “The GLM Procedure”) for a standard
ANOVA:

proc glm data=recover;
class T1 T2;
model time = T1 T2 T1 * T2;

run;

Output 100.2.1 indicates that the overall model effect is not signi�cant at the 10% level, and Output 100.2.2
indicates that neither treatment is signi�cant at the 10% level.

Output 100.2.1 Overall ANOVA

Output 100.2.2 Model ANOVA

The following statements invoke the ROBUSTREG procedure and use the same model:

proc robustreg data=recover;
class T1 T2;
model time = T1 T2 T1 * T2 / diagnostics;
T1_T2: test T1 * T2;
output out=robout r=resid sr=stdres;

run;
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Output 100.2.3 shows some basic information about the model and the response variabletime.

Output 100.2.3 Model-Fitting Information and Summary Statistics

The “Parameter Estimates” table in Output 100.2.4 indicates that the main effects of both treatments are
signi�cant at the 5% level.

Output 100.2.4 Model Parameter Estimates

The reason for the difference between the traditional ANOVA and the robust ANOVA is explained by
Output 100.2.5, which shows that the fourth observation is an outlier. Further investigation shows that the
original value of 24.4 for the fourth observation was recorded incorrectly.

Output 100.2.5 Diagnostics
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Output 100.2.6 displays the robust test results. The interaction between the two treatments is not signi�cant.

Output 100.2.6 Test of Signi�cance

Output 100.2.7 displays the robust residuals and standardized robust residuals.

Output 100.2.7 PROC ROBUSTREG Output

Example 100.3: Growth Study of De Long and Summers

Robust regression and outlier detection techniques have considerable applications to econometrics. This
example, from Zaman, Rousseeuw, and Orhan (2001), shows how these techniques substantially improve the
ordinary least squares (OLS) results for the growth study of De Long and Summers.

De Long and Summers (1991) studied the national growth of 61 countries from 1960 to 1985 by applying
OLS to the following data set:

data growth;
input country $ GDP LFG EQP NEQ GAP @@;
datalines;

Argentin 0.0089 0.0118 0.0214 0.2286 0.6079
Austria 0.0332 0.0014 0.0991 0.1349 0.5809
Belgium 0.0256 0.0061 0.0684 0.1653 0.4109
Bolivia 0.0124 0.0209 0.0167 0.1133 0.8634
Botswana 0.0676 0.0239 0.1310 0.1490 0.9474
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... more lines ...

Venezuel 0.0120 0.0378 0.0340 0.0760 0.4974
Zambia -0.0110 0.0275 0.0702 0.2012 0.8695
Zimbabwe 0.0110 0.0309 0.0843 0.1257 0.8875
;

The regression equation that they used is

GDP D � 0 C � 1LFG C � 2GAP C � 3EQP C � 4NEQ C �

where the response variable is the growth in gross domestic product per worker (GDP) and the regressors
are labor force growth (LFG), relative GDP gap (GAP), equipment investment (EQP), and nonequipment
investment (NEQ).

The following statements invoke the REG procedure (see Chapter 99, “The REG Procedure”) for the OLS
analysis:

proc reg data=growth;
model GDP = LFG GAP EQP NEQ;

run;

The OLS analysis that is shown in Output 100.3.1 indicates that GAP and EQP have a signi�cant in�uence
on GDP at the 5% level.

Output 100.3.1 OLS Estimates

The following statements invoke the ROBUSTREG procedure and use the default M estimation:

ods graphics on;

proc robustreg data=growth plots=all;
model GDP = LFG GAP EQP NEQ / diagnostics leverage;
id country;

run;

ods graphics off;
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Output 100.3.2 displays model information and summary statistics for variables in the model.

Output 100.3.2 Model-Fitting Information and Summary Statistics

Output 100.3.3 displays the M estimates. Besides GAP and EQP, the robust analysis also indicates that NEQ
is signi�cant. This new �nding is explained by Output 100.3.4, which shows that Zambia, the 60th country
in the data, is an outlier. Output 100.3.4 also identi�es leverage points that are based on the robust MCD
distances; however, there are no serious high-leverage points in this data set.

Output 100.3.3 M Estimates
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Output 100.3.4 Diagnostics

Output 100.3.5 displays robust versions of goodness-of-�t statistics for the model.

Output 100.3.5 Goodness-of-Fit Statistics

The PLOTS=ALL option generates four diagnostic plots. Output 100.3.6 and Output 100.3.7 are for
outlier and leverage-point diagnostics. Output 100.3.8 and Output 100.3.9 are a histogram and a Q-Q plot,
respectively, of the standardized robust residuals.
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