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Overview: MCMC Procedure

The MCMC procedure is a general purpose Markov chain Monte Carlo (MCMC) simulation procedure that
is designed to �t Bayesian models. Bayesian statistics is different from traditional statistical methods such as
frequentist or classical methods. For a short introduction to Bayesian analysis and related basic concepts, see
Chapter 7, “Introduction to Bayesian Analysis Procedures.” Also see the section “A Bayesian Reading List”
on page 153 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for a guide to Bayesian textbooks
of varying degrees of dif�culty.

In essence, Bayesian statistics treats parameters as unknown random variables, and it makes inferences based
on the posterior distributions of the parameters. There are several advantages associated with this approach to
statistical inference. Some of the advantages include its ability to use prior information and to directly answer
speci�c scienti�c questions that can be easily understood. For further discussions of the relative advantages
and disadvantages of Bayesian analysis, see the section “Bayesian Analysis: Advantages and Disadvantages”
on page 128 in Chapter 7, “Introduction to Bayesian Analysis Procedures.”

It follows from Bayes' theorem that a posterior distribution is the product of the likelihood function and the
prior distribution of the parameter. In all but the simplest cases, it is very dif�cult to obtain the posterior
distribution directly and analytically. Often, Bayesian methods rely on simulations to generate sample from
the desired posterior distribution and use the simulated draws to approximate the distribution and to make all
of the inferences.

PROC MCMC is a �exible, simulation-based procedure that is suitable for �tting a wide range of Bayesian
models. To use PROC MCMC, you need to specify a likelihood function for the data and a prior distribution
for the parameters. If you are �tting hierarchical models, you can specify a hyperprior distribution or
distributions for the random-effects parameters. PROC MCMC then obtains samples from the corresponding
posterior distributions, produces summary and diagnostic statistics, and saves the posterior samples in an
output data set that can be used for further analysis. Although PROC MCMC supports a suite of standard
distributions, you can analyze data that have any likelihood, prior, or hyperprior, as long as these functions
are programmable using the SAS DATA step functions. There are no constraints on how the parameters can
enter the model, in either linear or any nonlinear functional form.

The MODEL statement in PROC MCMC can automatically model missing data, response variables, or
covariates. In releases before SAS/STAT 12.1, observations with missing values were discarded prior to
the analysis. Now, PROC MCMC treats the missing values as unknown parameters and incorporates the
sampling of the missing values as part of the simulation.

PROC MCMC selects a sampling method for each parameter or a block of parameters. For example, when
conjugacy is available, samples are drawn directly from the full conditional distribution by using standard
random number generators. In other cases, PROC MCMC uses an adaptive blocked random walk Metropolis
algorithm that uses a normal proposal distribution. You can also choose alternative sampling algorithms, such
as the slice sampler.

PROC MCMC Compared with Other SAS Procedures

PROC MCMC is unlike most other SAS/STAT procedures in that the nature of the statistical inference is
Bayesian. You specify prior distributions for the parameters with PRIOR statements and the likelihood
function for the data with MODEL statements. PROC MCMC derives inferences from simulation rather than
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through analytic or numerical methods. You should expect slightly different answers from each run for the
same problem, unless the same random number seed is used. The model speci�cation is similar to PROC
NLIN, and PROC MCMC shares some of the syntax of PROC NLMIXED.

You can also carry out a Bayesian analysis with the BCHOICE, GENMOD, PHREG, LIFEREG, and FMM
procedures for discrete choice models, generalized linear models, accelerated life failure models, Cox
regression models, piecewise constant baseline hazard models (also known as piecewise exponential models),
and �nite mixture models. See Chapter 27, “The BCHOICE Procedure,” Chapter 45, “The GENMOD
Procedure,” Chapter 86, “The PHREG Procedure,” Chapter 70, “The LIFEREG Procedure,” and Chapter 40,
“The FMM Procedure.”

Getting Started: MCMC Procedure

There are three examples in this “Getting Started” section: a simple linear regression, the Behrens-Fisher
estimation problem, and a random-effects model. The regression model is chosen for its simplicity; the
Behrens-Fisher problem illustrates some advantages of the Bayesian approach; and the random-effects model
is one of the most prevalently used models.

Keep in mind that PARMS statements declare the parameters in the model, PRIOR statements declare the
prior distributions, MODEL statements declare the likelihood for the data, and RANDOM statements declare
the random effects. In most cases, you do not need to supply initial values. PROC MCMC advises you if it is
unable to generate starting values for the Markov chain.

Simple Linear Regression

This section illustrates some basic features of PROC MCMC by using a linear regression model. The model
is as follows:

Yi D � 0 C � 1X i C � i

for the observationsi D 1; 2; : : : ; n.

The following statements create a SAS data set with measurements ofHeight andWeight for a group of
children:

title �Simple Linear Regression�;

data Class;
input Name $ Height Weight @@;
datalines;

Alfred 69.0 112.5 Alice 56.5 84.0 Barbara 65.3 98.0
Carol 62.8 102.5 Henry 63.5 102.5 James 57.3 83.0
Jane 59.8 84.5 Janet 62.5 112.5 Jeffrey 62.5 84.0
John 59.0 99.5 Joyce 51.3 50.5 Judy 64.3 90.0
Louise 56.3 77.0 Mary 66.5 112.0 Philip 72.0 150.0
Robert 64.8 128.0 Ronald 67.0 133.0 Thomas 57.5 85.0
William 66.5 112.0
;
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The equation of interest is as follows:

Weighti D � 0 C � 1Heighti C � i

The observation errors,� i , are assumed to be independent and identically distributed with a normal distribution
with mean zero and variance� 2.

Weighti � normal.� 0 C � 1Heighti ; � 2/

The likelihood function for each of theWeight, which is speci�ed in the MODEL statement, is as follows:

p. Weightj� 0; � 1; � 2; Heighti / D �.� 0 C � 1Heighti ; � 2/

wherep. �j�/ denotes a conditional probability density and� is the normal density. There are three parameters
in the likelihood:� 0, � 1, and� 2. You use the PARMS statement to indicate that these are the parameters in
the model.

Suppose you want to use the following three prior distributions on each of the parameters:

�.� 0/ D �.0; var D 1e6/

�.� 1/ D �.0; var D 1e6/

�.� 2/ D f i€ .shapeD 3=10;scaleD 10=3/

where�. �/ indicates a prior distribution andf i€ is the density function for the inverse-gamma distribution.
The normal priors on� 0 and� 1 have large variances, expressing your lack of knowledge about the regression
coef�cients. The priors correspond to an equal-tail 95% credible intervals of approximately (-2000, 2000) for
� 0 and� 1. Priors of this type are often calledvagueor diffusepriors. See the section “Prior Distributions”
on page 123 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more information. Typically
diffuse prior distributions have little in�uence on the posterior distribution and are appropriate when stronger
prior information about the parameters is not available.

A frequently used prior for the variance parameter� 2 is the inverse-gamma distribution. See Table 74.22 in
the section “Standard Distributions” on page 5700 for the density de�nition. The inverse-gamma distribution
is a conjugate prior (see the section “Conjugate Sampling” on page 5697) for the variance parameter in a
normal distribution. Also see the section “Gamma and Inverse-Gamma Distributions” on page 5746 for
typical usages of the gamma and inverse-gamma prior distributions. With a shape parameter of 3/10 and a
scale parameter of 10/3, this prior corresponds to an equal-tail 95% credible interval of (1.7, 1E6), with the
mode at 2.5641 for� 2. Alternatively, you can use any other prior distribution with positive support on this
variance component. For example, you can use the gamma prior.

According to Bayes' theorem, the likelihood function and prior distributions determine the posterior (joint)
distribution of� 0, � 1, and� 2 as follows:

�.� 0; � 1; � 2 jWeight; Height/ / �.� 0/�.� 1/�.� 2/p. Weightj� 0; � 1; � 2; Height/

You do not need to know the form of the posterior distribution when you use PROC MCMC. PROC MCMC
automatically obtains samples from the desired posterior distribution, which is determined by the prior and
likelihood you supply.
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The following statements �t this linear regression model with diffuse prior information:

ods graphics on;
proc mcmc data=class outpost=classout nmc=10000 thin=2 seed=246810;

parms beta0 0 beta1 0;
parms sigma2 1;
prior beta0 beta1 ~ normal(mean = 0, var = 1e6);
prior sigma2 ~ igamma(shape = 3/10, scale = 10/3);
mu = beta0 + beta1 * height;
model weight ~ n(mu, var = sigma2);

run;
ods graphics off;

When ODS Graphics is enabled, diagnostic plots, such as the trace and autocorrelation function plots of the
posterior samples, are displayed. For more information about ODS Graphics, see Chapter 21, “Statistical
Graphics Using ODS.”

The PROC MCMC statement invokes the procedure and speci�es the input data setClass. The output data
setClassout contains the posterior samples for all of the model parameters. The NMC= option speci�es
the number of posterior simulation iterations. The THIN= option controls the thinning of the Markov chain
and speci�es that one of every 2 samples is kept. Thinning is often used to reduce the correlations among
posterior sample draws. In this example, 5,000 simulated values are saved in theClassout data set. The
SEED= option speci�es a seed for the random number generator, which guarantees the reproducibility of
the random stream. For more information about Markov chain sample size, burn-in, and thinning, see the
section “Burn-In, Thinning, and Markov Chain Samples” on page 135 in Chapter 7, “Introduction to Bayesian
Analysis Procedures.”

The PARMS statements identify the three parameters in the model:beta0, beta1, andsigma2. Each statement
also forms a block of parameters, where the parameters are updated simultaneously in each iteration. In this
example,beta0 andbeta1 are sampled jointly, conditional onsigma2; andsigma2 is sampled conditional on
�xed values ofbeta0 andbeta1. In simple regression models such as this, you expect the parametersbeta0
andbeta1 to have high posterior correlations, and placing them both in the same block improves the mixing
of the chain—that is, the ef�ciency that the posterior parameter space is explored by the Markov chain. For
more information, see the section “Blocking of Parameters” on page 5691. The PARMS statements also
assign initial values to the parameters (see the section “Initial Values of the Markov Chains” on page 5698).
The regression parameters are given 0 as their initial values, and the scale parametersigma2 starts at value 1.
If you do not provide initial values, PROC MCMC chooses starting values for every parameter.

The PRIOR statements specify prior distributions for the parameters. The parametersbeta0 andbeta1
both share the same prior—a normal prior with mean 0 and variance 1e6. The parametersigma2 has an
inverse-gamma distribution with a shape parameter of 3/10 and a scale parameter of 10/3. For a list of
standard distributions that PROC MCMC supports, see the section “Standard Distributions” on page 5700.

The MU assignment statement calculates the expected value ofWeight as a linear function ofHeight. The
MODEL statement uses the shorthand notation,n, for the normal distribution to indicate that the response
variable,Weight, is normally distributed with parametersmu andsigma2. The functional argument MEAN=
in the normal distribution is optional, but you have to indicate whethersigma2 is a variance (VAR=), a
standard deviation (SD=), or a precision (PRECISION=) parameter. See Table 74.2 in the section “MODEL
Statement” on page 5665 for distribution speci�cations.
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The distribution parameters can contain expressions. For example, you can write the MODEL statement as
follows:

model weight ~ n(beta0 + beta1 * height, var = sigma2);

Before you do any posterior inference, it is essential that you examine the convergence of the Markov chain
(see the section “Assessing Markov Chain Convergence” on page 136 in Chapter 7, “Introduction to Bayesian
Analysis Procedures”). You cannot make valid inferences if the Markov chain has not converged. A very
effective convergence diagnostic tool is the trace plot. Although PROC MCMC produces graphs at the end of
the procedure output (see Figure 74.5), you should visually examine the convergence graph �rst.

The �rst table that PROC MCMC produces is the “Number of Observations” table, as shown in Figure 74.1.
This table lists the number of observations read from the DATA= data set and the number of observations
used in the analysis.

Figure 74.1 Observation Information

The “Parameters” table, shown in Figure 74.2, lists the names of the parameters, the blocking information, the
sampling method used, the starting values, and the prior distributions. For more information about blocking
information, see the section “Blocking of Parameters” on page 5691; for more information about starting
values, see the section “Initial Values of the Markov Chains” on page 5698. The �rst block, which consists of
the parametersbeta0 andbeta1, uses a random walk Metropolis algorithm. The second block, which consists
of the parametersigma2, is updated via its full conditional distribution in conjugacy. You should check this
table to ensure that you have speci�ed the parameters correctly, especially for complicated models.

Figure 74.2 Parameter Information

For each posterior distribution, PROC MCMC also reports summary and interval statistics (posterior means,
standard deviations, and 95% highest posterior density credible intervals), as shown in Figure 74.3. For
more information about posterior statistics, see the section “Summary Statistics” on page 150 in Chapter 7,
“Introduction to Bayesian Analysis Procedures.”
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Figure 74.3 MCMC Summary and Interval Statistics

By default, PROC MCMC computes the effective sample sizes (ESSs) as a convergence diagnostic test to
help you determine whether the chain has converged. The ESSs are shown in Figure 74.4. For details and
interpretations of ESS and additional convergence diagnostics, see the section “Assessing Markov Chain
Convergence” on page 136 in Chapter 7, “Introduction to Bayesian Analysis Procedures.”

Figure 74.4 MCMC Convergence Diagnostics

PROC MCMC produces a number of graphs, shown in Figure 74.5, which also aid convergence diagnostic
checks. With the trace plots, there are two important aspects to examine. First, you want to check whether
the mean of the Markov chain has stabilized and appears constant over the graph. Second, you want to check
whether the chain has good mixing and is “dense,” in the sense that it quickly traverses the support of the
distribution to explore both the tails and the mode areas ef�ciently. The plots show that the chains appear to
have reached their stationary distributions.

Next, you should examine the autocorrelation plots, which indicate the degree of autocorrelation for each of
the posterior samples. High correlations usually imply slow mixing. Finally, the kernel density plots estimate
the posterior marginal distributions for each parameter.
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Figure 74.5 Diagnostic Plots for � 0, � 1 and � 2
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Figure 74.5 continued

In regression models such as this, you expect the posterior estimates to be very similar to the maximum
likelihood estimators with noninformative priors on the parameters, The REG procedure produces the
following �tted model (code not shown):

WeightD � 143:0C 3:9� Height

These are very similar to the means show in Figure 74.3. With PROC MCMC, you can carry out informative
analysis that uses speci�cations to indicate prior knowledge on the parameters. Informative analysis is likely
to produce different posterior estimates, which are the result of information from both the likelihood and the
prior distributions. Incorporating additional information in the analysis is one major difference between the
classical and Bayesian approaches to statistical inference.

The Behrens-Fisher Problem

One of the famous examples in the history of statistics is the Behrens-Fisher problem (Fisher 1935). Consider
the situation where there are two independent samples from two different normal distributions:

y11 ; y12 ; : : : ; y1n1 � normal.� 1; � 2
1 /

y21 ; y22 ; : : : ; y2n2 � normal.� 2; � 2
2 /

Note thatn1 ¤ n2. When you do not want to assume that the variances are equal, testing the hypothesis
H 0 W� 1 D �2 is a dif�cult problem in the classical statistics framework, because the distribution underH 0
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is not known. Within the Bayesian framework, this problem is straightforward because you can estimate the
posterior distribution of� 1 � � 2 while taking into account the uncertainties in all of parameters by treating
them as random variables.

Suppose you have the following set of data:

title �The Behrens-Fisher Problem�;

data behrens;
input y ind @@;
datalines;

121 1 94 1 119 1 122 1 142 1 168 1 116 1
172 1 155 1 107 1 180 1 119 1 157 1 101 1
145 1 148 1 120 1 147 1 125 1 126 2 125 2
130 2 130 2 122 2 118 2 118 2 111 2 123 2
126 2 127 2 111 2 112 2 121 2
;

The response variable isy, and theind variable is the group indicator, which takes two values: 1 and 2. There
are 19 observations that belong to group 1 and 14 that belong to group 2.

The likelihood functions for the two samples are as follows:

p.y 1i j� 1; � 2
1 / D �.y 1i I � 1; � 2

1 / for i D 1; : : : ; 19

p.y 2j j� 2; � 2
2 / D �.y 2j I � 2; � 2

2 / for j D 1; : : : ; 14

Berger (1985) showed that a uniform prior on the support of the location parameter is a noninformative prior.
The distribution is invariant under location transformations—that is,� D � C c. You can use this prior for
the mean parameters in the model:

�.� 1/ / 1

�.� 2/ / 1

In addition, Berger (1985) showed that a prior of the form1=� 2 is noninformative for the scale parameter,
and it is invariant under scale transformations (that is� D c� 2). You can use this prior for the variance
parameters in the model:

�.� 2
1 / / 1=� 2

1

�.� 2
2 / / 1=� 2

2

The log densities of the prior distributions on� 2
1 and� 2

2 are:

log.�.� 2
1 // D � log.� 2

1 /

log.�.� 2
2 // D � log.� 2

2 /
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The following statements generate posterior samples of� 1; � 2; � 2
1 ; � 2

2 , and the difference in the means:
� 1 � � 2:

proc mcmc data=behrens outpost=postout seed=123
nmc=40000 monitor=(_parms_ mudif)
statistics(alpha=0.01);

ods select PostSumInt;
parm mu1 0 mu2 0;
parm sig21 1;
parm sig22 1;
prior mu: ~ general(0);
prior sig21 ~ general(-log(sig21), lower=0);
prior sig22 ~ general(-log(sig22), lower=0);
mudif = mu1 - mu2;
if ind = 1 then do;

mu = mu1;
s2 = sig21;

end;
else do;

mu = mu2;
s2 = sig22;

end;
model y ~ normal(mu, var=s2);

run;

The PROC MCMC statement speci�es an input data set (Behrens), an output data set containing the posterior
samples (Postout), a random number seed, and the simulation size. The MONITOR= option speci�es a list
of symbols, which can be either parameters or functions of the parameters in the model, for which inference
is to be done. The symbol_parms_ is a shorthand for all model parameters—in this case,mu1, mu2, sig21,
andsig22. The symbolmudif is de�ned in the program as the difference between� 1 and� 2.

The global suboption ALPHA=0.01 in the STATISTICS= option speci�es 99% highest posterior density
(HPD) credible intervals for all parameters.

The ODS SELECT statement displays the summary statistics and interval statistics tables while excluding all
other output. For a complete list of ODS tables that PROC MCMC can produce, see the sections “Displayed
Output” on page 5769 and “ODS Table Names” on page 5773.

The PARMS statements assign the parametersmu1 andmu2 to the same block, andsig21 andsig22 each to
their own separate blocks. There are a total of three blocks. The PARMS statements also assign an initial
value to each parameter.

The PRIOR statements specify prior distributions for the parameters. Because the priors are all nonstandard
(uniform on the real axis for� 1 and� 2 and1=� 2 for � 2

1 and� 2
2 ), you must use the GENERAL function here.

The argument in the GENERAL function is an expression for the log of the distribution, up to an additive
constant. This distribution can have any functional form, as long as it is programmable using SAS functions
and expressions. The function speci�es a distribution on the log scale, not on the original scale. The log of
the prior onmu1 andmu2 is 0, and the log of the priors onsig21 andsig22 are–log(sig21) and–log(sig22)
respectively. See the section “Specifying a New Distribution” on page 5715 for more information about how
to specify an arbitrary distribution. The LOWER= option indicates that both variance terms must be strictly
positive.
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The MUDIF assignment statement calculates the difference betweenmu1 andmu2. The IF-ELSE statements
enable differenty's to have different mean and variance, depending on their group indicatorind. The MODEL
statement speci�es the normal likelihood function for each observation in the model.

Figure 74.6 displays the posterior summary and interval statistics.

Figure 74.6 Posterior Summary and Interval Statistics

The mean difference has a posterior mean value of 13.37, and the lower endpoints of the 99% credible
intervals are negative. This suggests that the mean difference is positive with a high probability. However, if
you want to estimate the probability that� 1 � � 2 > 0, you can do so as follows.

The following statements produce Figure 74.7:

proc format;
value diffmt low-0 = �mu1 - mu2 <= 0� 0<-high = �mu1 - mu2 > 0�;

run;

proc freq data = postout;
tables mudif /nocum;
format mudif diffmt.;

run;

The sample estimate of the posterior probability that� 1 � � 2 > 0 is 0.98. This example illustrates an
advantage of Bayesian analysis. You are not limited to making inferences based on model parameters only.
You can accurately quantify uncertainties with respect to any function of the parameters, and this allows for
�exibility and easy interpretations in answering many scienti�c questions.

Figure 74.7 Estimated Probability of � 1 � � 2 > 0 .
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Random-Effects Model

This example illustrates how you can �t a normal likelihood random-effects model in PROC MCMC.
PROC MCMC offers you the ability to model beyond the normal likelihood (see “Example 74.7: Logistic
Regression Random-Effects Model” on page 5812, “Example 74.8: Nonlinear Poisson Regression Multilevel
Random-Effects Model” on page 5814, and “Example 74.16: Piecewise Exponential Frailty Model” on
page 5859).

Consider a scenario in which data are collected in groups and you want to model group-speci�c effects. You
can use a random-effects model (sometimes also known as a variance-components model):

y ij D � 0 C � 1xij C 
 i C eij ; eij � normal.0; � 2/

wherei D 1; 2; : : : ; I is the group index andj D 1; 2; : : : ; ni indexes the observations in theith group.
In the regression model, the �xed effects� 0 and� 1 are the intercept and the coef�cient for variablexij ,
respectively. The random effect
 i is the mean for theith group, andeij are the error term.

Consider the following SAS data set:

title �Random-Effects Model�;

data heights;
input Family G$ Height @@;
datalines;

1 F 67 1 F 66 1 F 64 1 M 71 1 M 72 2 F 63
2 F 63 2 F 67 2 M 69 2 M 68 2 M 70 3 F 63
3 M 64 4 F 67 4 F 66 4 M 67 4 M 67 4 M 69
;

The response variableHeight measures the heights (in inches) of 18 individuals. The covariatex is the
gender (variableG), and the individuals are grouped according toFamily (group index). Since the variable
G is a character variable and PROC MCMC does not support a CLASS statement, you need to create the
corresponding design matrix. In this example, the design matrix for a factor variable of level 2 (M andF) can
be constructed using the following statement:

data input;
set heights;
if g eq �F� then gf = 1;
else gf = 0;
drop g;

run;

The data set variablegf is a numeric variable and can be used in the regression model in PROC MCMC.

In data sets with factor variables that have more levels, you can consider using PROC TRANSREG to
construct the design matrix. See the section “Create Design Matrix” on page 5728 for more information.

To model the data, you can assume thatHeight is normally distributed:

y ij � normal.� ij ; � 2/; � ij D � 0 C � 1gfij C 
 i

The priors on the parameters� 0, � 1, 
 i are also assumed to be normal:

� 0; � 1 � normal.0; var D 1e5/


 i � normal.0; var D � 2

 /
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Priors on the variance terms,� 2 and� 2

 , are inverse-gamma:

� 2; � 2

 � igamma.shapeD 0:01;scaleD 0:01/

The inverse-gamma distribution is a conjugate prior for the variance in the normal likelihood and the variance
in the prior distribution of the random effect.

The following statements �t a linear random-effects model to the data and produce the output shown in
Figure 74.9 and Figure 74.10:

ods graphics on;
proc mcmc data=input outpost=postout nmc=50000 seed=7893 plots=trace;

ods select Parameters REparameters PostSumInt tracepanel;
parms b0 0 b1 0 s2 1 s2g 1;

prior b: ~ normal(0, var = 10000);
prior s: ~ igamma(0.01, scale = 0.01);
random gamma ~ normal(0, var = s2g) subject=family monitor=(gamma);
mu = b0 + b1 * gf + gamma;
model height ~ normal(mu, var = s2);

run;
ods graphics off;

Some of the statements are very similar to those shown in the previous two examples. The ODS GRAPHICS
ON statement enables ODS Graphics. The PROC MCMC statement speci�es the input and output data sets,
the simulation size, and a random number seed. The ODS SELECT statement displays the model parameter
and random-effects parameter information tables, summary statistics table, the interval statistics table, and
the trace plots.

The PARMS statement lumps all four model parameters in a single block. They areb0 (overall intercept),b1
(main effect forgf), s2 (variance of the likelihood function), ands2g (variance of the random effect). If a
random walk Metropolis sampler is the only applicable sampler for all parameters, then these four parameters
are updated in a single block. However, because PROC MCMC updates the parameterss2 ands2g via
conjugacy, these parameters are separated into individual blocks. (See the Block column in “Parameters”
table in Figure 74.8.)

The PRIOR statements specify priors for all the parameters. The notationb: is a shorthand for all symbols
that start with the letter `b'. In this example,b: includesb0 andb1. Similarly, s: stands for boths2 ands2g.
This shorthand notation can save you some typing, and it keeps your statements tidy.

The RANDOM statement speci�es a single random effect to begamma, and speci�es that it has a normal
prior centered at 0 with variances2g. The SUBJECT= argument in the RANDOM statement de�nes a
group index (family) in the model, where all observations from the same family should have the same group
indicator value. The MONITOR= option outputs analysis for all the random-effects parameters.

Finally, the MU assignment statement calculates the expected value of theheight of the model. The calculation
includes the random-effects termgamma. The MODEL statement speci�es the likelihood function forheight.

The “Parameters” and “Random-Effects Parameters” tables, shown in Figure 74.8, contain information about
the model parameters and the four random-effects parameters.
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Figure 74.8 Model and Random-Effects Parameter Information

The posterior summary and interval statistics for the model parameters and the random-effects parameters
are shown in Figure 74.9.

Figure 74.9 Posterior Summary and Interval Statistics

Trace plots for all the parameters are shown in Figure 74.10. The mixing looks very reasonable, suggesting
convergence.
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Figure 74.10 Plots for b1 and Log of the Posterior Density
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Figure 74.10 continued

From the interval statistics table, you see that both the equal-tail and HPD intervals for� 0 are positive,
strongly indicating the positive effect of the parameter. On the other hand, both intervals for� 1 cover the
value zero, indicating thatgf does not have a strong impact on predictingheight in this model.
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Syntax: MCMC Procedure

The following statements are available in the MCMC procedure. Items within < > are optional.

PROC MCMC < options > ;
ARRAY arrayname [ dimensions ] < $ > < variables-and-constants > ;
BEGINCNST/ENDCNST ;
BEGINNODATA/ENDNODATA ;
BY variables ;
MODEL variable Ï distribution < options > ;
PARMS parameter < = > number < / options > ;
PREDDIST < �label� > OUTPRED=SAS-data-set < options > ;
PRIOR/HYPERPRIOR parameter Ï distribution ;
Programming statements ;
RANDOM random-effects-speci�cation < / options > ;
UDS subroutine-name (subroutine-argument-list) ;

The PARMS statements declare parameters in the model and assign optional starting values for the Markov
chain. The PRIOR/HYPERPRIOR statements specify the prior distributions of the parameters. The MODEL
statements specify the log-likelihood functions for the response variables. These statements form the basis of
most Bayesian models.

In addition, you can use the ARRAY statement to de�ne constant or parameter arrays, the BEGINC-
NST/ENDCNST and BEGINNODATA/ENDNODATA statements to omit unnecessary evaluation and reduce
simulation time, the PREDDIST statement to generate samples from the posterior predictive distribution,
the program statements to specify more complicated models that you want to �t, the RANDOM statement
to specify random effects and their prior distributions, and the UDS statement to de�ne your own Gibbs
samplers to sample parameters in the model.

The following sections provide a description of each of these statements.

PROC MCMC Statement

PROC MCMC options ;

The PROC MCMC statement invokes the MCMC procedure. Table 74.1 summarizes theoptions available in
the PROC MCMC statement.

Table 74.1 PROC MCMC Statement Options

Option Description

Basic options
DATA= Names the input data set
OUTPOST= Names the output data set for posterior samples of parameters

Debugging output
LIST Displays the model program and variables
LISTCODE Displays the compiled model program
TRACE Displays detailed model execution messages
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Table 74.1 (continued)

Option Description

Frequently used MCMC options
ALG= Speci�es the default sampling algorithm
MAXTUNE= Speci�es the maximum number of tuning loops
MINTUNE= Speci�es the minimum number of tuning loops
NBI= Speci�es the number of burn-in iterations
NMC= Speci�es the number of MCMC iterations, excluding the burn-in iterations
NTHREADS= Speci�es the number of threads to use
NTU= Speci�es the number of tuning iterations
PROPCOV= Controls options for constructing the initial proposal covariance matrix
SEED= Speci�es the random seed for simulation
THIN= Speci�es the thinning rate

Less frequently used MCMC options
ACCEPTTOL= Speci�es a tolerance for acceptance probabilities
BINARYJOINT Jointly samples a block of binary parameters
DISCRETE= Controls the sampling of discrete parameters
INIT= Controls the generation of initial values
MCHISTORY= Displays the Markov chain sampling history
MAXINDEXPRINT= Speci�es the maximum number of observation indices to print in models

with missing data
MAXSUBVALUEPRINT= Speci�es the maximum number of subject values to print in the “Random

Effects Parameters” table
REOBSINFO Displays more detailed information about each random effect
SCALE= Speci�es the initial scale applied to the proposal distribution
TARGACCEPT= Speci�es the target acceptance rate for the random-walk sampler
TARGACCEPTI= Speci�es the target acceptance rate for the independence sampler
TUNEWT= Speci�es the weight used in covariance updating

Summary, diagnostics, and plotting options
AUTOCORLAG= Speci�es the number of autocorrelation lags used to compute effective

sample sizes and Monte Carlo errors
DIAGNOSTICS= Controls the convergence diagnostics
DIC Computes the deviance information criterion (DIC)
MONITOR= Outputs the analysis for a list of symbols of interest
PLOTS= Controls plotting
STATISTICS= Controls posterior statistics

Other options
INF= Speci�es the machine numerical limit for in�nity
JOINTMODEL Speci�es the joint log-likelihood function
MISSING= Indicates how missing values are handled
NOLOGDIST Omits the calculation of the logarithm of the joint distribution of the

parameters
SIMREPORT= Controls the frequency of the report for the expected run time
SINGDEN= Speci�es the singularity tolerance
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Theseoptions are described in alphabetical order.

ACCEPTTOL=n
speci�es a tolerance for acceptance probabilities. By default, ACCEPTTOL=0.075.

ALG=value

PROPDIST=value
speci�es the default sampling algorithm for continuous parameters when more optimal algorithms,
such as conjugate samplers, are not available. For more information, see the sections “Hamiltonian
Monte Carlo Sampler” on page 134 and “Metropolis and Metropolis-Hastings Algorithms” on page 130
in Chapter 7, “Introduction to Bayesian Analysis Procedures.” By default, ALG=NORMAL, a normal
kernel based random-walk Metropolis.

You can specify the followingvalues:

HMC< (hmc-options) >
speci�es the Hamiltonian Monte Carlo algorithm with a �xed step size and predetermined number
of steps. You can specify the followinghmc-options:

NSTEPS=value

N=value
speci�es the number of steps in the HMC algorithm. By default, N=15.

SAVEGRAD
saves the gradient calculation in the OUTPOST= data set.

STEPSIZE=value
speci�es the step size in the HMC algorithm. By default, STEPSIZE=0.1.

NORMAL

N
speci�es a normal distribution as the proposal distribution in the random-walk Metropolis
algorithm. This is the default.

NUTS< (nuts-options) >
speci�es the No-U-Turn Sampler of the Hamiltonian algorithm. You can specify the following
nuts-options:

DELTA=value
speci�es the target acceptance rate during the tuning process. By default, DELTA=0.6.
Increasing thevalue can often improve mixing, but it can also signi�cantly slow down the
sampling.

FCALLS
outputs the number of function evaluations at each iteration.

MAXHEIGHT=value
speci�es the maximum height of the NUTS tree. The taller the tree, the more gradient
evaluations per iteration the procedure calculates. The number of evaluations is2height.
By default, MAXHEIGHT=10. Usually, the height of a tree should be no more than 7 or
8 during the sampling stage, but it can go higher during the tuning stage. A larger number
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indicates that the algorithm is having dif�culty converging. PROC MCMC stops when the
height of a NUTS tree surpasses MAXHEIGHT by the number of times speci�ed in the
MAXTIME= option. You can increase the height of the tree and the MAXTIME value.

MAXTIME=value
speci�es the maximum number of iterations that it takes the algorithm to surpass the
MAXHEIGHT of the NUTS tree before the procedure stops. By default, MAXTIME=1.

NTU=value
speci�es the number of tuning iterations used by NUTS. By default, NTU=1000.

SAVEGRAD
saves the gradient calculation in the OUTPOST= data set.

T< (df ) >
speci�es at distribution with the degrees of freedomdf in the random-walk Metropolis algorithm.
By default,df = 3. If df > 100, the normal distribution is used, because the two distributions are
almost identical.

AUTOCORLAG= n

ACLAG= n
speci�es the maximum number of autocorrelation lags used in computing the effective sample size;
see the section “Effective Sample Size” on page 149 in Chapter 7, “Introduction to Bayesian Analysis
Procedures,” for more details. The value is used in the calculation of the Monte Carlo standard
error; see the section “Standard Error of the Mean Estimate” on page 150 in Chapter 7, “Introduction
to Bayesian Analysis Procedures.” By default, AUTOCORLAG=MIN(500, MCsample/4), where

MCsample is the Markov chain sample size kept after thinning—that is, MCsampleD
h

NMC
NTHIN

i
.

If the value of the AUTOCORLAG= option is set too low, you might observe signi�cant lags, and
the effective sample size cannot be calculated accurately. A warning message appears, and you can
increase either AUTOCORLAG= or NMC=, accordingly.

BINARYJOINT
jointly samples binary parameters in a block. Binary parameters in a block are sampled separately in
SAS/STAT 13.2 and later. This option reverts to the behavior in SAS/STAT 13.1 and earlier.

DISCRETE=keyword
speci�es the proposal distribution used in sampling discrete parameters. By default, DIS-
CRETE=BINNING.

You can specify the followingkeywords:

BINNING
uses continuous proposal distributions for all discrete parameter blocks. The proposed sample is
then discretized (binned) before further calculations. This sampling method approximates the
correlation structure among the discrete parameters in the block and could improve mixing in
some cases.
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GEO
uses independent symmetric geometric proposal distributions for all discrete parameter blocks.
This proposal does not take parameter correlations into account. However, it can work better than
the BINNING option in cases where the range of the parameters is relatively small and a normal
approximation can perform poorly.

DIAGNOSTICS=NONE | (keyword-list)

DIAG=NONE | (keyword-list)
speci�es options for MCMC convergence diagnostics. By default, PROC MCMC computes the Geweke
test, sample autocorrelations, effective sample sizes, and Monte Carlo errors. The Raftery-Lewis and
Heidelberger-Welch tests are also available. See the section “Assessing Markov Chain Convergence” on
page 136 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more details on convergence
diagnostics. You can request all of the diagnostic tests by specifying DIAGNOSTICS=ALL. You can
suppress all the tests by specifying DIAGNOSTICS=NONE.

You can use postprocessing autocall macros to calculate convergence diagnostics of the posterior
samples after PROC MCMC has exited. See the section “Autocall Macros for Postprocessing” on
page 5744.

The followingoptions are available.

ALL
computes all diagnostic tests and statistics. You can combine the option ALL with any other
speci�c tests to modify test options. For example DIAGNOSTICS=(ALL AUTOCORR(LAGS=(1
5 35))) computes all tests with default settings and autocorrelations at lags 1, 5, and 35.

AUTOCORR < (autocorr-options) >
computes default autocorrelations at lags 1, 5, 10, and 50 for each variable. You can choose other
lags by using the followingautocorr-options:

LAGS | AC= numeric-list
speci�es autocorrelation lags. Thenumeric-list must take positive integer values.

ESS
computes the effective sample sizes (Kass et al. (1998)) of the posterior samples of each parameter.
It also computes the correlation time and the ef�ciency of the chain for each parameter. Small
values of ESS might indicate a lack of convergence. See the section “Effective Sample Size” on
page 149 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more details.

GEWEKE < (Geweke-options) >
computes the Geweke spectral density diagnostics; this is a two-samplet-test between the �rstf 1

portion and the lastf 2 portion of the chain. See the section “Geweke Diagnostics” on page 143
in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more details. The default
is FRAC1=0.1 and FRAC2=0.5, but you can choose other fractions by using the following
Geweke-options:

FRAC1 | F1=value
speci�es the beginning FRAC1 proportion of the Markov chain. By default, FRAC1=0.1.
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FRAC2 | F2=value
speci�es the end FRAC2 proportion of the Markov chain. By default, FRAC2=0.5.

HEIDELBERGER | HEIDEL < ( Heidel-options) >
computes the Heidelberger and Welch diagnostic (which consists of a stationarity test and a
halfwidth test) for each variable. The stationary diagnostic test tests the null hypothesis that
the posterior samples are generated from a stationary process. If the stationarity test is passed,
a halfwidth test is then carried out. See the section “Heidelberger and Welch Diagnostics” on
page 145 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more details.

These diagnostics are not performed by default. You can specify the DIAGNOS-
TICS=HEIDELBERGER option to request these diagnostics, and you can also specify
suboptions, such as DIAGNOSTICS=HEIDELBERGER(EPS=0.05), as follows:

SALPHA= value
speci�es the� level .0 < � < 1/ for the stationarity test. By default, SALPHA=0.05.

HALPHA= value
speci�es the� level .0 < � < 1/ for the halfwidth test. By default, HALPHA=0.05.

EPS=value
speci�es a small positive number� such that if the halfwidth is less than� times the sample
mean of the retaining iterates, the halfwidth test is passed. By default, EPS=0.1.

MCSE

MCERROR
computes the Monte Carlo standard error for the posterior samples of each parameter.

NONE
suppresses all of the diagnostic tests and statistics. This is not recommended.

RAFTERY | RL < (Raftery-options) >
computes the Raftery and Lewis diagnostics, which evaluate the accuracy of the estimated
quantile (O� Q for a given Q2 .0; 1/) of a chain. O� Q can achieve any degree of accuracy when
the chain is allowed to run for a long time. The algorithm stops when the estimated probability
OPQ D Pr.� � O� Q / reaches within� R of the value Q with probability S; that is,Pr.Q � R �
OPQ � Q C R/ D S. See the section “Raftery and Lewis Diagnostics” on page 146 in Chapter 7,
“Introduction to Bayesian Analysis Procedures,” for more details. TheRaftery-options enable
you to specify Q, R, S, and a precision level� for a stationary test.

These diagnostics are not performed by default. You can specify the DIAGNOSTICS=RAFERTY
option to request these diagnostics, and you can also specify suboptions, such as DIAGNOS-
TICS=RAFERTY(QUANTILE=0.05), as follows:

QUANTILE | Q=value
speci�es the order (a value between 0 and 1) of the quantile of interest. By default, QUAN-
TILE=0.025.

ACCURACY | R=value
speci�es a small positive number as the margin of error for measuring the accuracy of
estimation of the quantile. By default, ACCURACY=0.005.
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PROB | S=value
speci�es the probability of attaining the accuracy of the estimation of the quantile. By
default, PROB=0.95.

EPS=value
speci�es the tolerance level (a small positive number) for the stationary test. By default,
EPS=0.001.

DIC
computes the Deviance Information Criterion (DIC). DIC is calculated using the posterior mean
estimates of the parameters. See the section “Deviance Information Criterion (DIC)” on page 152 in
Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more details.

DATA=SAS-data-set
speci�es the input data set. Observations in this data set are used to compute the log-likelihood function
that you specify with PROC MCMC statements.

INF=value
speci�es the numerical de�nition of in�nity in PROC MCMC. The default is INF=1E15. For example,
PROC MCMC considers 1E16 to be outside of the support of the normal distribution and assigns a
missing value to the log density evaluation. You can select a larger value with the INF= option. The
minimum value allowed is 1E10.

INIT=(keyword-list)
speci�es options for generating the initial values for the parameters. These options apply only to
prior distributions that are recognized by PROC MCMC. See the section “Standard Distributions” on
page 5700 for a list of these distributions. If either of the functions GENERAL or DGENERAL is used,
you must supply explicit initial values for the parameters. By default, INIT=MODE. The following
keywords are used:

MODE
uses the mode of the prior density as the initial value of the parameter, if you did not provide one.
If the mode does not exist or if it is on the boundary of the support of the density, the mean value
is used. If the mean is outside of the support or on the boundary, which can happen if the prior
distribution is truncated, a random number drawn from the prior is used as the initial value.

PINIT
tabulates parameter values after the tuning phase. This option also tabulates the tuned proposal
parameters used by the Metropolis algorithm. These proposal parameters include covariance
matrices for continuous parameters and probability vectors for discrete parameters for each block.
By default, PROC MCMC does not display the initial values or the tuned proposal parameters
after the tuning phase.

RANDOM
generates a random number from the prior density and uses it as the initial value of the parameter,
if you did not provide one.

REINIT
resets the parameters, after the tuning phase, with the initial values that you provided explicitly
or that were assigned by PROC MCMC. By default, PROC MCMC does not reset the parameters
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because the tuning phase usually moves the Markov chains to a more favorable place in the
posterior distribution.

LIST
displays the model program and variable lists. The LIST option is a debugging feature and is not
normally needed.

LISTCODE
displays the compiled program code. The LISTCODE option is a debugging feature and is not normally
needed.

JOINTMODEL

JOINTLLIKE
speci�es how the likelihood function is calculated. By default, PROC MCMC assumes that the
observations in the data set are independent so that the joint log-likelihood function is the sum of the
individual log-likelihood functions for the observations, where the individual log-likelihood function
is speci�ed in the MODEL statement. When your data are not independent, you can specify the
JOINTMODEL option to modify the way that PROC MCMC computes the joint log-likelihood
function. In this situation, PROC MCMC no longer steps through the input data set to sum the
individual log likelihood.

To use this option correctly, you need to do the following two things:

� create ARRAY symbols to store all data set variables that are used in the program. This can be
accomplished with the BEGINCNST and ENDCNST statements.

� program the joint log-likelihood function by using these ARRAY symbols only. The MODEL
statement speci�es the joint log-likelihood function for the entire data set. Typically, you use the
function GENERAL in the MODEL statement.

See the sections “BEGINCNST/ENDCNST Statement” on page 5663 and “Modeling Joint Likelihood”
on page 5729 for details.

MAXTUNE=n
speci�es an upper limit for the number of proposal tuning loops. By default, MAXTUNE=24. See the
section “Covariance Tuning” on page 5695 for more details.

MAXINDEXPRINT=number | ALL

MAXIPRINT=number | ALL
speci�es the maximum number of observation indices to print in the ODS tables “Missing Response
Information” table and “Missing Covariates Information” table. This option applies only to programs
that model missing data. The default value is 20. MAXINDEXPRINT=ALL prints all observation
indices for every missing variable that is modeled in PROC MCMC.

MAXSUBVALUEPRINT= number | ALL

MAXSVPRINT=number | ALL
speci�es the maximum number of subject values to display in the “Subject Values” column of the
ODS table “Random Effects Parameters.” This option applies only to programs that have RANDOM
statements. The default value is 20. MAXSUBVALUEPRINT=ALL prints all subject values for every
random effect in the program.
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MCHISTORY=keyword

MCHIST=keyword
controls the display of the Markov chain sampling history.

BRIEF
produces a summary output for the tuning, burn-in, and sampling history tables. The tables show
the following when applicable:

� “RWM Scale” shows the scale, or the range of the scales, used in each random walk
Metropolis block that is normal or is based on at distribution.

� “Probability” shows the proposal probability parameter, or the range of the parameters, used
in each random walk Metropolis block that is based on a geometric distribution.

� “RWM Acceptance Rate” shows the acceptance rate, or the range of the acceptance rates,
for each random walk Metropolis block.

� “IM Acceptance Rate” shows the acceptance rate, or the range of the acceptance rates, for
each independent Metropolis block.

DETAILED
produces detailed output of the tuning, burn-in, and sampling history tables, including scale
values, acceptance probabilities, blocking information, and so on. Use this option with caution,
especially in random-effects models that have a large number of random-effects groups. This
option can produce copious output.

NONE
produces none of the tuning history, burn-in history, and sampling history tables.

The default is MCHISTORY=NONE.

MINTUNE=n
speci�es a lower limit for the number of proposal tuning loops. By default, MINTUNE=2. See the
section “Covariance Tuning” on page 5695 for more details.

MISSING=keyword

MISS=keyword
speci�es how missing values are handled (see the section “Handling of Missing Data” on page 5753 for
more details). By default, PROC MCMC models missing response variables and discard observations
with missing covariates.

ALLCASE | AC
gives you the option to model the missing values in an all-case analysis directly. PROC MCMC
does not attempt to model the missing values. You can use any techniques that you see �t, for
example, fully Bayesian or multiple imputation.

COMPLETECASE | CC
assumes a complete case analysis, so all observations with missing variable values are discarded
prior to the simulation.
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MONITOR= (symbol-list)
outputs analysis for selected symbols of interest in the program. The symbols can be any of the
following: model parameters (symbols in the PARMS statement), secondary parameters (assigned
using the operator “=”), the log of the posterior density (LOGPOST), the log of the prior density
(LOGPRIOR), the log of the hyperprior density (LOGHYPER) if the HYPER statement is used, or the
log of the likelihood function (LOGLIKE). You can use the keyword _PARMS_ as a shorthand for all
of the model parameters. PROC MCMC performs only posterior analyses (such as plotting, diagnostics,
and summaries) on the symbols selected with the MONITOR= option. You can also choose to monitor
an entire array by specifying the name of the array. By default MONITOR=_PARMS_.

Posterior samples of any secondary parameters listed in the MONITOR= option are saved in the
OUTPOST= data set. Posterior samples of model parameters are always saved to the OUTPOST= data
set, regardless of whether they appear in the MONITOR= option.

NBI=n
speci�es the number of burn-in iterations to perform before beginning to save parameter estimate
chains. By default, NBI=1000. See the section “Burn-In, Thinning, and Markov Chain Samples” on
page 135 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for more details.

NMC=n
speci�es the number of iterations in the main simulation loop. This is the MCMC sample size if
THIN=1. By default, NMC=1000.

NOLOGDIST
omits the calculation of the logarithm of the joint distribution of the model parameters at each iteration.
The option applies only if all parameters in the model are updated directly from their target distribution,
either from the full conditional posterior via conjugacy or from the marginal distribution. Such
algorithms do not require the calculation of the joint posterior distribution; hence PROC MCMC runs
faster by avoiding these unnecessary calculations. As a result, the OUTPOST= data set does not
contain the LOGPRIOR, LOGLIKE, and LOGPOST variables.

NTHREADS=n
speci�es the number of threads for simulation. PROC MCMC performs two types of threading. In
sampling model parameters, PROC MCMC allocates data to different threads and calculates the
objective function by accumulating values from each thread; in sampling of random-effects parameters
and missing data variables, each thread generates a subset of these parameters simultaneously at each
iteration. Most sampling algorithms are threaded. NTHREADS=–1 sets the number of available
threads to the number of hyperthreaded cores available on the system. By default, NTHREADS=1.

NTU=n
speci�es the number of iterations to use in each proposal tuning phase. By default, NTU=500.

OUTPOST=SAS-data-set
speci�es an output data set that contains the posterior samples of all model parameters, the iteration
numbers (variable name ITERATION), the log of the posterior density (LOGPOST), the log of the
prior density (LOGPRIOR), the log of the hyperprior density (LOGHYPER), if the HYPER statement
is used, and the log likelihood (LOGLIKE). Any secondary parameters (assigned using the operator
“=”) listed in the MONITOR= option are saved to this data set. By default, no OUTPOST= data set is
created.
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PLOTS< (global-plot-options) >= (plot-request < . . . plot-request >)

PLOT< (global-plot-options) >= (plot-request < . . . plot-request >)
controls the display of diagnostic plots. Three types of plots can be requested: trace plots, autocorrela-
tion function plots, and kernel density plots. By default, the plots are displayed in panels unless the
global plot option UNPACK is speci�ed. Also when more than one type of plot is speci�ed, the plots
are grouped by parameter unless the global plot option GROUPBY=TYPE is speci�ed. When you
specify only one plot request, you can omit the parentheses around the plot-request, as shown in the
following example:

plots=none
plots(unpack)=trace
plots=(trace density)

ODS Graphics must be enabled before plots can be requested. For example:

ods graphics on;
proc mcmc data=exi seed=7 outpost=p1 plots=all;

parm mu;
prior mu ~ normal(0, sd=10);
model y ~ normal(mu, sd=1);

run;
ods graphics off;

For more information about enabling and disabling ODS Graphics, see the section “Enabling and
Disabling ODS Graphics” on page 607 in Chapter 21, “Statistical Graphics Using ODS.”

If ODS Graphics is enabled but you do not specify the PLOTS= option, then PROC MCMC produces,
for each parameter, a panel that contains the trace plot, the autocorrelation function plot, and the density
plot. This is equivalent to specifying PLOTS=(TRACE AUTOCORR DENSITY).

Theglobal-plot-options include the following:

FRINGE
adds a fringe plot to the horizontal axis of the density plot.

GROUPBY|GROUP=PARAMETER | TYPE
speci�es how the plots are grouped when there is more than one type of plot.
GROUPBY=PARAMETER is the default. The choices are as follows:

TYPE
speci�es that the plots are grouped by type.

PARAMETER
speci�es that the plots are grouped by parameter.

LAGS=n
speci�es the number of autocorrelation lags used in plotting the ACF graph. By default,
LAGS=50.
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SMOOTH
smooths the trace plot with a �tted penalized B-spline curve (Eilers and Marx 1996).

UNPACKPANEL

UNPACK
speci�es that all paneled plots are to be unpacked, so that each plot in a panel is displayed
separately.

Theplot-requests are as follows:

ALL
requests all types of plots. PLOTS=ALL is equivalent to specifying PLOTS=(TRACE AUTO-
CORR DENSITY).

AUTOCORR | ACF
displays the autocorrelation function plots for the parameters.

DENSITY | D | KERNEL | K
displays the kernel density plots for the parameters.

NONE
suppresses the display of all plots.

TRACE | T
displays the trace plots for the parameters.

Consider a model with four parameters, X1–X4. Displays for various speci�cations are depicted as
follows.

� PLOTS=(TRACE AUTOCORR) displays the trace and autocorrelation plots for each parameter
side by side with two parameters per panel:

Display 1 Trace(X1) Autocorr(X1)
Trace(X2) Autocorr(X2)

Display 2 Trace(X3) Autocorr(X3)
Trace(X4) Autocorr(X4)

� PLOTS(GROUPBY=TYPE)=(TRACE AUTOCORR) displays all the paneled trace plots, fol-
lowed by panels of autocorrelation plots:

Display 1 Trace(X1)
Trace(X2)

Display 2 Trace(X3)
Trace(X4)

Display 3 Autocorr(X1) Autocorr(X2)
Autocorr(X3) Autocorr(X4)

� PLOTS(UNPACK)=(TRACE AUTOCORR) displays a separate trace plot and a separate correla-
tion plot, parameter by parameter:
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Display 1 Trace(X1)

Display 2 Autocorr(X1)

Display 3 Trace(X2)

Display 4 Autocorr(X2)

Display 5 Trace(X3)

Display 6 Autocorr(X3)

Display 7 Trace(X4)

Display 8 Autocorr(X4)

� PLOTS(UNPACK GROUPBY=TYPE)=(TRACE AUTOCORR) displays all the separate trace
plots followed by the separate autocorrelation plots:

Display 1 Trace(X1)

Display 2 Trace(X2)

Display 3 Trace(X3)

Display 4 Trace(X4)

Display 5 Autocorr(X1)

Display 6 Autocorr(X2)

Display 7 Autocorr(X3)

Display 8 Autocorr(X4)

PROPCOV=value
speci�es the method used in constructing the initial covariance matrix for the Metropolis-Hastings
algorithm. The QUANEW and NMSIMP methods �nd numerically approximated covariance matrices
at the optimum of the posterior density function with respect to all continuous parameters. The
optimization does not apply to discrete parameters. The tuning phase starts at the optimized values; in
some problems, this can greatly increase convergence performance. If the approximated covariance
matrix is not positive de�nite, then an identity matrix is used instead. Valid values are as follows:

IND
uses the identity covariance matrix. This is the default. See the section “Tuning the Proposal
Distribution” on page 5694.
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CONGRA< (optimize-options) >
performs a conjugate-gradient optimization.

DBLDOG< (optimize-options) >
performs a double-dogleg optimization.

QUANEW< (optimize-options) >
performs a quasi-Newton optimization.

NMSIMP | SIMPLEX< (optimize-options) >
performs a Nelder-Mead simplex optimization.

Theoptimize-options are as follows:

ITPRINT

prints optimization iteration steps and results.

REOBSINFO < (display-options) >
displays the ODS table “Random Effect Observation Information.” The table lists the name of each
random effect, the unique values in the corresponding subject variable, the number of observations in
each subject, and the observation indices for each subject value.

To understand how this option works, consider the following statements:

data input;
array names{ * } $ n1-n10 ("John" "Mary" "Chris" "Rob" "Greg"

"Jen" "Henry" "Alice" "James" "Toby");
call streaminit(17);
do i = 1 to 20;

j = ceil(rand("uniform") * 10 );
index = names[j];
output;

end;
drop n: j;

run;

proc print data=input;
run;

The input data set (Figure 74.11) contains theindex variable, which indicates subjects in a hypothetical
random-effects model.
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Figure 74.11 Subject Variable in an Input Data Set

The following statements illustrate the use of the REOBSINFO option:

ods select reobsinfo;
proc mcmc data=input reobsinfo stats=none diag=none;

random u ~ normal(0, sd=1) subject=index;
model general(0);

run;

Figure 74.12 displays the “Random Effect Observation Information” table. The table contains the
name of the random-effect parameter (u), the values of the subject variableindex, the total number of
observations, and the row index of these observations in each of the subject values.

Figure 74.12 Random Effect Observation Information
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Thedisplay-options are as follows:

MAXVALUEPRINT= number | ALL

MAXVPRINT=number | ALL
prints the number of subject values for each random effect (that is, the number of rows that are
displayed in the “Random Effect Observation Information” table for each random effect). The
default value is 20. MAXVALUEPRINT=ALL displays all subject values.

MAXOBSPRINT=number | ALL

MAXOPRINT=number | ALL
prints the number of observation indices for each subject value of every random effect (that is,
the maximum number of indices that are displayed in the “Observation Indices” column in the
“Random Effect Observation Information” table). The default value is 20. MAXOBSPRINT=ALL
displays indices for every subject value.

SCALE=value
controls the initial multiplicative scale to the covariance matrix of the proposal distribution. By default,
SCALE=2.38. See the section “Scale Tuning” on page 5694 for more details.

SEED=n
speci�es the random number seed. By default, SEED=0, and PROC MCMC gets a random number
seed from the clock.

SIMREPORT=n
controls the number of times that PROC MCMC reports the expected run time of the simulation.
This can be useful for monitoring the progress of CPU-intensive programs. For example, with
SIMREPORT=2, PROC MCMC reports the simulation progress twice. By default, SIMREPORT=0,
and there is no reporting. The expected run times are displayed in the log �le.

SINGDEN=value
de�nes the singularity criterion in PROC MCMC. By default, SINGDEN=1E-11. Thevalue indicates
the exclusion of an endpoint in an interval. The mathematical notation “.0” is equivalent to “Œvalue” in
PROC MCMC—that is,x < 0 is treated asx � value in PROC MCMC. The maximum SINGDEN
allowed is 1E-6.

STATISTICS< (global-options) > = NONE | ALL | stats-request

STATS< (global-options) > = NONE | ALL | stats-request
speci�es options for posterior statistics. By default, PROC MCMC computes the posterior mean,
standard deviation, quantiles, and two 95% credible intervals: equal-tail and highest posterior density
(HPD). Other available statistics include the posterior correlation and covariance. See the section
“Summary Statistics” on page 150 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for
more details. You can request all of the posterior statistics by specifying STATS=ALL. You can
suppress all the calculations by specifying STATS=NONE.

You can use postprocessing autocall macros to calculate posterior summary statistics of the posterior
samples after PROC MCMC has exited. See the section “Autocall Macros for Postprocessing” on
page 5744.

You can specify the followingglobal-options to display interval and percentile estimates:
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ALPHA= numeric-list
speci�es the� level for the equal-tail and HPD intervals. The value� must be between 0 and 0.5.
By default, ALPHA=0.05.

PERCENTAGE | PERCENT=numeric-list
calculates the posterior percentages. Thenumeric-list contains values between 0 and 100. By
default, PERCENTAGE=(25 50 75).

You can specify the followingstats-requests:

ALL
computes all posterior statistics. You can combine the option ALL with any other options. For
example STATS(ALPHA=(0.02 0.05 0.1))=ALL computes all statistics with the default settings
and intervals at� levels of 0.02, 0.05, and 0.1.

BRIEF
computes the posterior means, standard deviations, and the100.1� �/ % equal-tail intervals for
each variable.

CORR
computes the posterior correlation matrix.

COV
computes the posterior covariance matrix.

INTERVAL

INT
computes the100.1� �/ % equal-tail and HPD credible intervals for each variable. For more
information, see the sections “Equal-Tail Credible Interval” on page 151 in Chapter 7, “Intro-
duction to Bayesian Analysis Procedures,” and “Highest Posterior Density (HPD) Interval” on
page 151 in Chapter 7, “Introduction to Bayesian Analysis Procedures.” By default,� D 0:05,
but you can use the ALPHA=global-option to request other intervals of any probabilities.

NONE
suppresses all of the statistics.

SUMMARY

SUM
computes the posterior means, standard deviations, and percentile points for each variable. By
default, the 25th, 50th, and 75th percentile points are produced, but you can use the global
PERCENT= option to request speci�c percentile points.

TARGACCEPT=value
speci�es the target acceptance rate for the random walk Metropolis algorithm. For more information,
see the section “Metropolis and Metropolis-Hastings Algorithms” on page 130 in Chapter 7, “Intro-
duction to Bayesian Analysis Procedures.” The numericvalue must be between 0.01 and 0.99. By
default, TARGACCEPT=0.45 for models that have one parameter; TARGACCEPT=0.35 for models
that have two, three, or four parameters; and TARGACCEPT=0.234 for models that have more than
four parameters (Roberts, Gelman, and Gilks 1997; Roberts and Rosenthal 2001).



5662 F Chapter 74: The MCMC Procedure

TARGACCEPTI=value
speci�es the target acceptance rate for the independence sampler algorithm. The independence sampler
is used for blocks of binary parameters. For more information, see the section “Independence Sampler”
on page 133 in Chapter 7, “Introduction to Bayesian Analysis Procedures.” The numericvalue must be
between 0 and 1. By default, TARGACCEPTI=0.6.

THIN=n

NTHIN=n
controls the thinning rate of the simulation. PROC MCMC keeps everynth simulation sample and
discards the rest. All the posterior statistics and diagnostics are calculated using the thinned samples.
By default, THIN=1. For more information, see the section “Burn-In, Thinning, and Markov Chain
Samples” on page 135 in Chapter 7, “Introduction to Bayesian Analysis Procedures.”

TRACE
displays the result of each operation in each statement in the model program as it is executed. This
debugging option is very rarely needed, and it produces voluminous output. If you use this option, also
specify small numbers in the NMC=, NBI=, MAXTUNE=, and NTU= options.

TUNEWT=value
speci�es the multiplicative weight used in updating the covariance matrix of the proposal distribution.
The numericvalue must be between 0 and 1. By default, TUNEWT=0.75. For more information, see
the section “Covariance Tuning” on page 5695.

ARRAY Statement

ARRAY arrayname [ dimensions ] < $ > < variables-and-constants > ;

The ARRAY statement associates a name (of no more than eight characters) with a list of variables and
constants. The ARRAY statement is similar to, but not the same as, the ARRAY statement in the DATA step,
and it is the same as the ARRAY statements in the NLIN, NLP, NLMIXED, and MODEL procedures. The
array name is used with subscripts in the program to refer to the array elements, as illustrated in the following
statements:

array r[8] r1-r8;

do i = 1 to 8;
r[i] = 0;

end;

The ARRAY statement does not support all the features of the ARRAY statement in the DATA step. Implicit
indexing of variables cannot be used; all array references must have explicit subscript expressions. Only exact
array dimensions are allowed; lower-bound speci�cations are not supported. A maximum of six dimensions
is allowed.

Both variables and constants can be array elements. Constant array elements cannot have values assigned
to them while variables can. Both the dimension speci�cation and the list of elements are optional, but at
least one must be speci�ed. When the list of elements is not speci�ed or fewer elements than the size of the
array are listed, array variables are created by appending element numbers to the array name to complete the
element list. You can index array elements by enclosing a subscript in braces.f g/ or brackets.Œ •/, but not in
parentheses.. // . The parentheses are reserved for function calls only.
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For example, the following statement names an arrayday:

array day[365];

By default, the variables names areday1 to day365. However, sinceday is a SAS function, any subscript
that uses parentheses gives you the wrong results. The expressionday(4) returns the value 5 and does not
reference the array elementday4.

BEGINCNST/ENDCNST Statement

BEGINCNST ;

ENDCNST ;

The BEGINCNST and ENDCNST statements de�ne a block within which PROC MCMC processes the
programming statements only during the setup stage of the simulation. You can use the BEGINCNST and
ENDCNST statements to de�ne constants or import data set variables into arrays. Storing data in arrays
enables you to work with data that are not identically distributed (see the section “Modeling Joint Likelihood”
on page 5729) or to implement your own Markov chain sampler (see the section “UDS Statement” on
page 5687). You can also use the BEGINCNST and ENDCNST statements to assign initial values to the
parameters (see the section “Assignments of Parameters” on page 5699).

Assign Constants

Whenever you have programming statements that calculate constants that do not need to be evaluated multiple
times throughout the simulation, you should put them within the BEGINCNST and ENDCNST statements.
Using these statements can reduce redundant processing. For example, you can assign a constant to a symbol
or �ll in an array with numbers:

array cnst[17];
begincnst;

offset = 17;
do i = 1 to 17;

cnst[i] = i * i;
end;

endcnst;

During the setup process, PROC MCMC evaluates the programming statements within the BEGINC-
NST/ENDCNST once for each observation in the data set and ignores the statements in the rest of the
simulation.

READ_ARRAY Function

Sometimes you might need to store variables, either from the current input data set or from a different data
set, in arrays and use these arrays to specify your model. The READ_ARRAY function is convenient for that
purpose.

The following two forms of the READ_ARRAY function are available:

rc = READ_ARRAY ( data-set, array) ;

rc = READ_ARRAY ( data-set, array < , "col-name1" > < , "col-name2" > < , . . . >) ;
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where

� rc returns 0 if the function is able to successfully read the data set.

� data-set speci�es the name of the data set from which the array data is read. The value speci�ed for
data-set must be a character literal or a variable that contains the member name (libname.memname)
of the data set to be read from.

� array speci�es the PROC MCMC array variable into which the data is read. The value speci�ed for
array must be a local temporary array variable because the function might need to grow or shrink its
size to accommodate the size of the data set.

� col-name speci�es optional names for the speci�c columns of the data set that are read. If speci�ed,
col-name must be a literal string enclosed in quotation marks. In addition,col-name cannot be a PROC
MCMC variable. If column names are not speci�ed, PROC MCMC reads all of the columns in the
data set.

When SAS translates between an array and a data set, the array is indexed as [row,column].

The READ_ARRAY function attempts to dynamically resize the array to match the dimensions of the input
data set. Therefore, the array must be dynamic; that is, the array must be declared with the /NOSYMBOLS
option.

For examples that use the READ_ARRAY function, see “Modeling Joint Likelihood” on page 5729, “Exam-
ple 74.14: Time Independent Cox Model” on page 5847, and “Example 74.19: Implement a New Sampling
Algorithm” on page 5873.

BEGINNODATA/ENDNODATA Statements

BEGINNODATA ;

ENDNODATA ;

BEGINPRIOR ;

ENDPRIOR ;

The BEGINNODATA and ENDNODATA statements de�ne a block within which PROC MCMC processes
the programming statements without stepping through the entire data set. The programming statements are
executed only twice: at the �rst and the last observation of the data set. The BEGINNODATA and ENDNO-
DATA statements are best used to reduce unnecessary observation-level computations. Any computations
that are identical to every observation, such as transformation of parameters, should be enclosed in these
statements.

At the �rst observation, PROC MCMC executes all programming statements, including those that are enclosed
by these two statements. This enables a quick update of all the symbols enclosed by the BEGINNODATA
and ENDNODATA statements. The goal is to ensure that subsequent statements (for example, the MODEL
statement) use symbol values that have been calculated correctly. At the last observation, PROC MCMC
executes the enclosed programming statements again and adds the log of the prior density to the log of the
posterior density.
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The BEGINPRIOR and ENDPRIOR statements are aliases for the BEGINNODATA and ENDNODATA
statements, respectively. You can enclose PRIOR statements in the BEGINNODATA and ENDNODATA
statements.

BY Statement

BY variables ;

You can specify a BY statement with PROC MCMC to obtain separate analyses of observations in groups
that are de�ned by the BY variables. When a BY statement appears, the procedure expects the input data
set to be sorted in order of the BY variables. If you specify more than one BY statement, only the last one
speci�ed is used.

If your input data set is not sorted in ascending order, use one of the following alternatives:

� Sort the data by using the SORT procedure with a similar BY statement.

� Specify the NOTSORTED or DESCENDING option in the BY statement for the MCMC procedure.
The NOTSORTED option does not mean that the data are unsorted but rather that the data are arranged
in groups (according to values of the BY variables) and that these groups are not necessarily in
alphabetical or increasing numeric order.

� Create an index on the BY variables by using the DATASETS procedure (in Base SAS software).

For more information about BY-group processing, see the discussion inSAS Language Reference: Concepts.
For more information about the DATASETS procedure, see the discussion in theBase SAS Procedures Guide.

MODEL Statement

MODEL dependent-variable-list Ï distribution < options > ;

The MODEL statement speci�es the conditional distribution of the data given the parameters (the likelihood
function). You specify a single dependent variable or a list of dependent variables, a tildeÏ , and then a
distribution with its arguments. The dependent variables can be variables from the input data set or functions
of the symbols in the program. You must specify the dependent variables unless you use the GENERAL
function or the DGENERAL function (see the section “Specifying a New Distribution” on page 5715 for
more details).

The MODEL statement assumes that the observations are independent of each other, conditional on the
model parameters. If you want to model dependent data—that is,f .y i j�; y j / for j ¤ i —you can use the
JOINTMODEL option in the PROC MCMC statement. See the section “Modeling Joint Likelihood” on
page 5729 for more details. By default, the log-likelihood value is the sum of the individual log-likelihood
value for each observation.

You can specify multiple MODEL statements. You can de�ne likelihood functions that are independent of
each other. For example, in the following statements, the dependent variablesy1 andy2 are independent of
each other:
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model y1 ~ normal(alpha, var=s21);
model y2 ~ normal(beta, var=s22);

Alternatively, you can use marginal and conditional distributions to de�ne a joint log-likelihood function
for multiple dependent variables. For example, the following statements jointly de�ne a distribution over
.y1; y2/ . They specify a marginal distribution for the dependent variabley1 and a conditional distribution for
the dependent variabley2:

model y1 ~ normal(alpha, var=s21);
model y2 ~ normal(beta * y1, var=s22);

Every program must have at least one MODEL statement. If you want to run a Monte Carlo simulation that
does not require a response variable, use the GENERAL function in the MODEL statement:

model general(0);

PROC MCMC interprets the statement as a �at likelihood function with a constant log-likelihood value of 0.

PROC MCMC is a programming language that is similar to the DATA step, and the order of statement
evaluation is important. For example, the MODEL statement must come after any SAS programming
statements that de�ne or modify arguments used in the construction of the log likelihood. In PROC MCMC, a
symbol can be de�ned multiple times and used at different places. Using an expression out of order produces
erroneous results that can also be hard to detect.

Do not embed the MODEL statement within programming statements. For example, suppose you have
three response variables,y1, y2, andy3, and want to model each with a normal distribution. The following
statements lead to erroneous output:

array Y[3] y1 y2 y3;
do i = 1 to 3;

model y[i] ~ normal(mu, sd=s);
end;

Instead, you should do one of the following.

� Use separate MODEL statements:

model y1 ~ normal(mu, sd=s);
model y2 ~ normal(mu, sd=s);
model y3 ~ normal(mu, sd=s);

� Use the GENERAL function to construct a joint distribution of the three dependent variables and use a
single MODEL statement to specify the log-likelihood function:

llike = logpdf("normal", y1, mu, s) +
logpdf("normal", y2, mu, s) +
logpdf("normal", y3, mu, s);

model y1 y2 y3 ~ general(llike);

See the section “Specifying a New Distribution” on page 5715 for more information about how to use
the GENERAL function to specify an arbitrary distribution.
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Missing data are allowed in the response variables; the MODEL statement augments missing data automati-
cally. (In releases before SAS/STAT 12.1, observations with missing values were discarded prior to analysis
and PROC MCMC did not attempt to model these values.) In each iteration, PROC MCMC samples missing
values from their posterior distributions and incorporates them as part of the simulation. PROC MCMC
creates one variable for each missing response value. There are two ways to create the missing value variable
names; see the NAMESUFFIX= option for the naming convention of the variables.

Distributions in MODEL Statement

Standard distributions that the MODEL statement supports are listed in the Table 74.2 (univariate) and
Table 74.3 (multivariate). See the section “Standard Distributions” on page 5700 for density speci�cations.
You can also specify all distributions except the multinomial distribution in the PRIOR and HYPERPRIOR
statements. The RANDOM statement supports only a subset of the distributions (see Table 74.4).

PROC MCMC allows some distributions to be parameterized in multiple ways. For example, you can specify
a normal distribution with a variance, standard deviation, or precision parameter. For distributions that
have different parameterizations, you must specify an option to clearly name the ambiguous parameter. For
example, in the normal distribution, you must indicate whether the second argument represents variance,
standard deviation, or precision.

All univariate distributions, with the exception of binary and uniform, can have the optional LOWER= and
UPPER= arguments, which specify a truncated density. See the section “Truncation and Censoring” on
page 5719 for more details. Truncation is not supported for multivariate distributions.

Table 74.2 Univariate Distributions

Distribution Name De�nition

beta (< a= >� , <b= >� ) Beta distribution with shape parameters� and�

binary (< prob|p= > p) Binary (Bernoulli) distribution with probability of
successp. You can use the aliasbern for this
distribution.

binomial (< n= > n, <prob|p= > p) Binomial distribution with countn and probability
of successp

cauchy (< location|loc|l= >� , <scale|s= >� ) Cauchy distribution with location� and scale�

chisq (< df= > � ) � 2 distribution with� degrees of freedom

dgeneral (ll) General log-likelihood function that you construct
using SAS programming statements for single or
multiple discrete parameters. Also see the
functiongeneral . The namedlogden is an alias
for this function.

expchisq (< df= > � ) Log transformation of a� 2 distribution with�
degrees of freedom:
� � chisq .�/ , log.� / � expchisq .�/ . You
can use the aliasechisq for this distribution.
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Table 74.2 (continued)

Distribution Name De�nition

expexpon (scale|s= � )
expexpon (iscale|is= � )

Log transformation of an exponential distribution
with scale or inverse-scale parameter� :
� � expon .�/ , log.� / � expexpon .�/ . You
can use the aliaseexpon for this distribution.

expGamma (< shape|sp= > a, scale|s= � )
expGamma (< shape|sp= > a, iscale|is= � )

Log transformation of a gamma distribution with
shapea and scale or inverse-scale� : � �
gamma .a; �/ , log.� / � expgamma .a; �/ .
You can use the aliasegamma for this
distribution.

expichisq (< df= > � ) Log transformation of an inverse� 2 distribution
with � degrees of freedom:
� � ichisq .�/ , log.� / � expichisq .�/ . You
can use the aliaseichisq for this distribution.

expiGamma (< shape|sp= > a, scale|s= � )
expiGamma (< shape|sp= > a, iscale|is= � )

Log transformation of an inverse-gamma
distribution with shapea and scale or
inverse-scale� : � � igamma .a; �/ , log.� / �
expigamma .a; �/ . You can use the alias
eigamma for this distribution.

expsichisq (< df= > � , <scale|s= > s) Log transformation of a scaled inverse� 2

distribution with� degrees of freedom and scale
parameters:
� � sichisq .�/ , log.� / � expsichisq .�/ .
You can use the aliasesichisq for this
distribution.

expon (scale|s= � )
expon (iscale|is= � )

Exponential distribution with scale or
inverse-scale parameter�

gamma (< shape|sp= > a, scale|s= � )
gamma (< shape|sp= > a, iscale|is= � )

Gamma distribution with shapea and scale or
inverse-scale�

geo (< prob|p= > p) Geometric distribution with probabilityp
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Table 74.2 (continued)

Distribution Name De�nition

general (ll) General log-likelihood function that you construct
using SAS programming statements for a single or
multiple continuous parameters. The argumentll
is an expression for the log of the distribution. If
there are multiple variables speci�ed before the
tilde in a MODEL, PRIOR, or HYPERPRIOR
statement,ll is interpreted as the log of the joint
distribution for these variables. Note that in the
MODEL statement, the response variable
speci�ed before the tilde is just a place holder and
is of no consequence; the variable must have
appeared in the construction ofll in the
programming statements.general (constant) is
equivalent to a uniform distribution on the real
line. You can use the aliaslogden for this
distribution.

ichisq (< df= >� ) Inverse� 2 distribution with� degrees of freedom

igamma (< shape|sp= > a, scale|s= � )
igamma (< shape|sp= > a, iscale|is= � )

Inverse-gamma distribution with shapea and
scale or inverse-scale�

laplace (< location|loc|l= > � , scale|s= � )
laplace (< location|loc|l= > � , iscale|is= � )

Laplace distribution with location� and scale or
inverse-scale� . This is also known as thedouble
exponentialdistribution. You can use the alias
dexpon for this distribution.

logistic (< location|loc|l= > a, <scale|s= > b) Logistic distribution with locationa and scaleb

lognormal (< mean|m= > � , sd= � )
lognormal (< mean|m= > � , var|v= � )
lognormal (< mean|m= > � , prec= � )

Log-normal distribution with mean� and a value
of � for the standard deviation, variance, or
precision. You can use the aliaseslognormal or
lnorm for this distribution.

negbin (< n= > n, <prob|p= > p) Negative binomial distribution with countn and
probability of successp. You can use the aliasnb
for this distribution.

normal (< mean|m= > � , sd= � )
normal (< mean|m= > � , var|v= � )
normal (< mean|m= > � , prec= � )

Normal (Gaussian) distribution with mean� and
a value of� for the standard deviation, variance,
or precision. You can use the aliasesgaussian ,
norm , or n for this distribution.

pareto (< shape|sp= > a, <scale|s= > b) Pareto distribution with shapea and scaleb
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Table 74.2 (continued)

Distribution Name De�nition

poisson (< mean|m= > � ) Poisson distribution with mean�

sichisq (< df= > � , <scale|s= > s) Scaled inverse� 2 distribution with� degrees of
freedom and scale parameters

t(< mean|m= > � , sd= � , <df= > � )
t(< mean|m= > � , var|v= � , <df= > � )
t(< mean|m= > � , prec= � , <df= > � )

T distribution with mean� , standard deviation or
variance or precision� , and� degrees of freedom

table (< p= > p) Table (categorical) distribution with probability
vectorp. You can also use the aliascat for this
distribution.

uniform (< left|l= > a, < right|r= > b) Uniform distribution with rangea andb. You can
use the aliasunif for this distribution.

wald (< mean|m= > � , < iscale|is= > � ) Wald distribution with mean parameter� and
inverse scale parameter� . This is also known as
theInverse Gaussiandistribution. You can use the
aliasigaussian for this distribution.

weibull (�; c; � ) Weibull distribution with location (threshold)
parameter� , shape parameterc, and scale
parameter� .

Table 74.3 Multivariate Distributions

Distribution Name De�nition

dirichlet (< alpha= >� ) Dirichlet distribution with parameter vector� ,
where� must be a one-dimensional array of
length greater than 1

iwish (< df= >� , <scale= >S) Inverse Wishart distribution with� degrees of
freedom and symmetric positive de�nite scale
arrayS

multinom (< p= >p) Multinomial distribution with probability vectorp

mvn (< mu= >� , <cov= >† ) Multivariate normal distribution with mean vector
� and covariance matrix†

MVNAR(< mu= >� , sd= � , < rho= >� )
MVNAR(< mu= >� , var= � , < rho= >� )
MVNAR(< mu= >� , prec= � , < rho= >� )

Multivariate normal distribution with mean vector
� and a covariance matrix† . The covariance
matrix † is a multiple of the scale and a matrix
with a �rst-order autoregressive structure. When
RHO=0, this distribution becomes a multivariate
normal distribution with shared variance.
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Options for the MODEL Statement

Theoptions in the MODEL statement apply when there are missing values in the response variable, or in the
case of the ICOND= option, when there are lag or lead variables for the response variable. You can specify
the followingoptions.

ICOND=variable-list | numeric-list
speci�es the initial conditions (or initial states) of the lag or lead variables for the response variable
when the observation indices are out of the range. (For more information about rules of constructing lag
and lead variables in PROC MCMC, see the section “Access Lag and Lead Variables” on page 5731.)
For example, you can use the ICOND= option to specify the lag 1 value of the response for the �rst
observation. This option works similarly to the ICOND= option in the RANDOM statement, except
that the index is done according to observations, not a subject variable. The initial conditions can be
model parameters, functions of model parameters, or constants. By default,numeric-list is set to 0.

The ICOND= option in a MODEL statement sets the initial conditions for all lag or lead variables (for
the associated response variable) that appear in the program, not just those that appear in the MODEL
statement. Suppose you have a maximumL number of lag variables and a maximumM number of
lead variables of the responsey in the program, and there aren observations. The program has the
following variables that need to be resolved during the simulation:

yLC 1; : : : ; y0; y1; : : : ; yn ; ynC 1; : : : ; ynC M

Of these variables,n are observations ofy from the input data set and the remainingL+M are initial
conditions that are speci�ed in the ICOND= option. In essence, the ICOND= numeric list stretches the
input data set by �lling in the �rstL and lastM values. As PROC MCMC steps through the input data
set, it resolves the current, lagged, and lead variables according to this stretched vector of observations.

Thevariable-list (or thenumber-list) should be of lengthL+M, which can be greater than the number
of lag or lead response variables that appear in a program. Here is an example.

Suppose you want to �t an autoregressive model of order 2. And instead of two lagged values, the
model requires only the second lag,

Yi D A C � � Yi � 2 C � i

where the noise is assumed to be normal. To specify this autoregressive model, you would use the
statements

mu = A + phi * y.l2;
model y ~ normal(mu, var=s2) icond=(-2 -1);

where theYi � 2, or the lag-2 ofY, variable is constructed by concatenating the variable name, the letter
L (for “lag”), and a lag number.

This model requires two initial conditions for the lag-2 variable ofY, at the �rst and second observations.
Therefore, the ICOND= option expects a numeric list of two values. In this example, at the �rst
observation, the variabley.l2 is given a value of –2; at the second observation,y.l2 is given a value
of –1. If you provide a partial list that contains less than the expected number of conditions, PROC
MCMC �lls the remaining list with the value of 0.
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INITIAL=SAS-data-set | constant | numeric-list
speci�es the initial values of the missing values. By default, PROC MCMC uses a sample average
of the nonmissing values of a response variable as the starting values for all missing values in the
simulation for that variable. You can use the INITIAL= option to start the Markov chain at a different
place.

If you use aSAS-data-set to store initial values, the data set must consist of variable names that agree
with the missing variable names that are used by PROC MCMC. The easiest way to �nd the names of
the internally created variables is to run a default analysis with a very small number of simulations and
check the variable names in the OUTPOST= data set. You can provide a subset of the initial values in
theSAS-data-set , and PROC MCMC uses a default mechanism to �ll in the rest of the missing initial
values.

For example, the following statement creates a data set with initial values for the �rst three missing
values of a response variable:

data RandomInit;
input y_1 y_2 y_3;
datalines;

2.3 3 -3
;

The following MODEL statement uses the values in theRandomInit data set as the initial values of the
corresponding missing values in the model:

model y ~ normal(0,var=s2u) init=randominit;

Specifying aconstant assigns that constant as the initial value to all missing values in that response
variable. For example, the following statement assigns the value 5 to be used as an initial value for all
missingy i in the model:

model y ~ normal(0,var=s2u) init=5;

If you have a multidimensional response variable, you can provide a list of numbers that have the
same length as the dimension of your response array. Each number is then given to all corresponding
missing variables in order. For example, the following statement assigns the value 2 to be used as an
initial value for all missingw1i and the value 3 to be used for all missingw2i in the model:

array w[2] w1 w2;
model w ~ mvn(mu, cov) init=(2 3);

MONITOR= (symbol-list | number-list | RANDOM(number))
outputs analysis for selected missing data variables. You can choose to monitor the missing values by
listing the response variable names, the missing data variable names, or indices, or you can have them
randomly selected by PROC MCMC.

For example, suppose that the data set contains 10 observations and the response variabley has missing
values in observations 2, 3, 7, 9, and 10. To monitor all missing data variables (�ve in total), you
specify the response variable name in the MONITOR= option:
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model y ~ normal(0,var=s2u) monitor=(y);

Suppose you want to monitor the missing data variables that correspond to the missing values in
observations 2, 3, and 10. You have two options: provide either a list of variable names or a list of
indices.

The following statement selects monitored variables by their variable names:

model y ~ normal(0,var=s2u) monitor=(y_2 y_3 y_10);

The variable names must match the internally created variable names for each missing value. See
NAMESUFFIX= option for the naming convention of the variables. By default, the names are created
by concatenating the response variable with the observation index; hence you use thename_obs format
to construct the names. The numbers 2, 3, and 10 are the corresponding observation indices to the
missing values in the input data set.

The following statement selects monitored variables by indices:

model y ~ normal(0,var=s2u) monitor=(1 2 5);

The indices are not a list of the observation numbers, but rather the order by which the missing values
appear in the data set: PROC MCMC reports back the �rst, the second, and the �fth missing value
variables that it creates. The actual variable names that appear in the output are stilly_2, y_3, and
y_10, honoring the control of the NAMESUFFIX= option.

Lastly, PROC MCMC can randomly choose a subset of the variables to monitor. The following
statement randomly selects 3 variables to monitor:

model y ~ normal(0,var=s2u) monitor=(random(3));

The list of the random indices is controlled by the SEED= option in the PROC MCMC statement.
Therefore, the selected variables will be the same when the SEED= option is the same.

NAMESUFFIX=OBSERVATION | POSITION | ORDER
speci�es how the names of the missing data variables are created. By default, the names are created by
concatenating the response variable symbol, an underscore (“_”), and the observation number of the
missing value.

NAMESUFFIX=OBSERVATION constructs the parameter names by appending the observation
number to the response variable symbol. This is the default. NAMESUFFIX=POSITION or NAME-
SUFFIX=ORDER construct the parameter names by appending the numbers 1, 2, 3, and so on, where
the number indicates the order in which the missing values appear in the data set.

For example, suppose you have a response variabley with 10 observations in total, of which �ve are
missing (observations 2, 3, 7, 9, and 10). By default, PROC MCMC creates �ve variable namesy_2,
y_3, y_7, y_9, andy_10. UsingNAMESUFFIX=POSITION changes the names toy_1, y_2, y_3, y_4,
andy_5.
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NOOUTPOST
suppresses the output of the posterior samples of missing data variables to the posterior output data set
(which is speci�ed in the OUTPOST= option in the PROC MCMC statement). In models with a large
number of missing values (for example, tens of thousands), PROC MCMC can run faster if it does not
save the posterior samples.

When you specify both the NOOUTPOST option and the MONITOR= option, PROC MCMC outputs
the list of variables that are monitored.

The maximum number of variables that can be saved to an OUTPOST= data set is 32,767. If the total
number of parameters in your model, including the number of missing data variables, exceeds the limit,
the NOOUTPOST option is evoked automatically and PROC MCMC does not save the missing value
draws to the posterior output data set. You can use the MONITOR= option to select a subset of the
parameters to store in the OUTPOST= data set.

PARMS Statement

PARMS name |(name-list)< = > < { > number | number-list < } >
< name |(name-list)< = > < { > number | number-list < } > . . . >
< / options > ;

The PARMS statement lists the names of the parameters in the model and speci�es optional initial values
for these parameters. These parameters are referred to as themodel parameters. You can specify multiple
PARMS statements. Each PARMS statement de�nes a block of parameters, and the blocked Metropolis
algorithm updates the parameters in each block simultaneously. See the section “Blocking of Parameters”
on page 5691 for more details. PROC MCMC generates missing initial values from the prior distributions
whenever needed, as long as they are the standard distributions and not the GENERAL or DGENERAL
function.

If your model contains a multidimensional parameter (for example, a parameter with a multivariate normal
prior distribution), you must declare the parameter as an array (using the ARRAY statement). You can use
bracesf g after the parameter name in the PARM statement to assign initial values. For example:

array mu[3];
parms mu {1 2 3};

You cannot use the ARRAY statement to assign initial values. If you use the ARRAY statement to store
values in array elements, the declared array becomes a constant array and cannot be used as parameters in the
PARMS statement. For example, the following statement assigns three numbers tomu:

array mu[3] (1 2 3);

The arraymu can no longer be a model parameter.

Every parameter in the PARMS statement must have a corresponding prior distribution in the PRIOR
statement. The program exits if this one-to-one requirement is not satis�ed.

You can specify the followingoptions to control different samplers explicitly for that block of parameters.
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NORMAL | N
uses the normal proposal distribution in the random walk Metropolis. This is the default.

T < (df ) >
uses the t distribution withdf degrees of freedom as an alternative proposal distribution. A t distribution
with a small number of degrees of freedom has thicker tails and can sometimes improve the mixing of
the Markov chain. Whendf > 100, the normal distribution is used instead.

SLICE
applies the slice sampler to each parameter in the PARMS statement individually. See the section“Slice
Sampler” on page 133 in Chapter 7, “Introduction to Bayesian Analysis Procedures,” for details. PROC
MCMC does not implement a multidimensional version of the slice sampler. Because the slice sampler
usually requires multiple evaluations of the objective function (the posterior distribution) in each
iteration, the associated computational cost could be potentially high with this sampling algorithm.

UDS
implements a user-de�ned sampler for any of the parameters in the block. See the section “UDS
Statement” on page 5687 for details and “Example 74.19: Implement a New Sampling Algorithm” on
page 5873 for a realistic example. When you specify the UDS option, PROC MCMC hands off the
sampling of these parameters to you at each iteration and relies on your sampler to return a random
draw from the conditional posterior distribution. This option is useful if you have a model-speci�c
sampler that you want to implement or a new algorithm that can improve the convergence and mixing
of the Markov chain. This functionality is for advanced users, and you should proceed with caution.

PREDDIST Statement

PREDDIST < �label� > OUTPRED=SAS-data-set < NSIM=n > < COVARIATES=SAS-data-set >
< STATISTICS=options > ;

The PREDDIST statement creates a new SAS data set that contains random samples from the posterior
predictive distribution of the response variable. The posterior predictive distribution is the distribution of
unobserved observations (prediction) conditional on the observed data. Lety be the observed data,X be the
covariates,� be the parameter, andypredbe the unobserved data. The posterior predictive distribution is
de�ned to be the following:

p. ypredjy; X/ D
Z

p. ypred; � jy; X/d�

D
Z

p. ypredj�; y; X/p.� jy; X/d�

Given the assumption that the observed and unobserved data are conditional independent given� , the
posterior predictive distribution can be further simpli�ed as the following:

p. ypredjy; X/ D
Z

p. ypredj� /p.� jy; X/d�

The posterior predictive distribution is an integral of the likelihood functionp. ypredj� / with respect to
the posterior distributionp.� jy/ . The PREDDIST statement generates samples from a posterior predictive
distribution based on draws from the posterior distribution of� .



5676 F Chapter 74: The MCMC Procedure

The PREDDIST statement works only on response variables that have standard distributions, and it does not
support either the GENERAL or DGENERAL functions. Multiple PREDDIST statements can be speci�ed,
and an optional label (speci�ed as a quoted string) helps identify the output.

The following list explains speci�cations in the PREDDIST statement:

COVARIATES=SAS-data-set
names the SAS data set that contains the sets of explanatory variable values for which the predictions
are established. This data set must contain data with the same variable names as are used in the
likelihood function. If you omit the COVARIATES= option, the DATA= data set speci�ed in the PROC
MCMC statement is used instead.

NSIM=n
speci�es the number of simulated predicted values. By default, NSIM= uses the NMC= option value
speci�ed in the PROC MCMC statement.

OUTPRED=SAS-data-set
creates an output data set to contain the samples from the posterior predictive distribution. The output
variable names are listed asresp_1–resp_m, whereresp is the name of the response variable andm
is the number of observations in the COVARIATES= data set in the PREDDIST statement. If the
COVARIATES= data set is not speci�ed,m is the number of observations in the DATA= data set
speci�ed in the PROC statement.

SAVEPARM
outputs to the OUTPRED= data set sampled parameter values that are used in each predictive draw.

STATISTICS< (global-options) > = NONE | ALL | stats-request

STATS< (global-options) > = NONE | ALL | stats-request
speci�es options for calculating posterior statistics. This option works identically to the STATISTICS=
option in the PROC statement. By default, this option takes the speci�cation of the STATISTICS=
option in the PROC MCMC statement.

For an example that uses the PREDDIST statement, see the section “Posterior Predictive Distribution” on
page 5749.

PRIOR/HYPERPRIOR Statement

PRIOR parameter-list Ï distribution ;

HYPERPRIOR parameter-list Ï distribution ;

HYPER parameter-list Ï distribution ;

The PRIOR statement speci�es the prior distribution of the model parameters. You must specify a single
parameter or a list of parameters, a tildeÏ , and then a distribution with its parameters.
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You can specify multiple PRIOR statements to de�ne models with multiple prior components. Your model
can have as many hierarchical levels as you want. But in many cases, such as random-effects models, it
is better to use the RANDOM statements to build up the model hierarchy. The log of the prior is the sum
of the log prior values from each of the PRIOR statements. Similar to the MODEL statement, you can
use the PRIOR statement to specify marginal or conditional prior distributions. See the section “MODEL
Statement” on page 5665 for the names of the standard distributions and the section “Standard Distributions”
on page 5700 for density speci�cation.

The PRIOR statements are processed twice at every Markov chain simulation—that is, twice per pass
through the data set. The statements are called at the �rst and the last observation of the data set, just as the
BEGINNODATA and ENDNODATA statements are processed. If you run a Monte Carlo simulation that
is data-independent, you can specify the NOLOGDIST option in the PROC MCMC statement to omit the
calculation of the prior distribution. Omitting this calculation enables PROC MCMC to run faster.

The HYPERPRIOR statement is treated internally the same as the PRIOR statement. It provides a notational
convenience in case you want to �t a multilevel hierarchical model. It speci�es the hyperprior distribution of
the prior distribution parameters. The log of the hyperprior is the sum of the log hyperprior values from each
of the HYPERPRIOR statements.

Parameters in the PRIOR statements can appear as hyperparameters in the RANDOM statement. The reverse
is not allowed: random-effects parameters cannot be hyperparameters in a PRIOR statement.

You can have a program that contains a RANDOM statement but no PRIOR statements. (In SAS 9.3 and
earlier, each program had to contain a PRIOR statement.) A program that contains a RANDOM statement but
no PRIOR statements could be a random-effects model with no �xed-effects parameters or hyperparameters
to the random effects. A MODEL statement is still required in every program.

Programming Statements

This section lists the programming statements available in PROC MCMC to compute the priors and log-
likelihood functions. This section also documents the differences between programming statements in
PROC MCMC and programming statements in the DATA step. The syntax of programming statements used
in PROC MCMC is identical to that used in the NLMIXED procedure (see Chapter 83, “The NLMIXED
Procedure”) and the MODEL procedure (see Chapter 25, “The MODEL Procedure” (SAS/ETS User's Guide)).
Most of the programming statements that can be used in the DATA step can also be used in PROC MCMC.
SeeSAS Language Reference: Dictionaryfor a description of SAS programming statements.

There are also a number of unique functions in PROC MCMC that calculate the log density of various
distributions in the procedure. You can �nd them at the section “Using Density Functions in the Programming
Statements” on page 5716.

For the list of matrix-based functions that is supported in PROC MCMC, see the section “Matrix Functions
in PROC MCMC” on page 5723.
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The following are valid statements:

ABORT;
ARRAY arrayname < [ dimensions ] > < $ > < variables-and-constants >;
CALL name < (expression < , expression . . . >) >;
DELETE;
DO < variable = expression < TO expression > < BY expression > >

< , expression < TO expression > < BY expression > > . . .
< WHILE expression > < UNTIL expression >;

END;
GOTO statement-label;
IF expression;
IF expression THEN program-statement;

ELSE program-statement;
variable = expression;
variable + expression;
LINK statement-label;
PUT < variable > < = > . . . ;
RETURN;
SELECT < (expression) >;
STOP;
SUBSTR(variable, index, length)= expression;
WHEN (expression)program-statement;

OTHERWISE program-statement;

For the most part, the SAS programming statements work the same as they do in the DATA step, as
documented inSAS Language Reference: Concepts. However, there are several differences:

� The ABORT statement does not allow any arguments.

� The DO statement does not allow a character index variable. Thus

do i = 1,2,3;

is supported; however, the following statement is not supported:

do i = �A�,�B�,�C�;

� The PUT statement, used mostly for program debugging in PROC MCMC (see the section “Handling
Error Messages” on page 5766), supports only some of the features of the DATA step PUT statement,
and it has some features that are not available with the DATA step PUT statement:

– The PROC MCMC PUT statement does not support line pointers, factored lists, iteration factors,
overprinting, _INFILE_, _OBS_, the colon (:) format modi�er, or “$”.

– The PROC MCMC PUT statement does support expressions, but the expression must be enclosed
in parentheses. For example, the following statement displays the square root of x:

put (sqrt(x));

� The WHEN and OTHERWISE statements enable you to specify more than one target statement. That
is, DO/END groups are not necessary for multiple statement WHENs. For example, the following
syntax is valid:
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select;
when (exp1) stmt1;

stmt2;
when (exp2) stmt3;

stmt4;
end;

You should avoid de�ning variables that begin with an underscore (_). They might con�ict with internal
variables created by PROC MCMC. The MODEL statement must come after any SAS programming
statements that de�ne or modify terms used in the construction of the log likelihood.

RANDOM Statement

RANDOM random-effect Ï distribution SUBJECT=variable < options > ;

The RANDOM statement de�nes a single random effect and its prior distribution or an array of random
effects and their prior distribution. Therandom-effect must be represented by either a symbol or an array.
The RANDOM statement must consist of therandom-effect, a tilde (Ï ), the distribution for the random
effect, and then a SUBJECT= variable.

SUBJECT=variable | _OBS_
identi�es the subjects in the random-effects model. Thevariable must be part of the input data set,
and it can be either a numeric variable or character literal. Thevariable does not need to be sorted,
and the input data set does not need to be clustered according to it. SUBJECT=_OBS_ enables you
�t an observation-level random-effects model (each observation has its own random effect) without
specifying a subject variable in the input data set.

The random-effects parameters associated with each subject in the same RANDOM statement are assumed to
be conditionally independent of each other, given other parameters and data set variables in the model. The
other parameters include model parameters (declared in the PARMS statements), random-effects parameters
(from other RANDOM statements), and missing data variables.

Table 74.4 shows thedistributions that you can specify in the RANDOM statement.

Table 74.4 Valid Distributions in the RANDOM Statement

Distribution Name De�nition

beta (< a= >� , <b= >� ) Beta distribution with shape parameters� and�

binary (< prob|p= > p) Binary (Bernoulli) distribution with probability of
successp. You can use the aliasbern for this
distribution.

gamma (< shape|sp= > a, scale|s= � )
gamma (< shape|sp= > a, iscale|is= � )

Gamma distribution with shapea and scale or
inverse-scale�
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Table 74.4 (continued)

Distribution Name De�nition

dgeneral (ll) General log-prior function that you construct
using SAS programming statements for univariate
or multivariate discrete random effects. See the
section “Specifying a New Distribution” on
page 5715 for more details.

general (ll) General log-prior function that you construct
using SAS programming statements for univariate
or multivariate continuous random effects. See the
section “Specifying a New Distribution” on
page 5715 for more details.

igamma (< shape|sp= > a, scale|s= � )
igamma (< shape|sp= > a, iscale|is= � )

Inverse-gamma distribution with shapea and
scale or inverse-scale�

laplace (< location|loc|l= > � , scale|s= � )
laplace (< location|loc|l= > � , iscale|is= � )

Laplace distribution with location� and scale or
inverse-scale� . This is also known as thedouble
exponentialdistribution. You can use the alias
dexpon for this distribution.

normal (< mean|m= > � , sd= � )
normal (< mean|m= > � , var|v= � )
normal (< mean|m= > � , prec= � )

Normal (Gaussian) distribution with mean� and
a value of� for the standard deviation, variance,
or precision. You can use the aliasesgaussian ,
norm , or n for this distribution.

poisson (< mean|m= > � ) Poisson distribution with mean�

table (< p= > p) Table (categorical) distribution with probability
vectorp. You can also use the aliascat for this
distribution

uniform (< left|l= > a, < right|r= > b) Uniform distribution with rangea andb. You can
use the aliasunif for this distribution.

MVN(< mu= >� , <cov= >† ) Multivariate normal distribution with mean vector
� and covariance matrix†

MVNAR(< mu= >� , sd= � , < rho= >� )
MVNAR(< mu= >� , var= � , < rho= >� )
MVNAR(< mu= >� , prec= � , < rho= >� )

Multivariate normal distribution with mean vector
� and a covariance matrix† . The covariance
matrix † is a multiple of the scale and a matrix
with a �rst-order autoregressive structure
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Table 74.4 (continued)

Distribution Name De�nition

normalcar (neighbors= , num= , <sd= >� )
normalcar (neighbors= , num= , <var= >� )
normalcar (neighbors= , num= , <prec= >� )

Intrinsic Gaussian conditional autoregressive
(CAR) distribution. The NUM= option speci�es
the name of the data set variable that contains the
number of neighbors for each subject; the
NEIGHBORS= option speci�es the pre�x of data
set variables that contain the neighboring indices
of each subject;� is the standard deviation,
variance, or precision of the distribution.

The following RANDOM statement speci�es a scale effect, wheres2u can be a constant or a model parameter
andindex is a data set variable that indicates group membership of the random effectu:

random u ~ normal(0,var=s2u) subject=index;

The following statements specify multidimensional effects, wheremu andcov can be either parameters in the
model or constant arrays:

array w[2];
array mu[2];
array cov[2,2];
random w ~ mvn(mu, cov) subject=index;

You can specify multiple RANDOM statements. Hyperparameters in the prior distribution of a random effect
can be other random effects in the model. For example, the following statements are allowed because the
random effectg appears in the distribution for the random effectu:

random g ~ normal(0,var=s2g) subject=month;
random u ~ normal(g,var=s2u) subject=day;

These two RANDOM statements specify a nested hierarchical model in which the random effectg is the
hyperparameter of the random effectu. You can build the hierarchical structure as deep as you want. You can
also use multiple RANDOM statements to build non-nested random-effects models.

The number of random-effects parameters in each RANDOM statement is determined by the number of
unique values in the SUBJECT= variable, which can be either unsorted numeric or unsorted character literal.
Unlike the model parameters that are explicitly declared in the PARMS statement (with therefore a �xed total
number), the number of random-effects parameters in a program depends on the values of the SUBJECT=
data set variable. That number can change from one BY group to another.

The order of the RANDOM statements, or their relative placement with respect to other statements in the
program (such as the PRIOR statement or the MODEL statement), is not important. The programming order
becomes relevant if any hyperparameters are de�ned variables in the program. For example, in the following
statements, the hyperparameters is de�ned as a function of some variable or parameter in the model:



5682 F Chapter 74: The MCMC Procedure

s = sqrt(s2g);
random g ~ normal(0,sd=s) subject=month;

That de�nition of s must appear before the RANDOM statement that requires it. If you switched the order of
the statements as follows, PROC MCMC would not be able to calculate the prior density for some subjects
correctly and would produce erroneous results.

random g ~ normal(0,sd=s) subject=month;
s = sqrt(s2g);

The names of the random-effects parameters are created internally. See the NAMESUFFIX= option for
the naming convention of the random-effects parameters. The random-effects parameters are updated
conditionally in the simulation. All posterior draws are saved to the OUTPOST= output data set by default,
and you can use the MONITOR= option to monitor any of the parameters. For more information about
available sampling algorithms, see the ALGORITHM= option. For more information about how to set a
random-effects parameter to a constant (also known as corner-point constraint), see the CONSTRAINT
option.

You can specify the followingoptions in the RANDOM statement:

ALGORITHM=option

ALG=option
speci�es the algorithm to use to sample the posterior distribution. The followingoptions are available:

RWM
uses the random-walk Metropolis algorithm with normal proposal.

SLICE
uses the slice sampling algorithm.

GEO
uses the discrete random-walk Metropolis with symmetric geometric proposal.

When possible, PROC MCMC samples directly from the full conditional distribution. Otherwise, the
default sampling algorithm is the RWM.

CENTER | NOCENTER
speci�es whether to re-center the random-effects parameters after each draw. This option applies only
when you use the NORMALCAR prior. The default is CENTER.

CONSTRAINT(VALUE= value) = FIRST | LAST | NONE | ' formatted-value'

ZERO=FIRST | LAST | NONE | ' formatted-value'
sets one of the random-effects parameters to a �xed value. The default is ZERO=NONE, which
does not �x any of the parameters to be a constant. This option enables you to eliminate one of the
parameters.

For example, this option could be useful if you want to �t a regression model with categorical
covariates and, instead of creating a design matrix, you treat the parameters as “random effects” and �t
an equivalent random-effects model.

Suppose you have a regression that includes a categorical variableX with J levels. You can construct a
full-rank design matrix with J–1 dummy variables (X2 � � �XJ with X1 being the base group) and �t a
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regression such as the following:

� i D � 0 C � 2 � X2 � � � � J � XJ

The following statements in a PROC MCMC step �t such a hypothetical regression model:

parms beta0 betax2 ... betaxJ;
prior beta: ~ n(0, sd=100);
mu = beta0 + betax2 * x2 + ... betaxJ * xJ;
...

Equivalently, you can also treat this model as a random-effects model such as the following, where� j

are random effects for each category inX:

� i D � 0 C � j for j D 1; : : : ; J

However, this random-effects model is over-parameterized. The ZERO= option rids the model with
one random-effects parameter of choice and �xes it to be zero. The following example statements �t
such a hypothetical random-effects model:

parms beta0;
prior beta0 ~ n(0, sd=100);
random beta ~ n(0, sd=100) subject=x zero=first;
mu = beta0 + beta;
...

The speci�cation ZERO=FIRST sets the �rst random-effects parameter to 0, implying� 1 D 0. This
random-effects parameter corresponds to the �rst category in the SUBJECT= variable. The category is
what the �rst observation of the SUBJECT= variable takes.

The speci�cation ZERO=LAST sets the last random-effects parameter to be 0, implying� J D 0. This
random-effects parameter corresponds to the last category in the SUBJECT= variable. The category is
not necessarily the same category that the last observation of the SUBJECT= variable takes because
the SUBJECT= variable does not need to be sorted.

The speci�cation ZERO=`formatted-value' sets the random-effects parameter for the category (in
the SUBJECT= variable) with a formatted value that matches `formatted-value' to 0. For example,
ZERO=`3' sets� 3 D 0.

The CONSTRAINT(VALUE=value) option works similarly to the ZERO= option. You can assign
an arbitraryvalue to any one of the random-effects parameter. For example, the speci�cation CON-
STRAINT(VALUE=0)=FIRST is equivalent to ZERO=FIRST.

ICOND=variable-list | numeric-list

ISTATES=variable-list | numeric-list
speci�es the initial conditions (or initial states) of the lag or lead variable of the random effect when the
subject indices are out of the range of the subjects. (For more information about rules of constructing lag
and lead variables in PROC MCMC, see the section “Access Lag and Lead Variables” on page 5731.)
This works similarly to the ICOND= option in the MODEL statement, except that the index is done
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according to a subject variable, not observations. The initial conditions can be model parameters,
functions of model parameters, or constants. By default,numeric-list is set to 0.

The ICOND= option in a RANDOM statement sets the initial conditions for all lag or lead variables (of
the associated random effect) that appear in the program, not just those that appear in the RANDOM
statement. Suppose you have a maximumL number of lag variables and a maximumM number of
lead variables of the random effectmu in the program, and there aren clusters. The program has the
following vector of variables that need to be resolved during simulation:

� LC 1; : : : ; � 0; � 1; : : : ; � n ; � nC 1; : : : ; � nC M

Of these variables,n (� 1; : : : ; � n) are random-effects parameters and the remainingL+M are initial
conditions that are speci�ed in the ICOND= option. Thevariable-list (or thenumber-list) should be a
vector of lengthL+M, which can be greater than the number of lag/lead random-effect variables that
appear in a program. If you provide a partial list that contains fewer thanL+M states, PROC MCMC
�lls the remaining vector with the value of 0.

INITIAL=SAS-data-set | constant | numeric-list
speci�es the initial values of the random-effects parameters. By default, PROC MCMC uses the same
option as speci�ed in the INIT= option to generate initial values for the random-effects parameter:
either it uses the mode of the prior density or it randomly draws a sample from that distribution. You
can start the Markov chain at different places by providing aSAS-data-set , a constant, or anumeric-list
for multivariate random-effects parameters.

If you use aSAS-data-set, the data set must consist of variable names that agree with the random-
effects parameters in the model (see the NAMESUFFIX= option for the naming convention of the
random-effects parameters). The easiest way to �nd the names of the internally created parameter
names is to run a default analysis with a very small number of simulations and check the variable
names in the OUTPOST= data set. You can provide a subset of the initial values in theSAS-data-set
and PROC MCMC will use the default mechanism to �ll in the rest of the random-effects parameters.

For example, the following statement creates a data set with initial values for the random-effects
parametersu_1, u_2, andu_3:

data RandomInit;
input u_1 u_2 u_3;
datalines;

2.3 3 -3
;

The following RANDOM statement takes the values in theRandomInit data set to be the initial values
of the corresponding random-effects parameters in the model:

random u ~ normal(0,var=s2u) subject=index init=randominit;

Specifying aconstant assigns that constant as the initial value to all random-effects parameters in the
statement. For example, the following statement assigns the value 5 to be used as an initial value for
all ui in the model:
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random u ~ normal(0,var=s2u) subject=index init=5;

If you have multiple effects, you can provide a list of numbers, where the length of the list the same as
the dimension of your random-effects array. Each number is then given to all corresponding random-
effects parameters in order. For example, the following statement assigns the value 2 to be used as an
initial value for allw1i and the value 3 to be used for allw2i in the model:

array w[2] w1 w2;
random w ~ mvn(mu, cov) subject=index init=(2 3);

If you use the GENERAL or DGENERAL functions in the RANDOM statement, you must provide
initial values for these parameters.

MONITOR= (symbol-list | number-list | RANDOM(number))
outputs analysis for selected random-effects parameters. You can choose to monitor the random-effects
parameters by listing the effect names or effect indices, or you can have them randomly selected by
PROC MCMC.

To monitor all random-effects parameters, you specify the effect name in the MONITOR= option:

random u ~ normal(0,var=s2u) subject=index monitor=(u);

You have three options for monitoring a subset of the random-effects parameters. You can provide a
list of the parameter names, you can provide a number list of the parameter indices, or you can have
PROC MCMC randomly choose a subset of parameters for you.

For example, if you want to monitor analysis for parametersu_1 throughu_10, u_23, andu_57, you
can provide the names as follows:

random u ~ normal(0,var=s2u) subject=index monitor=(u_1-u_10 u_23 u_57);

The naming convention in thesymbol-list must agree with the NAMESUFFIX= option, which controls
how the parameter names of therandom-effect are created. By default, NAMESUFFIX=SUBJECT,
and thesymbol-list must use suf�xes that correspond to the formatted values1 in the SUBJECT= data
set variable. With the NAMESUFFIX=POSITION option, thesymbol-list must use suf�xes that agree
with the input order of the SUBJECT= variable. If the SUBJECT= variable has a character value, you
cannot use the hyphen (-) in thesymbol-list to indicate a range of variables.

To monitor the same list of random-effects parameters, you can provide their indices:

random u ~ normal(0,var=s2u) subject=index monitor=(1 to 10 by 1 23 57);

PROC MCMC can also randomly choose a subset of the parameters to monitor:

1In SAS/STAT 9.3, the random-effects parameters were created using the unformatted values of the SUBJECT=variable.
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random u ~ normal(0,var=s2u) subject=index monitor=(random(12));

The sequence of the random indices is controlled by the SEED= option in the PROC MCMC statement.

By default, PROC MCMC does not monitor any random-effects parameters. When you specify this
option, it takes the speci�cation of theSTATISTICS=andPLOTS=options in the PROC MCMC
statement. By default, PROC MCMC outputs all the posterior samples of all random-effects parameters
to the OUTPOST= output data set. You can use the NOOUTPOST option to suppress the saving of the
random-effects parameters.

NAMESUFFIX=option
speci�es how the names of the random-effects parameters are internally created from the SUBJECT=
variable that is speci�ed in the RANDOM statement. PROC MCMC creates the names by concatenating
therandom-effect symbol with an underscore and a series of numbers or characters. The following
options control the type of methods that are used in such construction:

SUBJECT
constructs the parameter names by appending the formatted values of the SUBJECT=variable in
the input data set.2

POSITION
constructs the parameter names by appending the numbers 1, 2, 3, and so on, where the number
indicates the order in which the SUBJECT=variable appears in the data set.

For example, suppose you have an input data set with four observations and the SUBJECT= variable
zipcode has four values (with three of them unique): 27513, 01440, 27513, and 15217. The following
SAS statement creates three random-effects parameters namedu_27513, u_01440, andu_15217:

random u ~ normal(0,var=10) subject=zipcode namesuffix=subject;

On the other hand, using NAMESUFFIX=POSITION creates three parameters namedu_1, u_2, and
u_3:

random u ~ normal(0,var=10) subject=zipcode namesuffix=position;

By default, NAMESUFFIX=SUBJECT.

NOOUTPOST
suppresses the output of the posterior samples of random-effects parameters to the OUTPOST= data
set. In models with a large number of random-effects parameters (for example, tens of thousands),
PROC MCMC can run faster if it does not save the posterior samples of the random-effects parameters.

When you specify both the NOOUTPOST option and the MONITOR= option, PROC MCMC outputs
the list of variables that are monitored.

The maximum number of variables that can be saved to an OUTPOST= data set is 32,767. If you run a
large-scale random-effects model with the number of parameters exceeding the limit, the NOOUTPOST
option is evoked automatically and PROC MCMC does not save the random-effects parameter draws to
the posterior output data set. You can use the MONITOR= option to select a subset of the parameters
to store in the OUTPOST= data set.

2In SAS/STAT 9.3, the random-effects parameters were created using the unformatted values of the SUBJECT=variable.
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UDS Statement

UDS subroutine-name (subroutine-argument-list) ;

UDS stands for user de�ned sampler. The UDS statement enables you to use a separate algorithm, other than
the default random walk Metropolis, to update parameters in the model. The purpose of the UDS statement is
to give you a greater amount of �exibility and better control over the updating schemes of the Markov chain.
Multiple UDS statements are allowed.

For the UDS statement to work properly, you have to do the following:

� write a subroutine by using PROC FCMP (see the FCMP Procedure in theBase SAS Procedures
Guide) and save it to a SAS catalog (see the example in this section). The subroutine must update some
parameters in the model. These are the UDS parameters. The subroutine is called the UDS subroutine.

� declare any UDS parameters in the PARMS statement with a sampling option, as in < / UDS > (see the
section “PARMS Statement” on page 5674).

� specify the prior distributions for all UDS parameters, using the PRIOR statements.

NOTE : All UDS parameters must appear in three places: the UDS statement, the PARMS statement, and the
PRIOR statement. Otherwise, PROC MCMC exits.

To obtain a valid Markov chain, a UDS subroutine must update a parameter from its full posterior conditional
distribution and not the posterior marginal distribution. The posterior conditional is something that you
need to provide. This conditional is implicitly based on a prior distribution. PROC MCMC has no means to
verify that the implied prior in the UDS subroutine is the same as the prior that you speci�ed in the PRIOR
statement. You need to make sure that the two distributions agree; otherwise, you will get misleading results.

The priors in the PRIOR statements do not directly affect the sampling of the UDS parameters. They could
affect the sampling of the other parameters in the model, which, in turn, changes the behavior of the Markov
chain. You can see this by noting cases where the hyperparameters of the UDS parameters are model
parameters; the priors should be part of the posterior conditional distributions of these hyperparameters, and
they cannot be omitted.

Some additional information is listed to help you better understand the UDS statement:

� Most features of the SAS programming language can be used in subroutines processed by PROC
FCMP (see the FCMP Procedure in theBase SAS Procedures Guide).

� The UDS statement does not support FCMP functions—a FCMP function returns a value, while a
subroutine does not. A subroutine updates some of its subroutine arguments. These arguments are
called OUTARGS arguments.

� The UDS parameters cannot be in the same block as other parameters. The optional argument < /
UDS > in the PARMS statement prevents parameters that use the default Metropolis from being mixed
with those that are updated by the UDS subroutines.

� You can put all the UDS parameters in the same PARMS statement or have a separate UDS statement
for each of them.
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� The same subroutine can be used in multiple UDS statements. This feature comes in handy if you have
a generic sampler that can be applied to different parameters.

� PROC MCMC updates the UDS parameters by calling the UDS subroutines directly. At every iteration,
PROC MCMC �rst samples parameters that use the Metropolis algorithm, then the UDS parameters.
Sampling of the UDS parameters proceeds in the order in which the UDS statements are listed.

� A UDS subroutine accepts any symbols in the program as well as any input data set variables as its
arguments.

� Only the OUTARGS arguments in a UDS subroutine are updated in PROC MCMC. You can modify
other arguments in the subroutine, but the changes are not global in PROC MCMC.

� If a UDS subroutine has an argument that is a SAS data set variable, PROC MCMC steps through the
data set while updating the UDS parameters. The subroutine is called once per observation in the data
set for every iteration.

� If a UDS subroutine does not have any arguments that are data set variables, PROC MCMC does not
access the data set while executing the subroutine. The subroutine is called once per iteration.

� To reduce the overhead in calling the UDS subroutine and accessing the data set repeatedly, you might
consider reading all the input data set variables into arrays and using the arrays as the subroutine
arguments. See the section “BEGINCNST/ENDCNST Statement” on page 5663 about how to use the
BEGINCNST and ENDCNST statements to store data set variables.

For an example that uses the UDS statement, see “Example 74.19: Implement a New Sampling Algorithm”
on page 5873.

Details: MCMC Procedure

How PROC MCMC Works

PROC MCMC is a simulation-based procedure that applies a variety of sampling algorithms to the program
at hand. The default sampling methods include conjugate sampling (from full conditional), direct sampling
from the marginal distribution, inverse cumulative distribution function, random walk Metropolis with normal
proposal, and discretized random walk Metropolis with normal proposal. You can request alternate sampling
algorithms, such as random walk Metropolis witht distribution proposal, discretized random walk Metropolis
with symmetric geometric proposal, and the slice sampling algorithm.

PROC MCMC applies the more ef�cient sampling algorithms �rst, whenever possible. When a parameter
does not appear in the conditional distributions of other random variables in the program, PROC MCMC
generates samples directly from its prior distribution (which is also its marginal distribution). This usually
occurs in data-independent Monte Carlo simulation programs (see “Example 74.1: Simulating Samples From
a Known Density” on page 5776 for an example) or missing data problems, where the missing response
variables are generated directly from the conditional sampling distribution (or the conditional likelihood).
When conjugacy is detected, PROC MCMC uses random number generators to draw values from the full
conditional distribution. (For information about detecting conjugacy, see the section “Conjugate Sampling”
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on page 5697.) In other situations, PROC MCMC resorts to the random walk Metropolis with normal
proposal to generate posterior samples for continuous parameters and a discretized version for discrete
parameters. See the section “Metropolis and Metropolis-Hastings Algorithms” on page 130 in Chapter 7,
“Introduction to Bayesian Analysis Procedures,” for details about the Metropolis algorithm. For the actual
implementation details of the Metropolis algorithm in PROC MCMC, such as tuning of the covariance
matrices, see the section “Tuning the Proposal Distribution” on page 5694.

A key component of the Metropolis algorithm is the calculation of the objective function. In most cases,
the objective function that PROC MCMC uses in a Metropolis step is the logarithm of the joint posterior
distribution, which is calculated with the inclusion of all data and parameters. The rest of this section describes
how PROC MCMC calculates the objective function for parameters that use the Metropolis algorithm.

Model Parameters

To calculate the log of the posterior density, PROC MCMC assumes that all observations in the data set are
independent,

log.p.� jy// D log.�.� // C
nX

i D 1

log.f .y i j� //

where� is a parameter or a vector of parameters that are de�ned in the PARMS statements (referred to
as themodel parameters). The termlog.�.� // is the sum of the log of the prior densities speci�ed in the
PRIOR and HYPERPRIOR statements. The termlog.f .y i j� // is the log likelihood speci�ed in the MODEL
statement. The MODEL statement speci�es the log likelihood for a single observation in the data set.

If you want to model dependent data—that is,log.f . yj� // ¤
P

i log.f .y i j� // —you can use the JOINT-
MODEL option in the PROC MCMC statement. See the section “Modeling Joint Likelihood” on page 5729
for more details.

The statements in PROC MCMC are similar to DATA step statements; PROC MCMC evaluates every
statement in order for each observation. At the beginning of the data set, the log likelihood is set to be 0.
As PROC MCMC steps through the data set, it cumulatively adds the log likelihood for each observation.
Statements between the BEGINNODATA and ENDNODATA statements are evaluated only at the �rst and
the last observations. At the last observation, the log of the prior and hyperprior distributions is added to the
sum of the log likelihood to obtain the log of the posterior distribution.

Calculation of thelog.p.� jy// objective function involves a complete pass through the data set, making it
potentially computationally expensive. If� D f � 1; � 2g is multidimensional, you can choose to update a
portion of the parameters at each iteration step by declaring them in separate PARMS statements (see the
section “Blocking of Parameters” on page 5691 for more information). PROC MCMC updates each block of
parameters while holding others constant. The objective functions that are used in each update are the same
as the log of the joint posterior density:

log.p.� 1 jy; � 2// D log.p.� 2 jy; � 1// D log.p.� jy//

In other words, PROC MCMC does not derive the conditional distribution explicitly for each block of
parameters, and it uses the full joint distribution in the Metropolis step for every block update.
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Random-Effects Models

For programs that require RANDOM statements, PROC MCMC includes the sum of the density evaluation
of the random-effects parameters in the calculation of the objective function for� ,

log.p.� j
 ; y// D log.�.� // C
JX

j D 1

log.�.
 j j� // C
nX

i D 1

log.f .y i j�; 
 //

where
 D f 
 1; : : : ; 
 J gare random-effects parameters and�.
 j j� / is the prior distribution of the random-
effects parameters. The likelihood function can be conditional on
 , but the prior distributions of� , which
must be independent of
 , cannot.

The objective function used in the Metropolis step for the random-effects parameter
 j contains only the
portion of the data that belong to thejth cluster:

log.p.
 j j�; y// D log.�.
 j j� // C
X

i 2 f j th clusterg

log.f .y i j�; 
 j //

The calculation does not includelog.� / , the prior density piece, because that is a known constant. Evaluation
of this objective function involves only a portion of the data set, making it more computationally ef�cient.
In fact, updating every random-effects parameters in a single RANDOM statement involves only one pass
through the data set.

You can have multiple RANDOM statements in a program, which adds more pieces to the posterior calculation,
such as

log.p.� j
 ; � ; y// D log.�.� // C
JX

j D 1

log.�.
 j j� // C
KX

k D 1

log.�.� k j� // C
nX

i D 1

log.f .y i j�; 
 ; � //

where� D f � 1; : : : ; � K gis another random effect. The random effects
 and� can form their own hierarchy
(as in a nested model), or they can enter the program in a non-nested fashion. The objective functions for
 j

and� k are calculated using only observations that belong to their respective clusters.

Models with Missing Values

Missing values in the response variables of the MODEL statement are treated as random variables, and they
add another layer in the conditional updates in the simulation. Suppose that

y D fyobs; ymisg

The response variabley consists ofn1 observed valuesyobs andn2 missing valuesymis. The log of the
posterior distribution is thus formed by

log.p.� j
 ; ymis; yobs// D log.�.� // C
JX

j D 1

log.�.
 j j� // C
n2X

i D 1

log.f .y mis;i j�; 
 //
n1X

i D 1

log.f .y obs;i j�; 
 //

where the expression is evaluated at the drawn
 andyobs values.

The conditional distribution of the random-effects parameter
 j is

log.p.
 j j�; y// D log.�.
 j j� // C
X

i 2 f j th clusterg

log.f .y i j�; 
 j //
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where they i are either the observed or the imputed values of the response variable.

The missing values are usually sampled directly from the sampling distribution and do not require the
Metropolis sampler. When a response variable takes on a GENERAL function, the objective function is
simply the likelihood function:log

�
f .y mis;i j�; 
 j /

�
.

Blocking of Parameters

In a multivariate parameter model, if allk parameters are proposed with one joint distributionq.�j�/ , acceptance
or rejection would occur for all of them. This can be rather inef�cient, especially when parameters have vastly
different scales. A way to avoid this dif�culty is to allocate thek parameters intod blocks and update them
separately. The PARMS statement puts model parameters in separate blocks, and each block of parameters is
updated sequentially in the procedure.

Suppose you want to sample from a multivariate distribution with probability density functionp.� jy/ where
� D f � 1; � 2; : : : ; � k g: Now suppose that thesek parameters are separated intod blocks—for example,
p.� jx/ D f d .z/ wherez D f z1; z2; : : : ; zd g, where eachzj contains a nonempty subset of thef � i g, and
where each� i is contained in one and only onezj . In the MCMC context, thez's are blocks of parameters.
In the blocked algorithm, a proposal consists of several parts. Instead of proposing a simultaneous move for
all the� 's, a proposal is made for the� i 's in z1 only, then for the� i 's in z2, and so on ford subproposals.
Any accepted proposal can involve any number of the blocks moving. The parameters do not necessarily all
move at once as in the all-at-once Metropolis algorithm.

Formally, the blocked Metropolis algorithm is as follows. Letwj be the collection of� i that are in blockzj ,
and letqj . �jwj / be a symmetric multivariate distribution that is centered at the current values ofwj .

1. Let t D 0. Choose points for allwt
j . A point can be an arbitrary point as long asp.w t

j jy/ > 0 .

2. Forj D 1; : : : ; d:

a) Generate a new sample,wj; new, using the proposal distributionqj . �jwt
j / .

b) Calculate the following quantity:

r D min

(
p.w j; newjwt

1; : : : ; wt
j � 1; wt � 1

j C 1; : : : ; wt
d ; y/

p.w t
j jwt

1; : : : ; wt
j � 1; wt C 1

j � 1; : : : ; wt
d ; y/

; 1

)

:

c) Sampleu from the uniform distributionU.0; 1/.

d) Setwt C 1
j D wj; newif r < a ; wt C 1

j D wt
j otherwise.

3. Sett D t C 1. If t < T , the number of desired samples, go back to Step 2; otherwise, stop.

With PROC MCMC, you can sample all parameters simultaneously by putting them all in a single PARMS
statement, you can sample parameters individually by putting each parameter in its own PARMS statement, or
you can sample certain subsets of parameters together by grouping each subset in its own PARMS statements.
For example, if the model you are interested in has �ve parameters,alpha, beta, gamma, phi, sigma, the
all-at-once strategy is as follows:
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parms alpha beta gamma phi sigma;

The one-at-a-time strategy is as follows:

parms alpha;
parms beta;
parms gamma;
parms phi;
parms sigma;

A two-block strategy could be as follows:

parms alpha beta gamma;
parms phi sigma;

The exceptions to the previously described blocking strategies are parameters that are sampled directly (either
from their full conditional or marginal distributions) and parameters that are array-based (with multivariate
prior distributions). In these cases, the parameters are taken out of an existing block and are updated
individually. You can use the sampling options in the PARMS statement to override the default behavior.

One of the greatest challenges in MCMC sampling is achieving good mixing of the chains—the chains should
quickly traverse the support of the stationary distribution. A number of factors determine the behavior of a
Metropolis sampler; blocking is one of them, so you want to be extremely careful when you choose a good
design. Generally speaking, forming blocks of parameters has its advantages, but it is not true that the larger
the block the faster the convergence.

When simultaneously sampling a large number of parameters, the algorithm might �nd it dif�cult to achieve
good mixing. As the number of parameters gets large, it is much more likely to have (proposal) samples that
fall well into the tails of the target distribution, producing too small a test ratio. As a result, few proposed
values are accepted and convergence is slow. On the other hand, when the algorithm samples each parameter
individually, the computational cost increases linearly. Each block of Metropolis parameters requires one
additional pass through the data set, so a �ve-block updating strategy could take �ve times longer than
a single-block updating strategy. In addition, there is a chance that the chain might mix far too slowly
because the conditional distributions (of� i given all other� 's) might be very “narrow,” as a result of posterior
correlation among the parameters. When that happens, it takes a long time for the chain to fully explore
that dimension alone. There are no theoretical results that can help determine an optimal “blocking” for an
arbitrary parametric model. A rule followed in practice is to form small groups of correlated parameters
that belong to the same context in the formulation of the model. The best mixing is usually obtained with a
blocking strategy somewhere between the all-at-once and one-at-a-time strategies.

Sampling Methods

When suitable, PROC MCMC chooses the optimal sampling method for each parameter. That involves
direct sampling either from the conditional posterior via conjugacy (see the section “Conjugate Sampling” on
page 5697) or via the marginal posterior (see the section “Direct Sampling” on page 5696). Alternatively,
PROC MCMC samples according to Table 74.5. Each block of parameters is classi�ed by the nature of the
prior distributions. “Continuous” means all priors of the parameters in the same block have a continuous
distribution. “Discrete” means all priors are discrete. “Mixed” means that some parameters are continuous
and others are discrete. Parameters that have binary priors are treated differently, as indicated in the table.
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Table 74.5 Sampling Methods in PROC MCMC

Blocks Default Method Alternative Method

Continuous Multivariate normal (MVN) Multivariatet (MVT); slice sampler
Discrete (other than binary) Binned MVN Binned MVT or symmetric geometric
Mixed MVN MVT
Binary (single dimensional) Inverse CDF
Binary (multidimensional) Independence sampler

For a block of continuous parameters, PROC MCMC uses a multivariate normal distribution as the default
proposal distribution. In the tuning phase, PROC MCMC �nds an optimal scalec and a tuning covariance
matrix† .

For a discrete block of parameters, PROC MCMC uses a discretized multivariate normal distribution as the
default proposal distribution. The scalec and covariance matrix† are tuned. Alternatively, you can use an

independent symmetric geometric proposal distribution. The density has formp.1 � p/ j � j

2.1 � p/ and has variance
.2 � p/.1 � p/

p 2 . In the tuning phase, the procedure �nds an optimal proposal probabilityp for every parameter in
the block.

You can change the proposal distribution, from the normal to at distribution. You can either use the PROC
option PROPDIST=T(df) or PARMS statement option < / T(df) > to make the change. Thet distributions
have thicker tails, and they can propose to the tail areas more ef�ciently than the normal distribution.
It can help with the mixing of the Markov chain if some of the parameters have a skewed tails. See
“Example 74.6: Nonlinear Poisson Regression Models” on page 5804. The independence sampler (see the
section “Independence Sampler” on page 133 in Chapter 7, “Introduction to Bayesian Analysis Procedures”)
is used for a block of binary parameters. The inverse CDF method is used for a block that consists of a single
binary parameter.

For parameters with continuous prior distributions, you can use the slice sampler as an alternative sampling
algorithm. To do so, specify the SLICE option in the PARMS. When you specify the SLICE option, all
parameters are updated individually. PROC MCMC does not support a multivariate version of the slice
sampler. For more in information about the slice sampler, see the section“Slice Sampler” on page 133 in
Chapter 7, “Introduction to Bayesian Analysis Procedures.”

The sampling algorithms for the random-effects parameters are chosen in a similar fashion. The preferred
algorithms are the direct method either from the full conditional or the marginal. When these are not
attainable, Metropolis with normal proposal becomes the default for continuous random-effects parameters,
and discrete Metropolis with normal proposal becomes the default for discrete random-effects parameters.
You can use the ALGORITHM= option in the RANDOM statement to choose the slice sampler or discrete
Metropolis with symmetric geometric as the alternatives.

The sampling preference of the missing data variables is the same as the random-effects parameters. The
reserve sampling algorithm is the Metropolis. There is no alternative sampling method available for the
missing data variables.
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Tuning the Proposal Distribution

One key factor in achieving high ef�ciency of a Metropolis-based Markov chain is �nding a good proposal
distribution for each block of parameters. This process is referred to as tuning. The tuning phase consists of a
number of loops. The minimum number of loops is controlled by the option MINTUNE=, with a default
value of 2. The option MAXTUNE= controls the maximum number of tuning loops, with a default value
of 24. Each loop lasts for NTU= iterations, where by default NTU= 500. At the end of every loop, PROC
MCMC examines the acceptance probability for each block. The acceptance probability is the percentage of
NTU= proposals that have been accepted. If the probability falls within the acceptance tolerance range (see
the section “Scale Tuning” on page 5694), the current con�guration ofc/† or p is kept. Otherwise, these
parameters are modi�ed before the next tuning loop.

Continuous Distribution: Normal or t Distribution

A good proposal distribution should resemble the actual posterior distribution of the parameters. Large
sample theory states that the posterior distribution of the parameters approaches a multivariate normal
distribution (see Gelman et al. 2004, Appendix B, and Schervish 1995, Section 7.4). That is why a normal
proposal distribution often works well in practice. The default proposal distribution in PROC MCMC
is the normal distribution:qj .� newj� t / D MVN.� newj� t ; c2† /. As an alternative, you can choose a
multivariatet distribution as the proposal distribution. It is a good distribution to use if you think that the
posterior distribution has thick tails and at distribution can improve the mixing of the Markov chain. See
“Example 74.6: Nonlinear Poisson Regression Models” on page 5804.

Scale Tuning
The acceptance rate is closely related to the sampling ef�ciency of a Metropolis chain. For a random
walk Metropolis, high acceptance rate means that most new samples occur right around the current data
point. Their frequent acceptance means that the Markov chain is moving rather slowly and not exploring
the parameter space fully. On the other hand, a low acceptance rate means that the proposed samples are
often rejected; hence the chain is not moving much. An ef�cient Metropolis sampler has an acceptance
rate that is neither too high nor too low. The scalec in the proposal distributionq.�j�/ effectively controls
this acceptance probability. Roberts, Gelman, and Gilks (1997) showed that if both the target and proposal
densities are normal, the optimal acceptance probability for the Markov chain should be around 0.45 in a
single dimensional problem, and asymptotically approaches 0.234 in higher dimensions. The corresponding
optimal scale is 2.38, which is the initial scale set for each block.

Due to the nature of stochastic simulations, it is impossible to �ne-tune a set of variables such that the
Metropolis chain has the exact desired acceptance rate. In addition, Roberts and Rosenthal (2001) empirically
demonstrated that an acceptance rate between 0.15 and 0.5 is at least 80% ef�cient, so there is really no
need to �ne-tune the algorithms to reach acceptance probability that is within small tolerance of the optimal
values. PROC MCMC works with a probability range, determined by the PROC options TARGACCEPT
� ACCEPTTOL. The default value of TARGACCEPT is a function of the number of parameters in the
model, as outlined in Roberts, Gelman, and Gilks (1997). The default value of ACCEPTTOL= is 0.075. If
the observed acceptance rate in a given tuning loop is less than the lower bound of the range, the scale is
reduced; if the observed acceptance rate is greater than the upper bound of the range, the scale is increased.
During the tuning phase, a scale parameter in the normal distribution is adjusted as a function of the observed
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acceptance rate and the target acceptance rate. The following updating scheme is used in PROC MCMC3:

cnew D
ccur � ˆ � 1.p opt=2/

ˆ � 1.p cur=2/

whereccur is the current scale,pcur is the current acceptance rate,popt is the optimal acceptance probability.

Covariance Tuning
To tune a covariance matrix, PROC MCMC takes a weighted average of the old proposal covariance matrix
and the recent observed covariance matrix, based on NTU samples in the current loop. The TUNEWT=w
option determines how much weight is put on the recently observed covariance matrix. The formula used to
update the covariance matrix is as follows:

COVnew D w COVcur C .1 � w /COVold

There are two ways to initialize the covariance matrix:

� The default is an identity matrix multiplied by the initial scale of 2.38 (controlled by the PROC option
SCALE=) and divided by the square root of the number of estimated parameters in the model. It can
take a number of tuning phases before the proposal distribution is tuned to its optimal stage, since the
Markov chain needs to spend time learning about the posterior covariance structure. If the posterior
variances of your parameters vary by more than a few orders of magnitude, if the variances of your
parameters are much different from 1, or if the posterior correlations are high, then the proposal tuning
algorithm might have dif�culty with forming an acceptable proposal distribution.

� Alternatively, you can use a numerical optimization routine, such as the quasi-Newton method, to �nd
a starting covariance matrix. The optimization is performed on the joint posterior distribution, and the
covariance matrix is a quadratic approximation at the posterior mode. In some cases this is a better
and more ef�cient way of initializing the covariance matrix. However, there are cases, such as when
the number of parameters is large, where the optimization could fail to �nd a matrix that is positive
de�nite. In that case, the tuning covariance matrix is reset to the identity matrix.

A side product of the optimization routine is that it also �nds themaximum a posteriori(MAP) estimates with
respect to the posterior distribution. The MAP estimates are used as the initial values of the Markov chain.

If any of the parameters are discrete, then the optimization is performed conditional on these discrete
parameters at their respective �xed initial values. On the other hand, if all parameters are continuous, you
can in some cases skip the tuning phase (by setting MAXTUNE=0) or the burn-in phase (by setting NBI=0).

Discrete Distribution: Symmetric Geometric

By default, PROC MCMC uses the normal density as the proposal distribution in all Metropolis random walks.
For parameters that have discrete prior distributions, PROC MCMC discretizes proposed samples. You can
choose an alternative symmetric geometric proposal distribution by specifying the option DISCRETE=GEO.

3 Roberts, Gelman, and Gilks (1997) and Roberts and Rosenthal (2001) demonstrate that the relationship between acceptance

probability and scale in a random walk Metropolis isp D 2ˆ
�
�

p
I c=2

�
, wherec is the scale,p is the acceptance rate,ˆ is the

CDF of a standard normal, andI � E f Œ.f0.x/=f .x// 2•, f .x/ is the density function of samples. This relationship determines the
updating scheme, withI being replaced by the identity matrix to simplify calculation.
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The density of the symmetric geometric proposal distribution is as follows:

pg .1 � pg / j � j

2.1 � pg /

where the symmetry centers at� . The distribution has a variance of

� 2 D
.2 � pg /.1 � pg /

p2
g

Tuning for the proposalpg uses the following formula:

� new
� cur

D
ˆ � 1.p opt=2/

ˆ � 1.p cur=2/

where� new is the standard deviation of the new proposal geometric distribution,� cur is the standard
deviation of the current proposal distribution,popt is the target acceptance probability, andpcur is the
current acceptance probability for the discrete parameter block.

The updatedpg is the solution to the following equation that is between 0 and 1 :

s
.2 � pg /.1 � pg /

p2
g

D
� cur � ˆ � 1.p opt=2/

ˆ � 1.p cur=2/

Binary Distribution: Independence Sampler

Blocks consisting of a single parameter with a binary prior do not require any tuning; the inverse-CDF method
applies. Blocks that consist of multiple parameters with binary prior are sampled by using an independence
sampler with binary proposal distributions. See the section “Independence Sampler” on page 133 in Chapter 7,
“Introduction to Bayesian Analysis Procedures.” During the tuning phase, the success probabilityp of the
proposal distribution is taken to be the probability of acceptance in the current loop. Ideally, an independence
sampler works best if the acceptance rate is 100%, but that is rarely achieved. The algorithm stops when the
probability of success exceeds the TARGACCEPTI=value, which has a default value of 0.6.

Direct Sampling

The word “direct” is reserved for sampling that is done directly from the prior distribution of a model or a
random-effects parameter or from the sampling distribution of a missing data variable. If the parameter is
updated via sampling from its full conditional posterior distribution, the sampling method is referred to as
conjugate sampling. (See the section “Conjugate Sampling” on page 5697.)

Whenever a parameter does not appear in the hierarchy of another parameter in the model, PROC MCMC
samples directly from its distribution. For a model parameter or a random-effects parameter, this distribution
is its prior distribution. For a missing data variable, this distribution is the sampling distribution of the
response variable. Therefore, direct sampling takes place most frequently in data-independent Monte Carlo
simulations or the sampling of missing response variables.
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Conjugate Sampling

Conjugate prior is a family of prior distributions in which the prior and the posterior distributions are of the
same family of distributions. For example, if you model an independently and identically distributed random
variabley i using a normal likelihood with known variance� 2,

y i � normal.�; � 2/

a normal prior on�

� � normal.� 0; � 2
0 /

is a conjugate prior because the posterior distribution of� is also a normal distribution giveny D f y i g, � 2,
� 0, and� 2

0 :

� jy � normal

0

@
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� 2
0
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Conjugate sampling is ef�cient because it enables the Markov chain to obtain samples from the target
distribution directly. When appropriate, PROC MCMC uses conjugate sampling methods to draw conditional
posterior samples. Table 74.6 lists scenarios that lead to conjugate sampling in PROC MCMC.

Table 74.6 Conjugate Sampling in PROC MCMC

Family Parameter Prior

Normal with known� Variance� 2 Inverse gamma family
Normal with known� Precision� Gamma family
Normal with known scale parameter (� 2, � , or � ) Mean� Normal
Multivariate normal with known† Mean� Multivariate normal
Multivariate normal with known� Covariance† Inverse Wishart
Multinomial p Dirichlet
Binomial/binary p Beta
Poisson � Gamma family

In most cases, Family in Output 74.6 refers to the likelihood function. However, it does not necessarily have
to be the case. The Family is a distribution that is conditional on the parameter of interest, and it can appear
in any level of the hierarchical model, including on the random-effects level.

PROC MCMC can detect conjugacy only if the model parameter (not a function or a transformation of the
model parameter) is used in the prior and Family distributions. For example, the following statements lead to
a conjugate sampler being used on the parametermu:

parm mu;
prior mu ~ n(0, sd=1000);
model y ~ n(mu, var=s2);

However, if you modify the program slightly in the following way, although the conjugacy still holds in
theory, PROC MCMC cannot detect conjugacy onmu because the parameter enters the normal likelihood
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function through the symbolw:

parm mu;
prior mu ~ n(0, sd=1000);
w = mu;
model y ~ n(w, var=s2);

In this case, PROC MCMC resorts to the default sampling algorithm, which is a random walk Metropolis
based on a normal kernel.

Similarly, the following statements also prevent PROC MCMC from detecting conjugacy on the parameter
mu:

parm mu;
prior mu ~ n(0, sd=1000);
model y ~ n(mu + 2, var=s2);

In a normal family, an often-used and often-confused conjugate prior on the variance is the inverse gamma
distribution, and a conjugate prior on the precision is the gamma distribution. See “Gamma and Inverse-
Gamma Distributions” on page 5746 for typical usages of these prior distributions.

When conjugacy is detected in a model, PROC MCMC performs a numerical optimization on the joint
posterior distribution at the start of the MCMC simulation. If the only sampling methods required in the
program are conjugate samplers or direct samplers, PROC MCMC omits this optimization step. To turn off
this optimization routine, use the PROPCOV=IND option in the PROC MCMC statement.

Initial Values of the Markov Chains

There are three types of parameters in a PROC MCMC program: themodel parametersin the PARMS
statement, therandom-effects parametersin the RANDOM statement, and themissing data variablesin the
MODEL statement. The last category is used to model missing values in the input data set.

When the model parameters and random-effects parameters have missing initial values, PROC MCMC
generates initial values based on the prior distributions. PROC MCMC either uses the mode value (the
default) or draws a random number (if the INIT=RANDOM option is speci�ed). For distributions that do
not have modes, such as the uniform distribution, PROC MCMC uses the mean instead. In general, PROC
MCMC avoids using starting values that are close to the boundary of support of the prior distribution. For
example, the exponential prior has a mode at 0, and PROC MCMC starts an initial value at the mean. This
avoids some potential numerical problems. If you use the GENERAL or DGENERAL function in the PRIOR
statements, you must provide initial values for those parameters.

With missing data variables, PROC MCMC uses the sample average of the nonmissing values (of the response
variable) as the initial value. If all values of a particular variable are missing, PROC MCMC resorts to
using the mode value or a random number from the sampling distribution (the likelihood), depending on the
speci�cation of the INIT= option.

To assign a different set of initial values to the model parameters, you use either the PARMS statements
or programming statements within the BEGINCNST and ENDCNST statements. See the section “Assign-
ments of Parameters” on page 5699 for more information about how to assign parameter values within the
BEGINCNST and ENDCNST statements.
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To assign initial values to the random-effects parameters, you can use the INIT= option in the RANDOM
statement. Either you can give a constant value to all random-effects parameters that are associated with that
statement (for example, useinit=3 ), or you can assign values individually by providing a data set that stores
different values for different parameters.

A mirroring INIT= option in the MODEL statement enables you to assign different initial values to the
missing data variables.

If you use the PROPCOV= optimization option in the PROC MCMC statement, PROC MCMC starts the
tuning at the optimized values. PROC MCMC overwrites the initial values that you might have provided at
the beginning of the Markov chain unless you use the option INIT=REINIT.

Assignments of Parameters

In general, you cannot alter the values of any model parameters in PROC MCMC. For example, the following
assignment statement produces an error:

parms alpha;
alpha = 27;

This restriction prevents incorrect calculation of the posterior density—assignments of parameters in the
program would override the parameter values generated by PROC MCMC and lead to an incorrect value of
the density function.

However, you can modify parameter values and assign initial values to parameters within the block de�ned
by the BEGINCNST and ENDCNST statements. The following syntax is allowed:

parms alpha;
begincnst;

alpha = 27;
endcnst;

The initial value ofalpha is 27. Assignments within the BEGINCNST/ENDCNST block override initial
values speci�ed in the PARMS statement. For example, with the following statements, the Markov chain
starts atalpha = 27, not 23.

parms alpha 23;
begincnst;

alpha = 27;
endcnst;

This feature enables you to systematically assign initial values. Suppose thatz is an array parameter of the
same length as the number of observations in the input data set. You want to start the Markov chain with
eachzi having a different value depending on the data set variabley. The following statements setzi D j y j
for the �rst half of the observations and zi D 2:3 for the rest:

/ * a rather artificial input data set. * /
data inputdata;

do ind = 1 to 10;
y = rand(�normal�);
output;

end;
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run;

proc mcmc data=inputdata;
array z[10];
begincnst;

if ind <= 5 then z[ind] = abs(y);
else z[ind] = 2.3;

endcnst;
parms z:;
prior z: ~ normal(0, sd=1);
model general(0);

run;

Elements ofz are modi�ed as PROC MCMC executes the programming statements between the BEGINCNST
and ENDCNST statements. This feature could be useful when you use the GENERAL function and you �nd
that the PARMS statements are too cumbersome for assigning starting values.

Standard Distributions

The section “Univariate Distributions” on page 5700 (Table 74.7 through Table 74.36) lists all univariate
distributions that PROC MCMC recognizes. The section “Multivariate Distributions” on page 5712 (Ta-
ble 74.37 through Table 74.41) lists all multivariate distributions that PROC MCMC recognizes. With the
exception of the multinomial distribution, all these distributions can be used in the MODEL, PRIOR, and
HYPERPRIOR statements. The multinomial distribution is supported only in the MODEL statement. The
RANDOM statement supports a limited number of distributions; see Table 74.4 for the complete list.

See the section “Using Density Functions in the Programming Statements” on page 5716 for information
about how to use distributions in the programming statements. To specify an arbitrary distribution, you
can use the GENERAL and DGENERAL functions. See the section “Specifying a New Distribution” on
page 5715 for more details. See the section “Truncation and Censoring” on page 5719 for tips about how to
work with truncated distributions and censoring data.

Univariate Distributions

Table 74.7 Beta Distribution

PROC speci�cation beta(a, b)

Density €.a C b/
€.a/€.b/ � a� 1.1 � � / b� 1

Parameter restriction a > 0, b > 0

Range

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

Œ0; 1• whena D 1; b D 1

Œ0; 1/ whena D 1; b ¤ 1

.0; 1• whena ¤ 1; b D 1

.0; 1/ otherwise

Mean a
aC b

Variance ab
.a C b/ 2 .a C bC 1/
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Mode

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
:̂

a� 1
aC b� 2 a > 1; b > 1

0 and1 a < 1; b < 1

0

(
a < 1; b � 1

a D 1; b > 1

1

(
a � 1; b < 1

a > 1; b D 1

does not exist uniquelya D b D 1

Random number If min.a; b/ > 1 , see (Cheng 1978); ifmax.a; b/ < 1 , see (Atkin-
son and Whittaker 1976) and (Atkinson 1979); ifmin.a; b/ < 1
andmax.a; b/ > 1 , see (Cheng 1978); ifa = 1 or b = 1, use the
inversion method; ifa D b D 1, use a uniform random number
generator.

Table 74.8 Binary Distribution

PROC speci�cation binary(p)

Density p � .1 � p/ 1� �

Parameter restriction 0 � p � 1

Range

8
ˆ̂
<

ˆ̂
:

f0g whenp D 0

f1g whenp D 1

f0; 1g otherwise

Mean round.p/

Variance p.1 � p/

Mode

(
f1g whenp D 1

f0g otherwise

Random number Generateu � uniform.0; 1/. If u � p , � D 1; else,� D 0:

Table 74.9 Binomial Distribution

PROC speci�cation binomial(n, p)

Density

 
n

�

!

p � .1 � p/ n� �

Parameter restriction n D 0; 1; 2; : : : 0� p � 1

Range � 2 f 0; : : : ; ng

Mean bnpc

Variance np.1 � p/

Mode b.n C 1/p c
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Table 74.10 Cauchy Distribution

PROC speci�cation cauchy(a, b)

Density 1
�

�
b

b2 C .� � a/ 2

�

Parameter restriction b > 0

Range � 2 . �1 ; 1 /

Mean Does not exist.

Variance Does not exist.

Mode a

Random number Generateu1; u2 � uniform.0; 1/; let v D 2u2 � 1. Repeat the
procedure untilu2

1 C v2 < 1. y D v=u1 is a draw from the
standard Cauchy, and� D a C by (Ripley 1987).

Table 74.11 � 2 Distribution

PROC speci�cation chisq(� )

Density 1
€.�=2/2 �=2 � .�=2/ � 1e� �=2

Parameter restriction � > 0

Range � 2 Œ0;1 / if � D 2; .0; 1 / otherwise.

Mean �

Variance 2�

Mode � � 2 if � � 2; does not exist otherwise.

Random number � 2 is a special case of the gamma distribution:� �
gamma.�=2; scale=2/ is a draw from the� 2 distribution.

Table 74.12 Exponential � 2 Distribution

PROC speci�cation expchisq(� )

Density 1
€.�=2/2 �=2 exp.� / �=2 exp.� exp.� /=2/

Parameter restriction � > 0

Range � 2 . �1 ; 1 /

Mode log.�/

Random number Generatex1 � � 2.�/ , and� D log.x 1/ is a draw from the expo-
nential� 2 distribution.

Relationship to the� 2

distribution
� � � 2.�/ , log.� / � exp� 2.�/



Standard Distributions F 5703

Table 74.13 Exponential Exponential Distribution

PROC speci�cation expexpon(scale = b ) expexpon(iscale = � )

Density 1
b exp.� / exp.� exp.� /=b/ � exp.� / exp.� exp.� / � �/

Parameter restriction b > 0 � > 0

Range � 2 . �1 ; 1 / Same

Mode log.b/ log.1=�/

Random number Generatex1 � expon.scale=b/, and� D log.x 1/ is a draw from
the exponential exponential distribution. Note that an exponential
exponential distribution is not the same as the double exponential
distribution.

Relationship to the ex-
ponential distribution

� � expon.b/ , log.� / � expExpon.b/

Table 74.14 Exponential Gamma Distribution

PROC speci�cation expgamma(a, scale = b ) expgamma(a, iscale = � )

Density 1
ba €.a/ ea� exp.� e� =b/ � a

€.a/ ea� exp.� e� � �/

Parameter restriction a > 0; b > 0 a > 0; � > 0

Range � 2 . �1 ; 1 / Same

Mode log.ab/ log.a=�/

Random number Generatex1 � gamma.a; scaleD b/, and� D log.x 1/ is a draw
from the exponential gamma distribution.

Relationship to the€
distribution

� � gamma.a; b/ , log.� / � expGamma.a; b/

Table 74.15 Exponential Inverse � 2 Distribution

PROC speci�cation expichisq(� )

Density 1
€. �

2 /2 �=2 exp.� ��=2/ exp.� 1=.2exp.� ///

Parameter restriction � > 0

Range � 2 . �1 ; 1 /

Mode � log.�/

Random number Generatex1 � i� 2.�/ , and� D log.x 1/ is a draw from the expo-
nential inverse� 2 distribution.

Relationship to thei� 2

distribution
� � i� 2.�/ , log.� / � expi� 2.�/
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Table 74.16 Exponential Inverse-Gamma Distribution

PROC speci�cation expigamma(a, scale = b ) expigamma(a, iscale = � )

Density ba

€.a/ exp.� �� / exp.� b=exp.� // 1
� � €.a/ exp.� �� / exp.� 1

� exp.� / /

Parameter restriction a > 0; b > 0 a > 0; � > 0

Range � 2 . �1 ; 1 / Same

Mode � log.a=b/ � log.a�/

Random number Generatex1 � igamma.a; scaleD b/, and� D log.x 1/ is a draw
from the exponential inverse-gamma distribution.

Relationship to the
i€ distribution

� � igamma.a; b/ , log.� / � eigamma.a; b/

Table 74.17 Exponential Scaled Inverse � 2 Distribution

PROC speci�cation expsichisq(� , s)

Density
. �

2 / �=2

€. �
2 / s� exp.� ��=2/ exp.� �s 2=.2exp.� ///

Parameter restriction � > 0; s > 0

Range � 2 . �1 ; 1 /

Mode log.s2/

Random number Generatex1 � si� 2.�; s/ , and� D log.x 1/ is a draw from the
exponential scaled inverse� 2 distribution.

Relationship to thesi� 2

distribution
� � si� 2.�; s/ , log.� / � expsi� 2.�; s/

Table 74.18 Exponential Distribution

PROC speci�cation expon(scale = b ) expon(iscale = � )

Density 1
b e� �=b �e � � �

Parameter restriction b > 0 � > 0

Range � 2 Œ0;1 / Same

Mean b 1=�

Variance b2 1=� 2

Mode 0 0

Random number The exponential distribution is a special case of the gamma distri-
bution: � � gamma.1; scaleD b/ is a draw from the exponential
distribution.
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Table 74.19 Gamma Distribution

PROC speci�cation gamma(a, scale = b ) gamma(a, iscale = � )

Density 1
ba €.a/ � a� 1e� �=b � a

€.a/ � a� 1e� � �

Parameter restriction a > 0; b > 0 a > 0; � > 0

Range � 2 Œ0;1 / if a D 1I .0; 1 / oth-
erwise.

Same

Mean ab a=�

Variance ab2 a=� 2

Mode .a � 1/b if a � 1 .a � 1/=� if a � 1

Random number See (McGrath and Irving 1973).

Table 74.20 Geometric Distribution

PROC speci�cation geo(p)

Density* p.1 � p/ �

Parameter restriction 0 < p � 1

Range � 2

(
f0; 1; 2; : : :g 0 < p < 1

f0g p D 1

Mean round(1� p
p )

Variance 1� p
p 2

Mode 0

Random number Based on samples obtained from a Bernoulli distribution with prob-
ability p until the �rst success.

* The random variable� is the total number of failures in an experimentbeforethe �rst success. This density function is
not to be confused with another popular formulation,p.1 � p/ � � 1, which counts the total number of trialsuntil the �rst
success.
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Table 74.21 Inverse � 2 Distribution

PROC speci�cation ichisq(� )

Density 1
€.�=2/2 �=2 � � .�=2 C 1/ e� 1=.2� /

Parameter restriction � > 0

Range � 2 .0; 1 /

Mean 1
� � 2 if � > 2

Variance 2
.� � 2/ 2 .� � 4/

if � > 4

Mode 1
� C 2

Random number Inverse� 2 is a special case of the inverse-gamma distribution:
� � igamma.�=2; iscaleD 2/ is a draw from the inverse� 2 distri-
bution.

Table 74.22 Inverse-Gamma Distribution

PROC speci�cation igamma(a, scale = b ) igamma(a, iscale = � )

Density ba

€.a/ � � .a C 1/ e� b=� 1
� a €.a/ � � .a C 1/ e� 1=��

Parameter restriction a > 0; b > 0 a > 0; � > 0

Range � 2 .0; 1 / Same

Mean b
a� 1 if a > 1 1

�.a � 1/ if a > 1

Variance b2

.a � 1/ 2 .a � 2/
1

� 2 .a � 1/ 2 .a � 2/

Mode b
aC 1

1
�.a C 1/

Random number Generatex1 � gamma.a; scaleD b/, and� D 1=x1 is a draw
from the igamma.a; iscaleD b/ distribution.

Relationship to the
gamma distribution

� � gamma.a; iscaleD b/ , 1=� � igamma.a; scaleD b/
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Table 74.23 Laplace (Double Exponential) Distribution

PROC speci�cation laplace(a, scale = b) laplace(a, iscale = � )

Density 1
2b e�j � � aj=b �

2 e� � j � � aj

Parameter restriction b > 0 � > 0

Range � 2 . �1 ; 1 / Same

Mean a a

Variance 2b2 2=� 2

Mode a a

Random number Inverse CDF. F .� / D

8
<

:

1
2 exp

�
� a� �

b

�
� < a

1 � 1
2 exp

�
� � � a

b

�
� � a

:

Generateu1; u2 � uniform.0; 1/. If u1 < 0:5; � D a C b log.u 2/ I
else� D a � b log.u 2/ . � is a draw from the Laplace distribution.

Table 74.24 Logistic Distribution

PROC speci�cation logistic(a, b)

Density
exp. � � � a

b /
b.1C exp. � � � a

b // 2

Parameter restriction b > 0

Range � 2 . �1 ; 1 /

Mean a

Variance � 2 b2

3

Mode a

Random number Inverse CDF method withF .� / D
�
1 C exp.� � � a

b /
� � 1

. Generate

u � uniform.0; 1/, and� D a � b log.1=u � 1/ is a draw from the
logistic distribution.
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Table 74.25 Lognormal Distribution

PROC speci-
�cation

lognormal(� , sd = s) lognormal(� , var = v) lognormal(� , prec = � )

Density 1
�s

p
2�

exp
�
� . log � � �/ 2

2s2

�
1

�
p

2�v
exp

�
� . log � � �/ 2

2v

�
1
�

q
�

2� exp
�
� � . log � � �/ 2

2

�

Parameter re-
striction

s > 0 v > 0 � > 0

Range � 2 .0; 1 / Same Same

Mean exp.� C s2=2/ exp.� C v=2/ exp.� C 1=.2� //

Variance
exp.2.� C s2//

� exp.2� C s2/

exp.2.� C v//

� exp.2� C v/

exp.2.� C 1=�//

� exp.2� C 1=�/

Mode exp.� � s2/ exp.� � v/ exp.� � 1=� /

Random
number

Generatex1 � normal.0; 1/, and� D exp.� C sx1/ is a draw from the
lognormal distribution.

Table 74.26 Negative Binomial Distribution

PROC speci�cation negbin(n, p)

Density

 
� C n � 1

n � 1

!

pn .1 � p/ �

Parameter restriction n D 1; 2; : : :;and0 < p � 1

Range � 2

(
f0; 1; 2; : : :g 0 < p < 1

f0g p D 1

Mean round
�

n.1 � p/
p

�

Variance n.1 � p/
p 2

Mode

8
<

:

0 n D 1

round
�

.n � 1/.1 � p/
p

�
n > 1

Random number Generatex1 � gamma.n; 1/ , and� � Poisson.x 1 � .1 � p/=p/
(Fishman 1996).
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Table 74.27 Normal Distribution

PROC speci-
�cation

normal(� , sd = s) normal(� , var = v) normal(� , prec = � )

Density 1
s
p

2�
exp

�
� .� � �/ 2

2s2

�
1p
2�v

exp
�
� .� � �/ 2

2v

� q
�

2� exp
�
� � .� � �/ 2

2

�

Parameter re-
striction

s > 0 v > 0 � > 0

Range � 2 . �1 ; 1 / Same Same

Mean � Same Same

Variance s2 v 1=�

Mode � Same Same

Table 74.28 NormalCAR Distribution

PROC speci-
�cation

normalcar(neighbors= ,
num= , sd= s)

normalcar(neighbors= ,
num= , var= v)

normalcar(neighbors= ,
num= , prec= � )

Density � i j� � i �
N.

P
j 2N.i / � j =mi ; s2/

� i j� � i �
N.

P
j 2N.i / � j =mi ; v/

� i j� � i �
N.

P
j 2N.i / � j =mi ; 1=� /

Notation i is the area or site index,mi is the number of neighbors toi, andN.i / is
the set of neighbors toi.

Parameter re-
striction

s > 0 v > 0 � > 0

Range � 2 . �1 ; 1 / Same Same

Mean average of neighbors Same Same

Variance s2 v 1=�

Mode average of neighbors Same Same

Table 74.29 Pareto Distribution

PROC speci�cation pareto(a, b)

Density a
b

�
b
�

� aC 1

Parameter restriction a > 0; b > 0

Range � 2 Œb;1 /

Mean ab
a� 1 if a > 1

Variance b2 a
.a � 1/ 2 .a � 2/

if a > 2

Mode b

Random number Inverse CDF method withF .� / D 1 � .b=� / a . Generateu �
uniform.0; 1/, and� D b

u1=a is a draw from the Pareto distribution.

Useful transformation x D 1=� is Beta(a, 1)I { x < 1=b}.
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Table 74.30 Poisson Distribution

PROC speci�cation poisson(� )

Density � �

�Š exp.� �/

Parameter restriction � � 0

Range � 2

(
f0; 1; : : :g if � > 0

f0g if � D 0

Mean �

Variance � , if � > 0

Mode round.�/

Table 74.31 Scaled Inverse � 2 Distribution

PROC speci�cation sichisq(�; s 2)

Density .s 2 �=2/ �=2

€.�=2/ � � .�=2 C 1/ e� �s 2 =.2� /

Parameter restriction � > 0; s > 0

Range � 2 .0; 1 /

Mean �
� � 2 s2 if � > 2

Variance 2� 2

.� � 2/ 2 .� � 4/
s4 if � > 4

Mode �
� C 2 s2

Random number Scaled inverse� 2 is a special case of the inverse-gamma distri-
bution: � � igamma.�=2; scaleD .�s 2/=2/ is a draw from the
scaled inverse� 2 distribution.

Table 74.32 t Distribution

PROC
speci�ca-
tion

t(� , sd = s, � ) t(� , var = v, � ) t(� , prec = � , � )

Density
€. � C 1

2 /
€. �

2 /s
p

��
.1 C .� � �/ 2

�s 2 / � � C 1
2

€. � C 1
2 /

€. �
2 /

p
��v

.1 C .� � �/ 2

�v / � � C 1
2

€. � C 1
2 /

p
�

€. �
2 /

p
��

.1 C � .� � �/ 2

� / � � C 1
2

Parm re-
striction

s > 0, � > 0 v > 0 , � > 0 � > 0 , � > 0

Range � 2 . �1 ; 1 / Same Same

Mean � if � > 1 Same Same

Variance �
� � 2 s2 if � > 2 �

� � 2 v if � > 2 �
� � 2

1
� if � > 2

Mode � Same Same

Random
number

x1 � normal.0; 1/; x 2 � � 2.d /; and� D m C �x 1
p

d=x2 is a draw from thet
distribution.
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Table 74.33 Table (Categorical) Distribution

PROC speci�cation table(p), wherep D fp i g, for i D 1; 2; : : : ; k

Density f .� D i / D p i

Parameter restriction
P k

i p i D 1 with all p i > 0

Range � 2 f 1; 2; : : : ; kg

Mode i such thatp i D max.p 1; : : : ; pk /

Random number Inverse CDF method withF .� D i / D
P i

j D 1 p j .

Table 74.34 Uniform Distribution

PROC speci�cation uniform (a, b)

Density

8
ˆ̂
<

ˆ̂
:

1
a� b if a > b

1
b� a if b > a

1 if a D b

Parameter restriction none

Range � 2 Œa; b•

Mean aC b
2

Variance jb� aj2

12

Mode Does not exist

Random number Mersenne Twister (Matsumoto and Kurita 1992, 1994; Matsumoto
and Nishimura 1998)

Table 74.35 Wald Distribution

PROC speci�cation wald(� , � )

Density
q

�
2�� 3 exp

�
� �.� � �/ 2

2� 2 �

�

Parameter restriction � > 0; � > 0

Range � 2 .0; 1 /

Mean �

Variance � 3=�

Mode �
� �

1 C 9� 2

4� 2

� 1=2
� 3�

2�

�

Random number Generate� 0 � � 2
.1/ . Let x1 D � C � 2 � 0

2� � �
2�

q
4��� 0 C � 2� 2

0

andx2 D � 2=x1. Perform a Bernoulli trial,w � Bernoulli. �
� C x1

/ .
If w D 1, choose� D x1; otherwise, choose� D x2 (Michael,
Schucany, and Haas 1976).
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Table 74.36 Weibull Distribution

PROC speci�cation weibull(� , c, � )

Density exp
�
�

�
� � �

�

� c �
c
�

�
� � �

�

� c� 1

Parameter restriction c > 0; � > 0

Range � 2 Œ�;1 / if c D 1I .�; 1 / otherwise

Mean � C �€.1 C 1=c/

Variance � 2Œ€.1C 2=c/ � € 2.1 C 1=c/•

Mode � C �.1 � 1=c/1=c if c > 1

Random number Inverse CDF method withF .� / D 1 � exp
�
�

�
� � � �

�

� c �
. Gener-

ateu � uniform.0; 1/, and� D � C � � . � ln u/ 1=c is a draw from
the Weibull distribution.

Multivariate Distributions

Table 74.37 Dirichlet Distribution

PROC speci�cation � � dirich (� ), where� D f � i g; � D f � i g, for i D 1; 2; : : : ; k
Density €.� 0 /

Q k
i D 1 €.� i /

Q k
i D 1 � � i � 1

i , where� 0 D
P k

i D 1 � i

Parameter restriction � i > 0
Range � i > 0,

P k
i D 1 � i D 1

Mean � j =� 0

Mode
�
� j � 1

�
=.� 0 � k/

Table 74.38 Inverse Wishart Distribution

PROC speci�cation � � iwishart (� , S), both� andSarek � k matrices

Density
�
2

�k
2 �

k.k � 1/
4

Q k
i D 1 €

�
� C 1� i

2

�� � 1
jSj

�
2 j� j �

� C k C 1
2 exp

�
� 1

2 tr .S� � 1/
�

Parameter restriction Smust be symmetric and positive de�nite;� > k � 1
Range � is symmetric and positive de�nite
Mean S=.� � k � 1/
Mode S=.� C k C 1/

Table 74.39 Multivariate Normal Distribution

PROC speci�cation � � mvn(� , † ), where� D f � k g; � D f � k g, for i D 1; 2; : : : ; k,
and† is ak � k variance matrix

Density exp
�
� 1

2 . � � � /0† � 1. � � � /
� . p

.2�/ k j† j

Parameter restriction † must be symmetric and positive de�nite
Range �1 < � i < 1
Mean �
Mode �
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Table 74.40 Autoregressive Multivariate Normal
Distribution

PROC speci-
�cation

� � MVNAR (� , sd=� ,� ) � � MVNAR (� ,
var=� 2,� )

� � MVNAR (� , prec=1=� 2,
� )

Density exp
�
� 1

2 . � � � /0.� 2† / � 1. � � � /
� . q

.2�/ k
�
�.� 2† /

�
� where

† D

2

6
6
6
6
6
6
6
4

1 � � 2 � 3 � � � � k

� 1 � � 2 � � � � k � 1

� 2 � 1 � � � � � k � 2

� 3 � 2 � 1 � � � � k � 3

:::
:::

:::
:::

: : :
:::

� k � k � 1 � k � 2 � k � 3 � � � 1

3

7
7
7
7
7
7
7
5

Parameter re-
striction

� > 0 and� 1 < � < 1

Range �1 < � i < 1
Mean �
Mode �
Special Case When� D 0, the distribution simpli�es tomvn(� , � 2 � I k ), whereI k denotes the

k � k identity matrix

Table 74.41 Multinomial Distribution

PROC speci�cation � � multinom(p), where� D f � i g and p D fp i g, for i D
1; 2; : : : ; k

Density nŠ
� 1 ���� k

p � 1
1 � � � p � k

k , where
P k

i � i D n

Parameter restriction
P k

i p i D 1 with all p i > 0
Range � i 2 f0; : : : ; ng, nonnegative integers
Mean n � p

Usage of Multivariate Distributions

The following simple example illustrates the usage of the multivariate distributions in PROC MCMC. Suppose
you are interested in estimating the mean and covariance of multivariate data using this multivariate normal
model:

�
x1

x2

�
� MVN

�
� D

�
� 1

� 2

�
; † D

�
� 11 � 12

� 21 � 22

��
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where

� D
�

1
2

�

† D
�

2:4 3
3 8:1

�

You can use the following independent prior on� and† :

� � MVN
�

� 0 D
�

0
0

�
; † 0 D

�
100 0
0 100

��

† � iWishart
�

� D 2;S D
�

1 0
0 1

��

The following IML procedure statements simulate 100 random multivariate normal samples:

title �An Example that Uses Multivariate Distributions�;
proc iml;

N = 100;
Mean = {1 2};
Cov = {2.4 3, 3 8.1};
call randseed(1);
x = RANDNORMAL( N, Mean, Cov );

SampleMean = x[:,];
n = nrow(x);
y = x - repeat( SampleMean, n );
SampleCov = y� * y / (n-1);
print SampleMean Mean, SampleCov Cov;

cname = {"x1", "x2"};
create inputdata from x [colname = cname];
append from x;
close inputdata;

quit;

Figure 74.13 prints the sample mean and covariance of the simulated data, in addition to the true mean and
covariance matrix.

Figure 74.13 Simulated Multivariate Normal Data
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The following PROC MCMC statements estimate the posterior mean and covariance of the multivariate
normal data:

proc mcmc data=inputdata seed=17 nmc=3000 diag=none;
ods select PostSumInt;
array data[2] x1 x2;
array mu[2];
array Sigma[2,2];
array mu0[2] (0 0);
array Sigma0[2,2] (100 0 0 100);
array S[2,2] (1 0 0 1);
parm mu Sigma;
prior mu ~ mvn(mu0, Sigma0);
prior Sigma ~ iwish(2, S);
model data ~ mvn(mu, Sigma);

run;

To use the multivariate distribution, you must specify parameters (or random variables in the MODEL
statement) in an array form. The �rst ARRAY statement creates an one-dimensional arraydata, which
contains two numeric variables,x1 andx2, from the input data set. Thedata variable is your response
variable. The subsequent statements de�nes two array-parameters (mu andSigma) and three constant
array-hyperparameters (mu0, Sigma0, andS). The PARMS statement declaresmu andSigma to be model
parameters. The two PRIOR statements specify the multivariate normal and inverse Wishart distributions as
the prior formu andSigma, respectively. The MODEL statement speci�es the multivariate normal likelihood
with data as the random variable,mu as the mean, andSigma as the covariance matrix.

Figure 74.14 lists the estimated posterior statistics for the parameters.

Figure 74.14 Estimated Mean and Covariance

Specifying a New Distribution

To work with a new density that is not listed in the section “Standard Distributions” on page 5700, you can
use the GENERAL and DGENERAL functions. The letter “D” stands for discrete. The new distributions
have to be speci�ed on the logarithm scale.

Suppose you want to use the inverse-beta distribution:

p.� ja; b/ D
€.a C b/

€.a/ C €.b/
� � .a � 1/ � .1 C �/ � .a C b/
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The following statements in PROC MCMC de�ne the density on its log scale:

a = 3; b = 5;
const = lgamma(a + b) - lgamma(a) - lgamma(b);
lp = const + (a - 1) * log(alpha) - (a + b) * log(1 + alpha);
prior alpha ~ general(lp);

The symbollp is the expression for the log of an inverse-beta (a = 3, b = 5). The functiongeneral(lp)
assigns that distribution toalpha. The constant term,const, can be omitted because the Markov simulation
requires only the log of the density kernel.

You can use the GENERAL function to specify a distribution for a single variable or for multiple variables. It
is important to emphasize that the argumentlp is an expression for the log of the joint distribution for these
variables. On the contrary, any standard distribution is applied separately to each random variable in the
statement.

When you use the GENERAL function in the MODEL statement, you do not need to specify the dependent
variable on the left of the tildeÏ . The log-likelihood function takes the dependent variable into account;
hence, there is no need to explicitly state the dependent variable in the MODEL statement. However, in the
PRIOR and RANDOM statements, you need to explicitly state the parameter names and a tilde with the
GENERAL function.

You can specify any distribution function by using the GENERAL and DGENERAL functions as long as
the distribution function is programmable with SAS statements. When the function is used in the PRIOR
statements, you must supply initial values in either the PARMS statement or within the BEGINCNST and
ENDCNST statements. See the sections “PARMS Statement” on page 5674 and “BEGINCNST/ENDCNST
Statement” on page 5663. When the function is used in the RANDOM statement, you must use the INITIAL=
option in the RANDOM statement to supply initial values

NOTE : PROC MCMC does not verify that the GENERAL function you specify is a valid distribution—that
is, an integrable density. You must use the function with caution.

Using Density Functions in the Programming Statements

Density Functions in PROC MCMC

PROC MCMC has a number of internally de�ned log-density functions for univariate and multivariate
distributions. These functions have the basic form of LPDFdist(x , parm-list), wheredist is the name of the
distribution (see Table 74.42 for univariate distributions and Table 74.43 for multivariate distributions). The
argumentx is the random variable, andparm-list is the list of parameters.

In addition, the univariate functions allow for optional boundary arguments, such as LPDFdist(x , parm-list,
< lower >, <upper >), wherelower andupper are optional but positional boundary arguments. With the
exception of the Bernoulli and uniform distribution, you can specify limits on all univariate distributions.

To set a lower bound on the normal density:

lpdfnorm(x, 0, 1, -2);

To set just an upper bound, specify a missing value for the lower bound argument:
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lpdfnorm(x, 0, 1, ., 2);

Leaving both limits out gives you the unbounded density. You can also specify both bounds:

lpdfnorm(x, 0, 1);
lpdfnorm(x, 0, 1, -3, 4);

See Table 74.42 for the function names of univariate distributions and Table 74.43 for multivariate distribu-
tions.

Table 74.42 Logarithm of Univariate Density Functions in PROC
MCMC

Distribution Name Function Call

Beta lpdfbeta( x, a, b,< lower >, < upper >);

Binary lpdfbern( x, p);

Binomial lpdfbin( x, n,p, < lower >, < upper >);

Cauchy lpdfcau( x, loc, scale, < lower >, < upper >);

� 2 lpdfchisq( x, df,< lower >, < upper >);

Exponential� 2 lpdfechisq( x, df, < lower >, < upper >);

Exponential gamma lpdfegamma( x, sp,scale, < lower >, < upper >);

Exponential expo-
nential

lpdfeexpon( x, scale,< lower >, < upper >);

Exponential inverse
� 2

lpdfeichisq( x, df, < lower >, < upper >);

Exponential inverse-
gamma

lpdfeigamma( x, sp, scale, < lower >, < upper >);

Exponential scaled
inverse� 2

lpdfesichisq( x, df, scale, < lower >, < upper >);

Exponential lpdfexpon( x, scale, < lower >, < upper >);

Gamma lpdfgamma( x, sp, scale, < lower >, < upper >);

Geometric lpdfgeo( x, p, < lower >, < upper >);

Inverse� 2 lpd�chisq( x, df, < lower >, < upper >);

Inverse-gamma lpd�gamma( x, sp, scale, < lower >, < upper >);

Laplace lpdfdexp( x, loc, scale, < lower >, < upper >);
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Table 74.42 (continued)

Distribution Name Function Call

Logistic lpd�ogis( x, loc, scale, < lower >, < upper >);

Lognormal lpd�norm( x, loc, sd, < lower >, < upper >);

Negative binomial lpdfnegbin( x, n, p, < lower >, < upper >);

Normal lpdfnorm( x, mu, sd, < lower >, < upper >);

Pareto lpdfpareto( x, sp, scale, < lower >, < upper >);

Poisson lpdfpoi( x, mean, < lower >, < upper >);

Scaled inverse� 2 lpdfsichisq( x, df, scale, < lower >, < upper >);

t lpdft( x, mu, sd, df, < lower >,< upper >);

Uniform lpdfunif( x, a, b);

Wald lpdfwald( x, mean, scale, < lower >, < upper >);

Weibull lpdfwei( x, loc, sp, scale, < lower >, < upper >);

In the multivariate log-density functions, arrays must be used in place for the random variable and parameters
in the model.

Table 74.43 Logarithm of Multivariate Density Functions in
PROC MCMC

Distribution Name Function Call

Dirichlet lpdfdirich( x_array, alpha_array);

Inverse Wishart lpd�wish( x_array, df, S_array);

Multivariate normal lpdfmvn( x_array, mu_array, cov_array);

Multinomial lpdfmnom( x_array, p_array);
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Standard Distributions, the LOGPDF Functions, and the LPDF dist Functions

Standard distributions listed in the section “Standard Distributions” on page 5700 arenamesonly, and they
can be used only in the MODEL, PRIOR, and HYPERPRIOR statements to specify either a prior distribution
or a conditional distribution of the data given parameters. They do not return any values, and you cannot use
them in the programming statements.

The LOGPDF functions are DATA step functions that compute the logarithm of various probability density
(mass) functions. For example,

logpdf( "beta", x, 2, 15);

returns the log of a beta density with parameters a = 2 and b = 15, evaluated atx. All the LOGPDF functions
are supported in PROC MCMC.

The LPDFdist functions are unique to PROC MCMC. They compute the logarithm of various probability
density (mass) functions. The functions are the same as the LOGPDF functions when it comes to calculating
the log density. For example,

lpdfbeta( x, 2,15);

returns the same value as

logpdf( "beta", x, 2, 15);

The LPDFdist functions cover a greater class of probability density functions, and the univariate distribution
functions take the optional but positional boundary arguments. There are no corresponding LCDFdist or
LSDFdist functions in PROC MCMC. To work with the cumulative probability function or the survival
functions, you need to use the LOGCDF and the LOGSDF DATA step functions.

Truncation and Censoring

Truncated Distributions

To specify a truncated distribution, you can use the LOWER= and/or UPPER= options. Almost all of the
standard distributions, including the GENERAL and DGENERALfunctions, take these optional truncation
arguments. The exceptions are the binary and uniform distributions.

For example, you can specify the following:

prior alpha ~ normal(mean = 0, sd = 1, lower = 3, upper = 45);

or

parms beta;
a = 3; b = 7;
ll = (a + 1) * log(b / beta);
prior beta ~ general(ll, upper = b + 17);

The preceding statements state that ifbeta is less thanb+17, the log of the prior density isll, as calculated by
the equation; otherwise, the log of the prior density is missing—the log of zero.
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When the same distribution is applied to multiple parameters in a PRIOR statement, the LOWER= and
UPPER= truncations apply to all parameters in that statement. For example, the following statements de�ne
a Poisson density fortheta andgamma:

parms theta gamma;
lambda = 7;
l1 = theta * log(lambda) - lgamma(1 + theta);
l2 = gamma * log(lambda) - lgamma(1 + gamma);
ll = l1 + l2;
prior theta gamma ~ dgeneral(ll, lower = 1);

The LOWER=1 condition is applied to boththeta andgamma, meaning that for the assignment toll to be
meaningful, boththeta andgamma have to be greater than 1. If either of the parameters is less than 1, the log
of the joint prior density becomes a missing value.

In releases before SAS/STAT 13.1, only three distributions support parameters (or functions of parameters)
in the LOWER= and UPPER= options. These are the normal distribution, the GENERAL function, and the
DGENERAL function. Appropriate normalizing constants, which are required if the truncations involve
model parameters, are not calculated. Starting with SAS/STAT 13.1, PROC MCMC calculates the normalizing
constant in all truncated distributions, and you can use parameters in the LOWER= or UPPER= option.

Note that if you use either the GENERAL or DGENERAL function, you must compute the normalizing
constant in cases where it is required. A truncated distribution has the probability distribution

p.� ja < � < b/ D
p.� /

F .a/ � F .b/

wherep. �/ is the density function andF . �/ is the cumulative distribution function. In SAS functions,p. �/
is the probability density function andF . �/ is the cumulative distribution function. The following example
shows how to construct a truncated gamma prior ontheta, with SHAPE=3, SCALE=2, LOWER=A, and
UPPER=B:

lp = logpdf(�gamma�, theta, 3, 2)
- log(cdf(�gamma�, a, 3, 2) - cdf(�gamma�, b, 3, 2));

prior theta ~ general(lp);

This density speci�cation is different from the following more naive de�nition, without taking into account
the normalizing constant:

lp = logpdf(�gamma�, theta, 3, 2);
prior theta ~ general(lp, lower=a, upper=b);

If a or b is a parameter, you get very different results from the two formulations.

Censoring

There is no built-in mechanism in PROC MCMC that models censoring automatically. You need to construct
the density function (using a combination of the LOGPDF, LOGCDF, and LOGSDF functions and IF-ELSE
statements) for the censored data.

Suppose you partition the data into four categories: uncensored (with observationx), left censored (with
observationxl), right censored (with observationxr), and interval censored (with observationsxl andxr). The
likelihood is the normal with meanmu and standard deviations. The following statements construct the
corresponding log likelihood for the observed data:
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if uncensored then
ll = logpdf(�normal�, x, mu, s);

else if leftcensored then
ll = logcdf(�normal�, xl, mu, s);

else if rightcensored then
ll = logsdf(�normal�, xr, mu, s);

else / * this is the case of interval censored. * /
ll = log(cdf(�normal�, xr, mu, s) - cdf(�normal�, xl, mu, s));

model general(ll);

See “Example 74.17: Normal Regression with Interval Censoring” on page 5866.

Some Useful SAS Functions

Table 74.44 Some Useful SAS Functions

SAS Function De�nition

abs(x); jx j
airy( x); Returns the value of the AIRY function.
beta(x1, x2);

R1
0 zx1 � 1.1 � z/x2 � 1dz

call logistic( x); exp.x/
1C exp.x/

call softmax( x1, . . . , xn); Each element is replaced byexp.x j /=
P

exp.x j /
call stdize( x1, . . . , xn); Standardize values
cdf(); Cumulative distribution function
cdf( 'normal', x, 0, 1); Standard normal cumulative distribution function
comb( x1, x2); x1Š

x2Š.x1 � x2/Š
constant( '.' ); Calculate commonly used constants
cos( x); cosine(x)
css( x1, . . . , xn);

P
i .x i � Nx/ 2

cv(x1, . . . , xn); std(x) / mean(x) * 100
dairy( x); Derivative of the AIRY function
dimN( m); Returns the numbers of elements in the Nth dim of arraym
x1 eq x2 Returns 1 if x1 = x2; 0 otherwise
x1**x2 x1x2

geomean( x1, . . . , xn); exp
�

log.x 1 /C���C log.x n /
n

�

difN( x); Returns differences between the argument and its Nth lag
digamma( x1); € 0.x1/

€.x1/
erf(x); 2p

�

Rx
0 exp.� z2/dz

erfc( x); 1 – erf(x)
fact( x); xŠ
�oor( x); Greatest integer� x
gamma( x);

R1
0 zx � 1 exp.� 1/dz

harmean( x1, . . . , xn); n
1=x1 C��� 1=xn

ibessel( nu, x, kode); Modi�ed Bessel function of ordernu evaluated atx
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Table 74.44 (continued)

SAS Function De�nition

jbessel( nu, x); Bessel function of ordernu evaluated atx
lagN(x); Returns values from a queue
largest( k, x1, . . . , xn); Returns thekth largest element
lgamma( x); ln.€.x//
lgamma( x+1); ln.xŠ/
log( x, logN(x)); ln.x/
logbeta( x1, x2); lgamma(x1) + lgamma(x2) - lgamma(x1 C x2)
logcdf(); Log of a left cumulative distribution function
logpdf(); Log of a probability density (mass) function
logsdf(); Log of a survival function
max(x1, x2); Returnsx1 if x1 > x 2; x2 otherwise
mean(of x1–xn);

P
i xi =n

median( of x1–xn); Returns the median of nonmissing values
min( x1, x2); Returnsx1 if x1 < x 2; x2 otherwise
missing( x); Returns 1 ifx is missing; 0 otherwise
mod( x1, x2); Returns the remainder fromx1=x2

n(x1, . . . , xn); Returns number of nonmissing values
nmiss( of y1–yn); Number of missing values
quantile(); Computes the quantile from a speci�c distribution
pdf(); Probability density (mass) functions
perm( n, r ); nŠ

.n � r/Š
put(); Returns a value that uses a speci�ed format
round( x); Rounds x

rms( of x1–xn);

q
x 2

1 C��� x 2
n

n
sdf(); Survival function
sign( x); Returns –1 ifx < 0 ; 0 if x D 0; 1 if x > 0
sin( x); sine(x)
smallest( s, x1, . . . , en ); Returns thesth smallest component ofx1; : : : ; xn

sortn( of x1-xn); Sorts the values of the variables
sqrt( x);

p
x

std( x1, . . . , xn) ); Standard deviation ofx1; : : : ; xn (n-1 in denominator)
sum( of x:);

P
i xi

trigamma( x); Derivative of the DIGAMMA(x) function
uss( of x1–xn); Uncorrected sum of squares

Here are examples of some commonly used transformations:

� logit

mu = beta0 + beta1 * z1;
call logistic(mu);

� log
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w = beta0 + beta1 * z1;
mu = exp(w);

� probit

w = beta0 + beta1 * z1;
mu = cdf(�normal�, w, 0, 1);

� cloglog

w = beta0 + beta1 * z1;
mu = 1 - exp(-exp(w));

Matrix Functions in PROC MCMC

The MCMC procedure provides you with a number of CALL routines for performing simple matrix operations
on declared arrays. With the exception of FILLMATRIX, IDENTITY, and ZEROMATRIX, the CALL
routines listed in Table 74.45 do not support matrices or arrays that contain missing values.

Table 74.45 Matrix Functions in PROC MCMC

CALL Routine Description
ADDMATRIX Performs an element-wise addition of two matrices or of a matrix and a

scalar.
CHOL Calculates the Cholesky decomposition for a particular symmetric matrix.
DET Calculates the determinant of a speci�ed matrix, which must be square.
ELEMMULT Performs an element-wise multiplication of two matrices.
FILLMATRIX Replaces all of the element values of the input matrix with the speci�ed

value. You can use this routine with multidimensional numeric arrays.
IDENTITY Converts the input matrix to an identity matrix. Diagonal element values of

the matrix are set to 1, and the rest of the values are set to 0.
INV Calculates a matrix that is the inverse of the input matrix. The input matrix

must be a square, nonsingular matrix.
MULT Calculates the matrix product of two input matrices.
SUBTRACTMATRIX Performs an element-wide subtraction of two matrices or of a matrix and a

scalar.
TRANSPOSE Returns the transpose of a matrix.
ZEROMATRIX Replaces all of the element values of the numeric input matrix with 0.
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ADDMATRIX CALL Routine

The ADDMATRIX CALL routine performs an element-wise addition of two matrices or of a matrix and a
scalar.

The syntax of the ADDMATRIX CALL routine is

CALL ADDMATRIX ( X, Y , Z ) ;

where

X speci�es a scalar or an input matrix with dimensionsm � n (that is,X [m; n])

Y speci�es a scalar or an input matrix with dimensionsm � n (that is,Y [m; n])

Z speci�es an output matrix with dimensionsm � n (that is,Z [m; n])

such that

Z D X C Y

CHOL CALL Routine

The CHOL CALL routine calculates the Cholesky decomposition for a particular symmetric matrix.

The syntax of the CHOL CALL routine is

CALL CHOL ( X, Y < , validate >) ;

where

X speci�es a symmetric positive-de�nite input matrix with dimensionsm � m (that is,X [m, m])

Y is a variable that contains the Cholesky decomposition and speci�es an output matrix with dimensions
m � m (that is,Y [m; m])

validate speci�es an optional argument that can increase the processing speed by avoiding error
checking:

If validate = 0 or is not speci�ed, then the matrixX is checked for symmetry.

If validate = 1, then the matrixX is assumed to be symmetric.

such that

X D YY �

whereY is a lower triangular matrix with strictly positive diagonal entries andY � denotes the conjugate
transpose ofY .

Both input and output matrices must be square and have the same dimensions. IfX is symmetric positive-
de�nite, Y is a lower triangle matrix. IfX is not symmetric positive-de�nite,Y is �lled with missing
values.
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DET CALL Routine

The determinant, the product of the eigenvalues, is a single numeric value. If the determinant of a matrix
is zero, then that matrix is singular (that is, it does not have an inverse). The routine performs an LU
decomposition and collects the product of the diagonals.

The syntax of the DET CALL routine is

CALL DET ( X, a) ;

where

X speci�es an input matrix with dimensionsm � m (that is,X [m; m])

a speci�es the returned determinate value

such that

a D j X j

ELEMMULT CALL Routine

The ELEMMULT CALL routine performs an element-wise multiplication of two matrices.

The syntax of the ELEMMULT CALL routine is

CALL ELEMMULT ( X, Y , Z ) ;

where

X speci�es an input matrix with dimensionsm � n (that is,X [m; n])

Y speci�es an input matrix with dimensionsm � n (that is,Y [m; n])

Z speci�es an output matrix with dimensionsm � n (that is,Z [m; n])

FILLMATRIX CALL Routine

The FILLMATRIX CALL routine replaces all of the element values of the input matrix with the speci�ed
value. You can use the FILLMATRIX CALL routine with multidimensional numeric arrays.

The syntax of the FILLMATRIX CALL routine is

CALL FILLMATRIX ( X, Y ) ;

where

X speci�es an input numeric matrix

Y speci�es the numeric value that is used to �ll the matrix
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IDENTITY CALL Routine

The IDENTITY CALL routine converts the input matrix to an identity matrix. Diagonal element values of
the matrix are set to 1, and the rest of the values are set to 0.

The syntax of the IDENTITY CALL routine is

CALL IDENTITY ( X) ;

where

X speci�es an input matrix with dimensionsm � m (that is,X [m; m])

INV CALL Routine

The INV CALL routine calculates a matrix that is the inverse of the input matrix. The input matrix must be a
square, nonsingular matrix.

The syntax of the INV CALL routine is

CALL INV ( X, Y ) ;

where

X speci�es an input matrix with dimensionsm � m (that is,X [m; m])

Y speci�es an output matrix with dimensionsm � m (that is,Y [m; m])

MULT CALL Routine

The MULT CALL routine calculates the matrix product of two input matrices.

The syntax of the MULT CALL routine is

CALL MULT ( X, Y , Z ) ;

where

X speci�es an input matrix with dimensionsm � n (that is,X [m; n])

Y speci�es an input matrix with dimensionsn � p (that is,Y [n; p ])

Z speci�es an output matrix with dimensionsm � p (that is,Z [m; p])

The number of columns for the �rst input matrix must be the same as the number of rows for the second
matrix. The calculated matrix is the last argument.
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SUBTRACTMATRIX CALL Routine

The SUBTRACTMATRIX CALL routine performs an element-wide subtraction of two matrices or of a
matrix and a scalar.

The syntax of the SUBTRACTMATRIX CALL routine is

CALL SUBTRACTMATRIX ( X, Y , Z ) ;

where

X speci�es a scalar or an input matrix with dimensionsm � n (that is,X [m; n])

Y speci�es a scalar or an input matrix with dimensionsm � n (that is,Y [m; n])

Z speci�es an output matrix with dimensionsm � n (that is,Z [m; n])

such that

Z D X � Y

TRANSPOSE CALL Routine

The TRANSPOSE CALL routine returns the transpose of a matrix.

The syntax of the TRANSPOSE CALL routine is

CALL TRANSPOSE ( X, Y ) ;

where

X speci�es an input matrix with dimensionsm � n (that is,X [m; n])

Y speci�es an output matrix with dimensionsn � m (that is,Y [n; m])

ZEROMATRIX CALL Routine

The ZEROMATRIX CALL routine replaces all of the element values of the numeric input matrix with 0.
You can use the ZEROMATRIX CALL routine with multidimensional numeric arrays.

The syntax of the ZEROMATRIX CALL routine is

CALL ZEROMATRIX ( X) ;

where

X speci�es a numeric input matrix.
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Create Design Matrix

PROC MCMC does not support a CLASS statement; therefore you need to construct the right design matrix
(with dummy or indicator variables) prior to calling PROC MCMC. The best tool to use is the TRANSREG
procedure (see Chapter 119, “The TRANSREG Procedure”). This procedure offers both indicator and effects
coding methods. You can specify any categorical variables in the CLASS expansion, and use the ZERO=
option to select a reference category. You can also specify any other data set variables (predictors, the
responses, and so on) to the output data set in the ID statement.

For example, the following statements create a data set that contains two categorical variables (City andG),
and two continuous variables (x andresp):

title �Create Design Matrix�;
data categorical;

input City$ G$ x resp @@;
datalines;

Chicago F 69.0 112.5 Chicago F 56.5 84.0
Chicago M 65.3 98.0 Chicago M 59.8 84.5
NewYork M 62.8 102.5 NewYork M 63.5 102.5
NewYork F 57.3 83.0 NewYork M 57.5 85.0
;

Suppose you are interested in creating a design matrix that uses dummy variable coding for the categorical
variablesCity, G and their interactionCity * G. You can use the following PROC TRANSREG statements:

proc transreg data=categorical design;
model class(city g city * g / zero=last);
id x resp;
output out=input_mcmc(drop=_: Int:);

run;

The DESIGN option speci�es that the primary goal is to code the design matrix. The MODEL statement
indicates the variable of interest. The CLASS option in the MODEL statement expands the variables of
interest to a list of “dummy” variables. The ZERO=LAST option sets the reference level. The ID statement
includesx andresp in the OUT= data set. And the OUTPUT statement creates a new data setInput_MCMC
that stores the design matrix and original variables from the original data set.

A quick call of the PRINT procedure shows the output from the PROC TRANSREG call:

proc print data=input_mcmc;
run;

Figure 74.15 prints the design matrix that is generated by PROC TRANSREG. TheInput_mcmc data set
contains all the variables from the originalCategorical data set, in addition to corresponding dummy variables
(CityChicago, GF, andCityChicagoGF) for the categorical variables.
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Figure 74.15 Design Matrix Generated by PROC TRANSREG

You can now proceed to call PROC MCMC using this input data setInput_mcmc and the corresponding
dummy variables.

PROC TRANSREG automatically creates a macro variable, &_TRGIND, which contains a list of variable
names that it creates. The%put &_trgind; statement prints the following:

CityChicago GF CityChicagoGF

The macro variable &_TRGIND can come handy if you want to build a regression model; you can refer to
&_TRGIND in the following way:

proc mcmc data=input_mcmc;
array data[5] 1 &_trgind x;
array beta[5] beta0-beta4;
...;
call mult(beta, data, mu);
...;

The �rst ARRAY statement de�nes a one-dimensional array of length 5, and it takes on �ve values: a constant
1 and variablesCityChicago, GF, CityChicagoGF, andx. The second ARRAY statement de�nes an array
of beta, which are the model parameters. Later in the program, you can use the CALL MULT function to
calculate the regression mean and store the value in the symbolmu.

Modeling Joint Likelihood

PROC MCMC assumes that the input observations are independent and that the joint log likelihood is the
sum of individual log-likelihood functions. You specify the log likelihood of one observation in the MODEL
statement. PROC MCMC evaluates that function for each observation in the data set and cumulatively
sums them up. If observations are not independent of each other, this summation produces the incorrect log
likelihood.

There are two ways to model dependent data. You can either use the DATA step LAG function or use the
PROC option JOINTMODEL. The LAG function returns values of a variable from a queue. As PROC
MCMC steps through the data set, the LAG function queues each data set variable, and you have access to the
current value as well as to all previous values of any variable. If the log likelihood for observationxi depends
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only on observations 1 toi in the data set, you can use this SAS function to construct the log-likelihood
function for each observation. Note that the LAG function enables you to access observations from different
rows, but the log-likelihood function in the MODEL statement must be generic enough that it applies to all
observations. See “Example 74.14: Time Independent Cox Model” on page 5847 and “Example 74.15: Time
Dependent Cox Model” on page 5854 for how to use this LAG function.

A second option is to create arrays, store all relevant variables in the arrays, and construct the joint log
likelihood for the entire data set instead of for each observation. Following is a simple example that illustrates
the usage of this option. For a more realistic example that models dependent data, see “Example 74.14: Time
Independent Cox Model” on page 5847 and “Example 74.15: Time Dependent Cox Model” on page 5854.

/ * allocate the sample size. * /
data exi;

call streaminit(17);
do ind = 1 to 100;

y = rand("normal", 2.3, 1);
output;

end;
run;

The log-likelihood function for each observation is as follows:

log.f .y i j�; � // D log.�.y i I �; var D � 2//

The joint log-likelihood function is as follows:

log.f . yj�; � // D
X

i

log.�.y i I �; var D � 2//

The following statements �t a simple model with an unknown mean (mu) in PROC MCMC, with the variance
in the likelihood assumed known. The MODEL statement indicates a normal likelihood for each observation
y.

proc mcmc data=exi seed=7 outpost=p1;
parm mu;
prior mu ~ normal(0, sd=10);
model y ~ normal(mu, sd=1);

run;

The following statements show how you can specify the log-likelihood function for the entire data set:

data a;
run;

proc mcmc data=a seed=7 outpost=p2 jointmodel;
array data[1] / nosymbols;
begincnst;

rc = read_array("exi", data, "y");
n = dim(data, 1);

endcnst;

parm mu;
prior mu ~ normal(0, sd=10);
ll = 0;
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do i = 1 to n;
ll = ll + lpdfnorm(data[i], mu, 1);

end;
model general(ll);

run;

The JOINTMODEL option indicates that the function used in the MODEL statement calculates the log
likelihood for the entire data set, rather than just for one observation. Given this option, PROC MCMC no
longer steps through the input data during the simulation. Consequently, you can no longer use any data set
variables to construct the log-likelihood function. Instead, you store the data set in arrays and use arrays
instead of data set variables to calculate the log likelihood.

The ARRAY statement allocates a temporary array (data). The READ_ARRAY function selects they
variable from theexi data set and stores it in thedata array. See the section “READ_ARRAY Function” on
page 5663. In the programming statements, you use a DO loop to construct the joint log likelihood. The
expressionll in the GENERAL function now takes the value of the joint log likelihood for all data.

You can run the following statements to see that two PROC MCMC runs produce identical results.

proc compare data=p1 compare=p2;
var mu;

run;

Access Lag and Lead Variables

There are two types of random variables in PROC MCMC that are indexed: the response (MODEL statement)
is indexed by observations, and the random effect (RANDOM statement) is indexed by the SUBJECT=
option variable. As the procedure steps through the input data set, the response or the random-effects symbols
are �lled with values of the current observation or the random-effects parameters in the current subject. Often
you might want to access lag or lead variables across an index. For example, the likelihood function fory i

can depend ony i � 1 in an autoregressive model, or the prior distribution for� j can depend on� k , where
k ¤ j , in a dynamic linear model. In these situations, you can use the following rules to construct symbols
to access values from other observations or subjects:

rv.Li: theith lag of the variablerv. This looks back to the past.

rv.Ni: theith lead of the variablerv. This looks forward to the future.

The construction is allowed for random variables that are associated with an index, either a response variable
or a random-effects variable. You concatenate the variable name, a dot, either the letterL (for “lag”) or the
letterN (for “next”), and a lag or a lead number. PROC MCMC resolves these variables according to the
indices that are associated with the random variable, with respect to the current observation.

For example, the following RANDOM statement speci�es a �rst-order Markov dependence in the random
effectmu that is indexed by the subject variabletime:

random mu ~ normal(mu.l1,sd=1) subject=time;

This corresponds to the prior

� t � normal.� t � 1; sdD 1/
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At each observation, PROC MCMC �lls in the symbolmu with the random-effects parameter� t that belongs
to the current clustert. To �ll in the symbol mu.l1, the procedure looks back and �nds a lag-1 random-effects
parameter,� t � 1, from the last clustert-1. As the procedure moves forward in the input data set, these two
symbols are constantly updated, as appropriate.

When the index is out of range, such ast–1 whent is 1, PROC MCMC �lls in the missing state from the
ICOND= option in either the MODEL or RANDOM statement. The following example illustrates how
PROC MCMC �lls in the values of these lag and lead variables as it steps through the data set.

Assume that the random effectmu has �ve levels, indexed bysub D f a; b; c; d; eg. The model contains two
lag variables and one lead variable (mu.l1, mu.l2, andmu.n2):

mn = (mu.l1 + mu.l2 + mu.n2) / 3
random mu ~ normal(mn, sd=1) subject=time icond=(alpha beta gamma kappa);

In this setup, instead of a list of �ve random-effects parameters that the variablemu can be assigned values
to, there is now a list of nine variables for the variablesmu, mu.l1, mu.l2, andmu.n2. The list lines up in the
following order:

alpha; beta; � a; � b; � c; � d; � e; gamma; kappa

PROC MCMC �nds relevant symbol values according to this list, as the procedure steps through different
subject cluster. The process is illustrated in Table 74.46.

Table 74.46 Processing Lag and Lead Variables

sub mu mu.l2 mu.l1 mu.n2
a � a alpha beta � c
b � b beta � a � d
c � c � a � b � e
d � d � b � c gamma
e � e � c � d kappa

For observations in clustera, PROC MCMC sets the random-effects variablemu to � a, looks back two lags
and �lls in mu.l2 with alpha, looks back one lag and �lls inmu.l1 with beta, and looks forward two leads and
�lls in mu.n2 with � c. As the procedure moves to observations in clusterb, mu becomes� b, mu.l2 becomes
beta, mu.l1 becomes� a, andmu.n2 becomes� d. For observations in the last cluster, clustere, mu becomes
� e, mu.l2 becomes� c, mu.l1 becomes� d, andmu.n2 is �lled with kappa.
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The following example �ts a simple �rst-order dynamic linear model, in which the data set contains atime
index and the response variabley:

data dlm;
input time y;
datalines;

1 1.353412529
2 4.840739953
3 1.604892523
4 6.8947921
5 3.509644288
6 4.020173553
7 3.842884451
8 4.49057276
9 2.204570502
10 4.007351323
11 2.005515044
12 2.781756057
;

You can �t the following model to the data:

Yt � normal.� t ; var=� 2
y /

� t � normal.� t � 1; var=� 2
� /

� 0 D �

� � normal.0; var=10/

� 2
y ; � 2

� � igamma.shape=3, scale=2/

The following PROC MCMC statements estimate parameters from this dynamic linear model:

proc mcmc data=dlm outpost=dlmO nmc=20000 seed=23;
ods select PostSumInt;
parms alpha 0;
parms var_y 1 var_mu 1;
prior alpha ~ n(0, sd=10);
prior var_y var_mu ~ igamma(shape=3, scale=2);
random mu ~ n(mu.l1,var=var_mu) s=time icond=(alpha) monitor=(mu);
model y~n(mu, var=var_y);

run;

The key component is themu.l1 speci�cation in the RANDOM statement, where the prior formu depends on
its lag-1 value. The ICOND= option speci�es the initial condition ofmu and assigns it to bealpha, which is
a parameter in the model.

Figure 74.16 lists the estimated posterior statistics for the parameters.
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Figure 74.16 Posterior Summary Statistics of the Dynamic Linear Model

CALL ODE and CALL QUAD Subroutines

The CALL ODE subroutine numerically solves a set of �rst-order ordinary differential equations (ODEs),
including piecewise differential equations. The CALL QUAD subroutine calculates multidimensional
integrand. You can use them as programming statements in PROC MCMC. These subroutines require that
you de�ne an objective function, for either a set of simultaneous differential equations or an integrand
function, by using PROC FCMP (see the FCMP procedure in theBase SAS Procedures Guide) and call these
subroutines in PROC MCMC.

CALL ODE

The CALL ODE subroutine performs numerical integration of �rst-order vector differential equations of the
form dy

dt D f .t; y.t // over the subintervalt 2 Œti ; tf • with the initial valuesy.t i / D y0. The subroutine can
also be used to solve piecewise differential equations.

You specify the CALL ODE subroutine in PROC MCMC by using the following syntax:

CALL ODE("DeqFun", Soln, Init, ti, tf, G1, G2, ... , Gk <, ode_opt>);

DeqFun: the name of the PROC FCMP subroutine of a set of simultaneous set of ordinary differential
equations,dy

dt D f .t; y.t //

Soln: an argument that contains solutions.Soln can be a numeric variable or an array. If it is an array, then
the size of the array determines the dimension of the problem. Otherwise, the dimension of the problem is
one.

Init: initial values of the variable y.Init can be either a numeric variable or an array. The dimension must
match that ofSoln.
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ti: initial time value of the subintervalt

tf: �nal time value of the subintervalt

Gi: input arguments in theDeqFun subroutine

ode_opt: subroutine options.ode_opt is a positional array of size 4, with the following de�nition:

� ode_opt[1]: convergence accuracy. The default value is 1E–8.

� ode_opt[2]: minimum allowable step size in the integration process. The default value is 1E–12.

� ode_opt[3]: maximum allowable step size in the integration process. The default value is the largest
double-precision �oating-point number.

� ode_opt[4]: initial step size to start the integration process. The default value is 1E–5.

To specify theDeqFun subroutine by using PROC FCMP, use the following statements:

proc fcmp outlib=sasuser.funcs.ODE;
subroutine DeqFun(t,y[ * ],dy[ * ], A1,A2,...,Ak);
outargs dy;
dy[1] = -A1 * y[1];
dy[2] = A2 * y[1]-Ak-1 * y[2];
...
dy[n] = t * y[n] + Ak;
endsub;

run;

The OUTLIB= option speci�es an output data set to which the compiled subroutine is written. The �rst
three arguments of theDeqFun subroutine must be (1) the time variablet, (2) the with-respect-to variable
y, which can be an array, and (3) the differential equation function variabledy, which can also be an array.
The remaining optional input arguments are variables that are required in the construction of the differential
equations. You must declare variabledy as the updated variable in the OUTARGS statement.

To include theDeqFun in your PROC MCMC program, you must specify the SAS data set that contains the
compiler subroutine:

options cmplib=sasuser.funcs;

See “Example 74.22: One-Compartment Model with Pharmacokinetic Data” on page 5898 for an example of
�tting a pharmacokinetic model by using the CALL ODE subroutine.

The CALL ODE subroutine uses the polyalgorithm of Byrne and Hindmarsh (1975) to provide a numerical
solution for the set of ordinary differential equations. Note that you can model anyn-order differential
equation as a system of �rst-order differential equations.

Piecewise Differential Equations
Suppose you have a system of piecewise ODEs of the following form:
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dy
dt

D

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

f 1.t; y.t // t 1 � t < t 2

f 2.t; y.t // t 2 � t < t 3
:::

:::
f m� 1.t; y.t // t m� 1 � t < t m

f m .t; y.t // t m � t

The system of equations is de�ned overm intervals (t 2 Œti ; tf •) with initial valuesy.t j / D y. tj 0 / for
j D 1; 2; : : : ; m. The variabley .t / can be a vector. The CALL ODE subroutine solves the system of
piecewise ODEs in each semiclosed intervalŒti ; tj / for i < j D 1; 2; : : : ; m.

The CALL ODE subroutine differentiates between a regular ODE problem and a piecewise ODE problem
based on the dimension of the second input argument to the subroutine. That is theSoln argument, which
stores the solutions to the ODEs. IfSoln is either a numeric variable or a one-dimensional array, the CALL
ODE subroutine treats the problem as a regular ODE problem; ifSoln is a two-dimensional array, the CALL
ODE subroutine treats it as a piecewise ODE problem and solves accordingly.

You specify the CALL ODE subroutine in PROC MCMC to solve piecewise ODEs by using the following
syntax:

CALL ODE("DeqFun", Soln, ., ti, tf, G1, G2, ... , Gk,
ode_grid, "InitFun", H1, H2, ..., Hl <, ode_opt>);

DeqFun: the name of the PROC FCMP subroutine of a system of ODEs

Soln: an argument that contains solutions.Soln must be anm (number of intervals)� n (number of
equations) array. Upon completion, the CALL ODE subroutine �lls in the last row of theSoln array
(SolnŒm; 1•; : : : ;SolnŒm; n•) with the �nal solutions.

. (period): the third positional argument takes a missing value, or a period (.). In a regular ODE problem,
the third argument is reserved for initial values, which are �xed per solution. In a piecewise problem, initial
values can depend on solutions to previous set of ODEs, and they are set through a separate PROC FCMP
subroutine (see description ofInitFun).

ti: initial time value of the subintervalt

tf: �nal time value of the subintervalt

Gi: input arguments in theDeqFun subroutine

ode_grid: numerical array that stores the interval boundaries. You must use the keywordode_grid for this
array, and the array should be placed after all theGi variables. Elements inode_grid must be sorted in
ascending order. The dimension of this array should bem, the number of rows inSoln.

InitFun: the name of the PROC FCMP subroutine that speci�es the initial values of the ODEs at different
intervals. The subroutine requires an output array argument that should be �lled with the required initial
values for each interval. TheInitFun subroutine should come after theode_grid variable.

Hi: input arguments in theInitFun subroutine

ode_opt: subroutine options

The following example statements construct a two-interval piecewise ODE in theDeqFun subroutine, set
initial values in theInitFun subroutine, and call the general ODE solver in PROC MCMC:
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proc fcmp outlib=sasuser.funcs.ODE;
subroutine DeqFun(t,y[ * ],dy[ * ],t1,beta,alpha);
outargs dy;
if (t <= t1) then do;

dy[1] = -y[1];
dy[2] = beta * y[1] - y[2];
dy[3] = - y[3];

end; else do;
dy[1] = 0;
dy[2] = alpha * y[1] + y[2];
dy[3] = alpha * y[3] * y[3];

end;
endsub;

run;

proc fcmp outlib=sasuser.funcs.ODE;
subroutine InitFun(init[ * , * ],d,Soln[ * , * ]);
outargs init;
init[1,1] = d;
init[1,2] = d;
init[1,3] = d;
init[2,1] = Soln[1,1];
init[2,2] = Soln[1,2];
init[2,3] = Soln[1,3];
endsub;

run;

options cmplib=sasuser.funcs;

proc mcmc ...;
array Soln[2, 3];
array ode_grid[2];

ode_grid[1]=0;
ode_grid[2]=ti;
call ode("DeqFun", Soln, ., 0, tf, ti, beta, alpha,

ode_grid, "InitFun", dose, Soln);
...;

run;

TheDeqFun subroutine speci�es three differential equations in two intervals,t � t2 andt > t 2. TheInitFun
subroutine speci�es the initial values for the �rst set of equations asd (an input variable) and speci�es the
initial values for the second set of equations as solutions to the �rst set of equations. In the PROC MCMC
statements,Soln is an array of size 2� 3. Theode_grid array has two elements: the �rst element is the
lower bound (0 in this case), and the second element isti (for example, a data set variable). TheDeqFun and
InitFun subroutines are passed to the ODE solver. Three variables (ti, beta, andalpha) are input arguments to
theDeqFun subroutine. Two variables (dose andSoln) are input arguments to theInitFun subroutine. The
solution array,Soln, is passed to theInitFun subroutine and enables the ODE solver to use solutions to the
�rst set of ODEs as the initial values for the second set. The CALL ODE subroutine �lls the second row of
theSoln array (Soln[2,1], Soln[2,2], andSoln[2,3]) with the �nal solution to the entire system of the ODEs
upon completion.
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CALL QUAD

The CALL QUAD subroutine is a numerical integrator that performs the integration in a twofold fashion
based on the dimension of the problem. In a unidimensional problem, the subroutine uses the adaptive
Romberg type of integration techniques; in a multidimensional problem, it uses the Laplace approximation.
You specify the CALL QUAD subroutine syntax in PROC MCMC by using the following syntax:

CALL QUAD("IntFun",Res, LL, UL, G1, G2, ... , Gk <, quad_init> <, quad_opt>);

IntFun: the name of the PROC FCMP subroutine of an integrand function

Res: contains the approximated integral value

LL: lower limit of the integral.LL must be an array if the problem is multidimensional.

UL: upper limit of the integral.UL must be an array if the problem is multidimensional.

Gi: input arguments in theIntFun subroutine

quad_init: starting values that are used in optimizing theIntFun function in Laplace approximation. This
optional array is applicable only in a multidimensional problem, and you must use the keywordquad_init for
this array. By default, the optimization starts at the average values ofLL andUL. When you use the variable
quad_init, it must precede the integration option arrayquad_opt.

quad_opt: integration options. You must use the keywordquad_opt for this array. For a unidimensional
integration problem,quad_opt must be a positional array of size 4:

� quad_opt[1]: relative accuracy. The default value is 1E–7.

� quad_opt[2]: the approximate location of a maximum of the integrand. The default value is the centered
location between theLL andUL limits.

� quad_opt[3]: approximate estimate of any scale in the integrand along the independent variables. The
default value is 1.

� quad_opt[4]: the number of re�nements allowed in order to achieve the required accuracy

In a multidimensional integration problem, quad_opt is a positional array of size 2:

� quad_opt[1]: relative accuracy. The default value is 1E–7.

� quad_opt[2]: optimization technique:

– 1: Quasi-Newton

– 2: Newton-Raphson

– 3: Newton-Raphson with ridging

– 4: Nelder-Mead simplex method

To specify the subroutineIntFun in PROC FCMP, you can use the following example:
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proc fcmp outlib=sasuser.funcs.QUAD;
subroutine IntFun(y[ * ],fy,pi);
outargs fy;
fy = (exp(-(y[1] * y[1]+y[2] * y[2])/2))/(2 * pi);
endsub;

run;

The �rst argument toIntFun must be the with-respect-to vector in the integral. The variabley can be a scalar
or an array, depending on your problem. The second argument must be the variable that contains the integrand
value, which should be declared as the updated variable in the OUTARGS statement. The remaining input
arguments are optional variables, if needed in constructing the integrand function.

To include theIntFun subroutine in your PROC MCMC program, you must specify the SAS data set that
contains the compiler subroutine:

options cmplib=sasuser.funcs;

proc mcmc ...;
array LL[2] (-100 -100);
array UL[2] ( 100 100);

call quad("IntFun", Res, LL, UL, pi);
...;

run;

In the PROC MCMC statements,LL andUL are arrays that contain the lower and upper limits of the integral.
The variablepi is an input argument to theIntFun subroutine. The solution is stored inRes.

In case of one-dimensional integration, the CALL QUAD subroutine uses adaptive Romberg-type integration
techniques. (See Rice 1973; Sikorsky 1982; Sikorsky and Stenger 1984; Stenger 1973b, a.) Many adaptive
numerical integration methods (Ralston and Rabinowitz 1978) start at one end of the interval and proceed
toward the other end, working on subintervals while locally maintaining a certain prescribed precision. This
is not the case with the CALL QUAD subroutine. The CALL QUAD subroutine is an adaptive global-type
integrator that produces a quick, rough estimate of the integration result and then re�nes the estimate until it
achieves the prescribed accuracy. This gives the subroutine an advantage over Gauss-Hermite and Gauss-
Laguerre quadratures (Ralston and Rabinowitz 1978; Squire 1987), particularly for in�nite and semi-in�nite
intervals, because those methods perform only a single evaluation.

The Laplace approximation is used in the multidimensional problem. To approximate ak-dimensional
integration of an integrand,h(t), between the limitsa andb, you can use the approximation formula

Z b

a
h.t /dt Š h.c/

s
.2�/ k

jH.t / j t D c

where� logŒh.t /•assumes a minimum overŒa; b•at an interior critical pointc, andH.t / is the Hessian of
� logŒh.t /•,

H.t / D
@2 f � log.h.t // g

@t@t0
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The minimum of the negative log integrand is found by using numerical optimization. By default, the CALL
QUAD subroutine uses the quasi-Newton method. You can select other methods by using the quad_opt
option.

Regenerating Diagnostics Plots

By default, PROC MCMC generates three plots: the trace plot, the autocorrelation plot, and the kernel density
plot. Unless ODS Graphics is enabled before calling the procedure, it is hard to generate the same graph
afterwards. Directly using theStat.MCMC.Graphics.TraceAutocorrDensity template is not feasible.
The easiest way to regenerate the same graph is with the %TADPlot autocall macro. The %TADPlot macro
requires you to specify an input data set (which usually is the output data set from a previous PROC MCMC
call) and a list of variables that you want to plot.

For more information about enabling and disabling ODS Graphics, see the section “Enabling and Disabling
ODS Graphics” on page 607 in Chapter 21, “Statistical Graphics Using ODS.”

A simple regression example, with three parameters, is used here for illustrational purposes. For an explana-
tion of the regression model and the data involved, see the section “Simple Linear Regression” on page 5630.
The following statements generate a SAS data set and �t a regression model:

title �Regenerating Diagnostics Plots�;

data Class;
input Name $ Height Weight @@;
datalines;

Alfred 69.0 112.5 Alice 56.5 84.0 Barbara 65.3 98.0
Carol 62.8 102.5 Henry 63.5 102.5 James 57.3 83.0
Jane 59.8 84.5 Janet 62.5 112.5 Jeffrey 62.5 84.0
John 59.0 99.5 Joyce 51.3 50.5 Judy 64.3 90.0
Louise 56.3 77.0 Mary 66.5 112.0 Philip 72.0 150.0
Robert 64.8 128.0 Ronald 67.0 133.0 Thomas 57.5 85.0
William 66.5 112.0
;

ods select none;
proc mcmc data=class nmc=50000 thin=5 outpost=classout seed=246810;

parms beta0 0 beta1 0;
parms sigma2 1;
prior beta0 beta1 ~ normal(0, var = 1e6);
prior sigma2 ~ igamma(3/10, scale = 10/3);
mu = beta0 + beta1 * height;
model weight ~ normal(mu, var = sigma2);

run;
ods select all;



Regenerating Diagnostics Plots F 5741

The output data setClassout contains posterior draws forbeta0, beta1, andsigma2. It also stores the log of
the prior density (LogPrior), log of the likelihood (LogLike), and the log of the posterior density (LogPost). If
you want to examine thebeta0 andLogPost variable, you can use the following statements to generate the
graphs:

ods graphics on;
%tadplot(data=classout, var=beta0 logpost);
ods graphics off;

Figure 74.17 displays the regenerated diagnostics plots for variablesbeta0 andLogpost from the data set
Classout.

Figure 74.17 Regenerated Diagnostics Plots for beta0 and Logpost
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Figure 74.17 continued

Caterpillar Plot

The caterpillar plot is a side-by-side bar plot of 95% intervals for multiple parameters. Typically, it is used to
visualize and compare random-effects parameters, which can come in large numbers in certain models. You
can use the %CATER autocall macro to create a caterpillar plot. The %CATER macro requires you specify
an input data set and a list of variables that you want to plot.

A random-effects model that has 21 random-effects parameters is used here for illustrational purpose. For
an explanation of the random-effects model and the data involved, see “Example 74.7: Logistic Regression
Random-Effects Model” on page 5812. The following statements generate a SAS data set and �t the model:

title �Create a Caterpillar Plot�;

data seeds;
input r n seed extract @@;
ind = _N_;
datalines;

10 39 0 0 23 62 0 0 23 81 0 0 26 51 0 0
17 39 0 0 5 6 0 1 53 74 0 1 55 72 0 1
32 51 0 1 46 79 0 1 10 13 0 1 8 16 1 0
10 30 1 0 8 28 1 0 23 45 1 0 0 4 1 0

3 12 1 1 22 41 1 1 15 30 1 1 32 51 1 1
3 7 1 1

;
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ods select none;
proc mcmc data=seeds outpost=postout seed=332786 nmc=20000;

parms beta0 0 beta1 0 beta2 0 beta3 0 s2 1;
prior s2 ~ igamma(0.01, s=0.01);
prior beta: ~ general(0);
w = beta0 + beta1 * seed + beta2 * extract + beta3 * seed * extract;
random delta ~ normal(w, var=s2) subject=ind;
pi = logistic(delta);
model r ~ binomial(n = n, p = pi);

run;
ods select all;

The output data setPostout contains posterior draws for all 21 random-effects parameters,delta_1 � � �
delta_21. You can use the following statements to generate a caterpillar plot for the 21 parameters:

%CATER(data=postout, var=delta:);

Figure 74.18 is a caterpillar plot of the random-effects parametersdelta_1–delta_21.

Figure 74.18 Caterpillar Plot of the Random-Effects Parameters

If you want to change the display of the caterpillar plot, such as using a different line pattern, color, or size of
the markers, you need to �rst modify theStat.MCMC.Graphics.Caterpillar template and then call the
%CATER macro again.

You can use the following statements to view the source of theStat.MCMC.Graphics.Caterpillar
template:
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proc template;
path sashelp.tmplmst;
source Stat.MCMC.Graphics.Caterpillar;

run;

Figure 74.19 lists the source statements of the template that is used to generate the template for the caterpillar
plot.

Figure 74.19 Source Statements for Stat.MCMC.Graphics.Caterpillar Template

You can use the TEMPLATE procedure (see Chapter 21, “Statistical Graphics Using ODS”) to modify the
graph template. Subsequent calls to the %CATER macro will use the modi�ed template to make the graph.

Autocall Macros for Postprocessing

Although PROC MCMC provides a number of convergence diagnostic tests and posterior summary statistics,
PROC MCMC performs the calculations only if you specify the options in advance. If you wish to analyze
the posterior draws of unmonitored parameters or functions of the parameters that are calculated in later
DATA step calls, you can use the autocall macros in Table 74.47.



Autocall Macros for Postprocessing F 5745

Table 74.47 Postprocessing Autocall Macros

Macro Description

%ESS Effective sample sizes
%GEWEKE* Geweke diagnostic
%HEIDEL* Heidelberger-Welch diagnostic
%MCSE Monte Carlo standard errors
%RAFTERY Raftery diagnostic
%POSTACF Autocorrelation
%POSTCOR Correlation matrix
%POSTCOV Covariance matrix
%POSTINT Equal-tail and HPD intervals
%POSTSUM Summary statistics
%SUMINT Mean, standard deviation, and HPD interval
* The %GEWEKE and %HEIDEL macros use a different optimization routine
than that used in PROC MCMC. As a result, there might be numerical differences
in some cases, especially when the sample size is small.

Table 74.48 lists options that are shared by all postprocessing autocall macros. See Table 74.49 for macro-
speci�c options.

Table 74.48 Shared Options

Option Description

DATA=SAS-data-set Input data set that contains posterior samples
VAR=variable-list Speci�es the variables on which you want to carry out the calcula-

tion.
PRINT=YES | NO Displays the results. The default is YES.
OUT=SAS-data-set Speci�es a name for the output SAS data set to contain the results.

Suppose that the data set that contains posterior samples is calledpost and that the variables of interest are
de�ned in the macro variable &PARMS. The following statements call the %ESS macro and calculates the
effective sample sizes for each variable:

%let parms = alpha beta u_1-u_17;
%ESS(data=post, var=&parms);

By default, the ESS estimates are displayed. You can choose not to display the result and save the output to a
data set with the following statement:

%ESS(data=post, var=&parms, print=NO, out=eout);

Some of the macros can take additional options, which are listed in Table 74.49.
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Table 74.49 Macro-Speci�c Options

Macro Option Description

%ESS AUTOCORLAG=numeric Speci�es the maximum number of autocorrelation lags used
in computing the ESS estimates. By default, AUTOCOR-
LAG=MIN(500, NOBS/4), where NOBS is the sample size
of the input data set.

HIST=YES|NO Displays a histogram of all ESS estimates. The default is NO.
%HEIDEL SALPHA=numeric Speci�es the� level for the stationarity test. By default,

SALPHA=0.05.
HALPHA=numeric Speci�es the � level for the halfwidth test. By default,

HALPHA=0.05.
EPS=numeric Speci�es a small positive number� such that if the halfwidth is

less than� times the sample mean of the remaining iterations,
the halfwidth test is passed. By default, EPS=0.1.

%GEWEKE FRAC1=numeric Speci�es the earlier portion of the Markov chain used in the test.
By default, FRAC1=0.1.

FRAC2=numeric Speci�es the latter portion of the Markov chain used in the test.
By default, FRAC2=0.5.

%MCSE AUTOCORLAG=numeric Speci�es the maximum number of autocorrelation lags used
in computing the Monte Carlo standard error estimates. By
default, AUTOCORLAG=MIN(500, NOBS/4), where NOBS is
the sample size of the input data set.

%RAFTERY Q=numeric Speci�es the order of the quantile of interest. By default,
Q=0.025.

R=numeric Speci�es the margin of error for measuring the accuracy of
estimation of the quantile. By default, R=0.005.

S=numeric Speci�es the probability of attaining the accuracy of the estima-
tion of the quantile. By default, S=0.95.

EPS=numeric Speci�es the tolerance level for the stationary test. By default,
EPS=0.001.

%POSTACF LAGS=%STR(numeric-list) Speci�es autocorrelation lags calculated. The default values are
1, 5, 10, and 50.

%POSTINT ALPHA=value Speci�es the� level .0 < � < 1/ for the interval estimates. By
default, ALPHA=0.05.

For example, the following statement calculates and displays autocorrelation at lags 1, 6, 11, 50, and 100.
Note that the lags in thenumeric-list need to be separated by commas “,”.

%PostACF(data=post, var=&parms, lags=%str(1 to 15 by 5, 50, 100));

Gamma and Inverse-Gamma Distributions

The gamma and inverse gamma distributions are widely used in Bayesian analysis. With their respective
scale and inverse scale parameterizations, they are a frequent source of confusion in the �eld. This section
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aims to clarify their parameterizations and common usages.

The gamma distribution is often used as the conjugate prior for the precision parameter (� D 1=� 2) in a
normal distribution. See Table 74.19 in the section “Standard Distributions” on page 5700 for the density
de�nitions. You can specify the distribution in two ways:

� gamma(shape=, scale=) which has meanshape �scale and varianceshape � scale 2

� gamma(shape=, iscale=) which has meanshape
iscale and variance shape

iscale 2

The parameterization of the gamma distribution that is preferred by most Bayesian analysts is to have the
same number in both hyperparameter positions, which results in a prior distribution that has mean 1. To do
this, you should use theiscale= parameterization. In addition, if you choose a small value (for example,
0.01), the prior distribution takes on a large variance (100 in this example). To specify this prior in PROC
MCMC, usegamma(shape=0.01, iscale=0.01) 4, not gamma(shape=0.01, scale=0.01) .

If you specify thescale= parameterization, as ingamma(shape=0.01, scale=0.01) , you would get a
prior distribution that has mean 0.0001 and variance 0.000001. This would lead to a completely different
posterior inference: the prior would push the precision parameter estimate close to 0, or the variance estimate
to a large value.

The inverse-gamma distribution is often used as the conjugate prior of the variance parameter (� 2) in a
normal distribution. See Table 74.22 in the section “Standard Distributions” on page 5700 for the density
de�nitions. Similar to the gamma distribution, you can specify the inverse-gamma distribution in two ways:

� igamma(shape=, scale=)

� igamma(shape=, iscale=)

The inverse gamma distribution does not have a mean when the shape parameter is less than or equal to 1 and
does not have a variance when the shape parameter is less than or equal to 2.

A gamma prior distribution on the precision is the equivalent to an inverse gamma prior distribution on the
variance. The equivalency is the following:

� � gamma(shape=0.01, iscale=0.01) , � 2 � igamma(shape=0.01, scale=0.01)

NOTE : This mnemonic might help you remember the parameterization scheme of the distributions. If you
prefer to have identical hyperparameter values in the distribution, you should specify one and only one
“i.”. When the “i” appears in theigamma distribution name for the variance parameter, choose thescale=
parameterization; when the “i” appears in theiscale= parameterization, choose thegammadistribution for
the precision parameter.

If you are not sure about the choices of other hyperparameter values and what type of prior distributions they
induce, you can write a simple PROC MCMC program and see the distributions as in the following example:

4Specifying the same number at both positions and choosing a small value has been popularized by the WinBUGS
software program. The WinBUGS's distribution speci�cation ofdgamma(0.01, 0.01) is equivalent to specifying
gamma(shape=0.01, iscale=0.01) in PROC MCMC.
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data a;
run;

ods graphics on;
ods select DensityPanel;
proc mcmc data=a stats=none diag=none nmc=10000 outpost=gout

plots=density seed=1;
parms gamma_3_is2 gamma_001_sc4 igamma_12_sc001 igamma_2_is01;
prior gamma_3_is2 ~ gamma(shape=3, iscale=2);
prior gamma_001_sc4 ~ gamma(shape=0.01, scale=4);
prior igamma_12_sc001 ~ igamma(shape=12, scale=0.01);
prior igamma_2_is01 ~ igamma(shape=2, iscale=0.1);
model general(0);

run;
ods graphics off;

The preceding statements specify four different gamma and inverse gamma distributions with various scale
and inverse scale parameter values. The output of kernel density plots of these four prior distributions is
shown in Figure 74.20. Note how the X axis scales vary across different distributions.

Figure 74.20 Density Plots of Different Gamma and Inverse Gamma Distributions
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Posterior Predictive Distribution

The posterior predictive distribution

p. ypredjy/ D
Z

p. ypredj� /p.� jy/d�

can often be used to check whether the model is consistent with data. For more information about using
predictive distribution as a model checking tool, see Gelman et al. 2004, Chapter 6 and the bibliography in
that chapter. The idea is to generate replicate data fromp. ypredjy/—call themyi

pred, for i D 1; : : : ; M ,

whereM is the total number of replicates—and compare them to the observed data to see whether there
are any large and systematic differences. Large discrepancies suggest a possible model mis�t. One way to
compare the replicate data to the observed data is to �rst summarize the data to some test quantities, such as
the mean, standard deviation, order statistics, and so on. Then compute the tail-area probabilities of the test
statistics (based on the observed data) with respect to the estimated posterior predictive distribution that uses
theM replicateypredsamples.

Let T .�/ denote the function of the test quantity,T .y/ the test quantity that uses the observed data, and
T .yi

pred/ the test quantity that uses theith replicate data from the posterior predictive distribution. You

calculate the tail-area probability by using the following formula:

Pr.T . ypred/ > T . y/ j� /

The following example shows how you can use PROC MCMC to estimate this probability.

An Example for the Posterior Predictive Distribution

This example uses a normal mixed model to analyze the effects of coaching programs for the scholastic
aptitude test (SAT) in eight high schools. For the original analysis of the data, see Rubin (1981). The
presentation here follows the analysis and posterior predictive check presented in Gelman et al. (2004). The
data are as follows:

title �An Example for the Posterior Predictive Distribution�;

data SAT;
input effect se @@;
ind=_n_;
datalines;

28.39 14.9 7.94 10.2 -2.75 16.3
6.82 11.0 -0.64 9.4 0.63 11.4

18.01 10.4 12.16 17.6
;

The variableeffect is the reported test score difference between coached and uncoached students in eight
schools. The variablese is the corresponding estimated standard error for each school. In a normal mixed
effect model, the variableeffect is assumed to be normally distributed:

effecti � normal.� i ; se2/ for i D 1; : : : ; 8

The parameter� i has a normal prior with hyperparameters.m; v/ :

� i � normal.m; var =v/
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The hyperprior distribution onm is a uniform prior on the real axis, and the hyperprior distribution onv is a
uniform prior from 0 to in�nity.

The following statements �t a normal mixed model and use the PREDDIST statement to generate draws from
the posterior predictive distribution.

ods listing close;
proc mcmc data=SAT outpost=out nmc=40000 seed=12;

parms m 0;
parms v 1 /slice;
prior m ~ general(0);
prior v ~ general(1,lower=0);
random mu ~ normal(m,var=v) subject=ind monitor=(mu);
model effect ~ normal(mu,sd=se);
preddist outpred=pout nsim=5000;

run;
ods listing;

The ODS LISTING CLOSE statement disables the listing output because you are primarily interested in the
samples of the predictive distribution. The HYPER, PRIOR, and MODEL statements specify the Bayesian
model of interest. The PREDDIST statement generates samples from the posterior predictive distribution and
stores the samples in thePout data set. The predictive variables are namedeffect_1, : : :, effect_8. When no
COVARIATES option is speci�ed, the covariates in the original input data setSAT are used in the prediction.
The NSIM= option speci�es the number of predictive simulation iterations.

The following statements use thePout data set to calculate the four test quantities of interest: the average
(mean), the sample standard deviation (sd), the maximum effect (max), and the minimum effect (min). The
output is stored in thePred data set.

data pred;
set pout;
mean = mean(of effect:);
sd = std(of effect:);
max = max(of effect:);
min = min(of effect:);

run;

The following statements compute the corresponding test statistics, the mean, standard deviation, and the
minimum and maximum statistics on the real data and store them in macro variables. You then calculate
the tail-area probabilities by counting the number of samples in the data setPred that are greater than the
observed test statistics based on the real data.

proc means data=SAT noprint;
var effect;
output out=stat mean=mean max=max min=min stddev=sd;

run;

data _null_;
set stat;
call symputx(�mean�,mean);
call symputx(�sd�,sd);
call symputx(�min�,min);
call symputx(�max�,max);

run;
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data _null_;
set pred end=eof nobs=nobs;
ctmean + (mean>&mean);
ctmin + (min>&min);
ctmax + (max>&max);
ctsd + (sd>&sd);
if eof then do;

pmean = ctmean/nobs; call symputx(�pmean�,pmean);
pmin = ctmin/nobs; call symputx(�pmin�,pmin);
pmax = ctmax/nobs; call symputx(�pmax�,pmax);
psd = ctsd/nobs; call symputx(�psd�,psd);

end;
run;

You can plot histograms of each test quantity to visualize the posterior predictive distributions. In addition,
you can see where the estimatedp-values fall on these densities. Figure 74.21 shows the histograms. To put
all four histograms on the same panel, you need to use PROC TEMPLATE to de�ne a new graph template.
(See Chapter 21, “Statistical Graphics Using ODS.”) The following statements de�ne the templatetwobytwo :

proc template;
define statgraph twobytwo;

begingraph;
layout lattice / rows=2 columns=2;

layout overlay / yaxisopts=(display=none)
xaxisopts=(label="mean");

layout gridded / columns=2 border=false
autoalign=(topleft topright);

entry halign=right "p-value =";
entry halign=left eval(strip(put(&pmean, 12.2)));

endlayout;
histogram mean / binaxis=false;
lineparm x=&mean y=0 slope=. /

lineattrs=(color=red thickness=5);
endlayout;
layout overlay / yaxisopts=(display=none)

xaxisopts=(label="sd");
layout gridded / columns=2 border=false

autoalign=(topleft topright);
entry halign=right "p-value =";
entry halign=left eval(strip(put(&psd, 12.2)));

endlayout;
histogram sd / binaxis=false;
lineparm x=&sd y=0 slope=. /

lineattrs=(color=red thickness=5);
endlayout;
layout overlay / yaxisopts=(display=none)

xaxisopts=(label="max");
layout gridded / columns=2 border=false

autoalign=(topleft topright);
entry halign=right "p-value =";
entry halign=left eval(strip(put(&pmax, 12.2)));

endlayout;
histogram max / binaxis=false;
lineparm x=&max y=0 slope=. /

lineattrs=(color=red thickness=5);
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endlayout;
layout overlay / yaxisopts=(display=none)

xaxisopts=(label="min");
layout gridded / columns=2 border=false

autoalign=(topleft topright);
entry halign=right "p-value =";
entry halign=left eval(strip(put(&pmin, 12.2)));

endlayout;
histogram min / binaxis=false;
lineparm x=&min y=0 slope=. /

lineattrs=(color=red thickness=5);
endlayout;

endlayout;
endgraph;

end;
run;

You call PROC SGRENDER to create the graph, which is shown in Figure 74.21. (See the SGRENDER
procedure in theSAS ODS Graphics: Procedures Guide.) There are no extremep-values observed; this
supports the notion that the predicted results are similar to the actual observations and that the model �ts the
data.

proc sgrender data=pred template=twobytwo;
run;

Figure 74.21 Posterior Predictive Distribution Check for the SAT example

Note that the posterior predictive distribution is not the same as the prior predictive distribution. The prior
predictive distribution isp. y/, which is also known as the marginal distribution of the data. The prior
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predictive distribution is an integral of the likelihood function with respect to the prior distribution

p. ypred/ D
Z

p. ypredj� /p.� /d�

and the distribution is not conditional on observed data.

Handling of Missing Data

PROC MCMC automatically augments missing values5 via the use of the MODEL statement. PROC MCMC
treats missing values as unknown parameters, assigns distributions to the variables, and incorporates the
sampling of the missing data as part of Markov chain.

(In SAS/STAT 9.3 and earlier releases, by default, PROC MCMC discarded all observations that had missing
or partial missing values. PROC MCMC could not model missing values.)

You can use the MISSING= option in the PROC MCMC statement to specify how you want PROC MCMC
to handle the missing values. If you specify MISSING=CC (CC stands for complete cases), PROC MCMC
discards all observations that have missing or partial missing values before carrying out the simulation. If
you specify MISSING=AC (AC stands for all cases), PROC MCMC neither discards any missing values nor
augments them.

Generally speaking, there are three types of missing data models, as discussed by Rubin (1976). Also see
Little and Rubin (2002) for a comprehensive treatment of missing data analysis. The rest of this section
provides an overview of these three types of missing data models and explains how to use PROC MCMC to
�t them.

Missing Completely at Random (MCAR)

Data are said to be MCAR if the probability of a missing value (or the failure of observing a value) does
not depend on any other observations in the data set, regardless of whether they are observed or missing.
That is, the observed and unobserved values are independent of each other: ify i is missing, it is MCAR if
the probability of observingy i is independent of othery j (and other covariatesxi ) in the data set. Under
this assumption, both the observed and unobserved data are random samples of all the data; hence, �tting
a model based only on the observed data does not introduce any biases. This type of analysis is called a
complete-case analysis. To carry out a complete-case analysis, you must specify MISSING=CC in the PROC
MCMC statement. (In SAS/STAT 9.3 and earlier, PROC MCMC performed a complete-case analysis when
the data contained missing values.)

Missing at Random (MAR)

Data are said to be MAR if the probability of a missing value can depend on some observed quantities but
does not depend on any unobserved data. For example, suppose thatxi are completely observed for all
observations and somey i are missing. MAR states that the probability of observingy i is independent of
other missingy i (values that could have been observed) and that it depends only onxi (and, potentially,
observedy i ).

The MAR assumption states that the missingy i are no longer random samples and that they need to be
modeled (via the likelihood speci�cation of the missing values). At the same time, the independence

5A missing value is usually, although not necessarily, represented by a single period (.) in the input data set.
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assumption of the missing values on the unobserved quantities states that the missing mechanism (usually an
binary indicator variable such thatr i D 1 if y i is missing andr i D 0 otherwise) can be ignored and does
not need to be taken into account. Hence, MAR is sometimes referred to asignorably missing. It is not the
missing values that can be ignored, it is the missing mechanism that can be ignored.

By default, PROC MCMC treats the missing data as MAR (this assumes that you do not input a binary
indicator variabler i and model it speci�cally): each missing value becomes an extra parameter and PROC
MCMC updates it in every iteration. PROC MCMC assumes that both the missing values and observed
values arise from the same distribution (which is speci�ed in the MODEL statement),

y D fyobs; ymisg � f . yj� /

wherey consists of observed (yobs) and missing (ymis) values, andf . yj� / is the likelihood function with
parameters� .

You can use the MODEL statement to model missing covariates. Using multiple MODEL statements enables
you to specify, for example, a marginal distribution for missing values in covariatex and a conditional
distribution for the response variabley givenx as follows:

model x ~ normal(alpha, var=s2_x);
model y ~ normal(beta * x, var=s2_y);

In each iteration, PROC MCMC draws samples for every missing value in variablex, then every missing
value in variabley, conditional on the drawn values of thex variable.

Missing Not at Random (MNAR)

Data are said to be MNAR if the probability of a missing value depends on unobserved data (or data that
could have been observed): the probability thaty i is missing depends on the missing values of othery i . This
is a very general scenario that assumes that the missing mechanism is no longer ignorable (it is sometimes
referred to asnonignorably missing) and that a model for the missing mechanism is required in order to make
correct inferences about the model parameters.

Let R D .r 1; : : : ; rn / be the missing value indicator forY D .y 1; : : : ; yn / , wherer i D 1 if y i is missing
andr i D 0 otherwise. ThisR is usually part of an input data set where you preprocess the response variable
and create this missing value indicator variable. Modeling MNAR data implies that you must specify a
joint likelihood function overR andY Wf . R; YjX; � / , whereX represents the covariates and� represents
the model parameters. This joint distribution can be factored in two ways: a pattern-mixture model and a
selection model.

Theselection modelfactors the joint distributionR andY into a marginal distribution forY and a conditional
distribution forR,

f . R; YjX; � / / f . Y jX; � / � f . RjY; X; � /

where� D .� ; � / , f . RjY; X; � / is usually a binary model with a logit or probit link that involves regression
parameters� , andf . YjX; � / is the sampling distribution that generatesy i with model parameters� .

Thepattern-mixture modelfactors the opposite way, a marginal distribution forR and a conditional distribu-
tion for Y,

f . R; YjX; � / / f . RjX; 
 / � f . Y jR; X; � /

where� D .
 ; � / .
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You can use PROC MCMC to �t either model by specifying multiple MODEL statements: one for the
marginal distribution and one for the conditional distribution. Suppose that the variabler is the missing data
indicator, which is modeled using a logit model, and that the response variabley is a Poisson regression that
includes the missing variable indicator as one of its covariates. The following statements are a PROC MCMC
program that �ts a pattern-mixture model:

pi = logistic(alpha * x1);
model r ~ binary(pi);
mu = beta0 + beta1 * x2 + beta3 * r;
model y ~ poisson(exp(mu));

The �rst MODEL statement uses a binary model with logit link to model the missing mechanism, and the
second MODEL statement models the response variable with a Poisson regression that includes the missing
value indicator as one of its covariates. Each of the two sets of regression has its covariates and regression
coef�cients. If this hypothetical data set contained missing values in covariatesx1 andx2, you could add two
more MODEL statements to handle each variable as follows:

model x1 ~ normal(mu1, var=s2_x1);
pi = logistic(alpha * x1);
model r ~ binary(pi);
model x2 ~ normal(mu2, var=s2_x2);
mu = beta0 + beta1 * x2 + beta3 * r;
model y ~ poisson(exp(mu));

Functions of Random-Effects Parameters

When you specify a RANDOM statement in a program, PROC MCMC internally creates a random-effects
parameter for every unique value in the SUBJECT= variable. You can calculate any transformations of these
random-effects parameters by applying SAS functions to the effect, and you can use the transformed variable
in the subsequent statements. For example, the following statements perform a logit transformation of an
effect:

random u ~ normal(mu, var=s2) subject=students;
p = logistic(u);
...

The value of the variablep changes withu as the procedure steps through the input data set: for different
unique values of thestudents variable,u takes on a different parameter value, andp changes accordingly.

To save all the transformed values inp to the OUTPOST= data set, you cannot just specify the MONITOR=(p)
option in the PROC MCMC statement. With such a speci�cation, PROC MCMC can save only one value of
p (usually the value associated with the last observation in the data set); it cannot save all values. To output
all transformed values, you must create an array to store every transformation and use the MONITOR=
option to save the entire array to the OUTPOST= data set. The dif�cult part of the programming involves
the creation of the correct array index to use in different types of the SUBJECT= variables. The rest of this
section describes how to monitor functions of random-effects parameters in different situations.
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Indexing Subject Variable

This subsection describes how to monitor transformation of an effectu when thestudents variable is an
indexing subject variable. An indexing subject variable is an integer variable that takes value from one to the
total number of unique subjects in a variable. In other words, the variable can be used as an index in a SAS
array. The indexing subject variable does not need to be sorted for the example code in this section to work.
An example of an indexing variable takes the values of (1 2 3 4 5 1 2 3 4 5 ), where the total number of
observation isn=10 and the number of unique values ism=5.

The following statements create an indexing variablestudents in the data seta:

data a;
input students @@;
datalines;

1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9 10 10
;

The following statements run a random-effects model without any response variables. There are only random-
effects parameters in the model; the program calculates the logit transformation of each effect, saves the
results to the OUTPOST= data set, and produces Figure 74.22:

proc mcmc data=a monitor=(p) diag=none stats=none outpost=a1
plots=none seed=1;
array p[10];
random u ~ n(0, sd=1) subject=students;
p[students] = logistic(u);
model general(0);

run;

proc print data=a1(obs=3);
run;

The ARRAY statement creates an arrayp of size 10, which is the number of unique values instudents.
Thep array stores all the transformed values. The RANDOM statement declaresu to be an effect with the
subject variablestudents. The P[STUDENTS] assignment statement calculates the logit transformations
of u and saves them in appropriate array elements—this is why thestudents variable must be an indexing
variable. Because thestudents variable used in thep[] array is also the subject variable in the RANDOM
statement, PROC MCMC can match each random-effects parameter with the corresponding element in array
p. The MONITOR= option monitors all elements inp and saves the output to thea1 data set. Thea1 data set
contains variablesp1–p10. Figure 74.22 shows the �rst three observations of the OUTPOST= data set.

Figure 74.22 Monitor Functions of Random Effect u
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The variablep1 is the logit transformation of the variableu_1, p2 is the logit transformation of the variable
u_2, and so on.

The same idea works for astudents variable that is unsorted. The following statements create an un-
sorted indexing variablestudents with repeated measures in each subject, �t the same model, and produce
Figure 74.23:

data a;
input students @@;
datalines;
1 1 1 3 5 3 4 5 3 1 5 5 4 4 2 2 2 2 4 3

;
proc mcmc data=a monitor=(p) diag=none stats=none outpost=a1

plots=none seed=1;
array p[5];
random u ~ n(0, sd=1) subject=students;
p[students] = logistic(u);
model general(0);

run;

proc print data=a1(obs=3);
run;

Figure 74.23 Monitor Functions of Random Effect u When the students Variable is Unsorted

There are �ve random-effects parameters in this example, and the arrayp also has �ve elements. The values
p1–p5 are the transformations ofu_1–u_5, respectively. Theu variables are not sorted fromu_1 to u_5
because PROC MCMC creates the names according to the order by which the subject variable appears
in the input data set. Nevertheless, becausestudents is an indexing variable, the �rst elementp[1] stores
the transformation that corresponds tostudents=1 (which is u_1), the second elementp[2] stores the
transformation that corresponds tostudents=2 , and so on.

Non-Indexing Subject Variable

A non-indexing subject variable can take values of character literals (for example, names) or numerals (for
example, ZIP code or a person's weight). This section illustrates how to monitor functions of random-effects
parameters in these situations.

Suppose you have unsorted character literals as the subject variable:

data a;
input students$ @@;
datalines;
smith john john mary kay smith lizzy ben ben dylan
ben toby abby mary kay kay lizzy ben dylan mary

;
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A statement such as following does not work anymore because a character variable cannot be used as an
array index:

p[students] = logistic(u);

In this situation, you usually need to do two things: (1) �nd out the number of unique values in the subject
variable, and (2) create a numeric index variable that replaces thestudents array index. You can use the
following statements to do the �rst task:

proc sql noprint;
select count(distinct(students)) into :nuniq from a;

quit;
%put &nuniq;

The PROC SQL call counts the distinct values in thestudents variable and saves the count to the macro
variable&nuniq. The macro variable is used later to specify the element size of thep array. In this example,
thea data set contains 20 observations and 9 unique elements (the value of&nuinq).

The following statements create anIndex variable in thea data set that is in the order by which thestudents
names appear in the data set:

proc freq data=a order=data noprint;
tables students / out=_f(keep=students);

run;

proc print data=_f;
run;

data a(drop=n);
set a;
do i = 1 to nobs until(students=n);

set _f(keep=students rename=(students=n)) point=i nobs=nobs;
Index = i;

end;
run;

proc print data=a;
run;

The PROC FREQ call identi�es the uniquestudents names and saves them to the_f data set, which is
displayed in Figure 74.24.

Figure 74.24 Unique Names in the Variable Students
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The DATA step steps through thea data set and creates anIndex variable to match the order in which the
students names appear in the data set. The newa data set6 is displayed in Figure 74.25.

Figure 74.25 New Index Variable in the a Data Set

Studentsmith is the �rst subject, and hisIndex value is one. The same student appears again in the sixth
observation, which is given the sameIndex value. Now, thisIndex variable can be used to index thep array,
in a similar fashion as demonstrated in previous programs:

data _f;
set _f;
subj = compress(�p_�||students);

run;
proc sql noprint;

select subj into :pnames separated by � � from _f;
quit;
%put &pnames;

proc mcmc data=a monitor=(p) diag=none stats=none outpost=a1
plots=none seed=1;
array p[&nuniq] &pnames;
random u ~ n(0, sd=1) subject=students;
p[index] = logistic(u);
model general(0);

run;

proc print data=a1(obs=3);
run;

6The programming code that creates and adds theIndex variable to the data seta keeps all variables from the original data set
and does not discard them.
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The �rst part of the DATA step and the PROC SQL call create array names for thep array that match the
subject names in thestudents variable. It is not necessary to include these steps for the PROC MCMC
program to work, but it makes the output more readable. The �rst DATA step steps through the_f data set
and creates asubj variable that concatenates the pre�x charactersp_ with the names of thestudents. The
PROC SQL calls put all thesubj values to a macro called&pnames, which looks like the following:

p_smith p_john p_mary p_kay p_lizzy p_ben p_dylan p_toby p_abby

In the PROC MCMC program, the ARRAY statement de�nes anp array with size&nuniq (9), and use the
macro variable&pnames to name the array elements. The P[INDEX] assignment statement uses theIndex
variable to �nd the correct array element to store the transformation. Figure 74.26 displays the �rst few
observations of the OUTPOST=a1 data set.

Figure 74.26 First Few Observations of the Outpost Data Set

There are nine random-effects parameters (u_smith, u_john, and so on). There are nine elements of thep
array (p_smith, p_john, and so on); each is the logit transformation of correspondingu elements.

You can use the same statements for subject variables that are numeric non-indexing variables. The following
statements create astudents variable that take large numbers that cannot be used as indices to an array. The
rest of the program monitors functions of the effectu. The output is not displayed here.

data a;
call streaminit(1);
do i = 1 to 20;

students = rand("poisson", 20);
output;

end;
drop i;

run;

proc sql noprint;
select count(distinct(students)) into :nuniq from a;

quit;
%put &nuniq;

proc freq data=a order=data noprint;
tables students / out=_f(keep=students);

run;
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data a(drop=n);
set a;
do i = 1 to nobs until(students=n);

set _f(keep=students rename=(students=n)) point=i nobs=nobs;
Index = i;

end;
run;

data _f;
set _f;
subj = compress(�p_�||students);

proc sql noprint;
select subj into :pnames separated by � � from _f;
quit;

%put &pnames;

proc mcmc data=a monitor=(p) diag=none stats=none outpost=a1
plots=none seed=1;
array p[&nuniq] &pnames;
random u ~ n(0, sd=1) subject=students;
p[index] = logistic(u);
model general(0);

run;

proc print data=a1(obs=3);
run;

Spatial Prior

You can use the conditional autoregressive Gaussian (NORMALCAR) prior in the RANDOM statement to
model random effects that are spatially correlated. Suppose that the areas are indexed by the variableID in a
SAS data set. To model spatial dependence among areas, you can use the following statement:

random a ~ normalcar(neighbors=, num=, sd|var|prec=) subject=ID;

The NUM= option speci�es the data set variable that indicates the number of neighbors for each ID, and
the NEIGHBORS= option speci�es the pre�x (without quotation marks) of data variables that contain the
adjacent IDs (neighbors) for each subject. The names of all neighboring variables must have this same pre�x
and must be followed by numbers 1, 2,: : :, N, whereN is the maximum number of neighbors that a subject
has in the data set. Missing values are allowed in the neighboring ID variables if a subject has fewer thanN
neighbors.

The default speci�cation of the NORMALCAR prior corresponds to the full conditional distribution of each
subject is the following CAR model,

� i j� � i � normal
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whereN.i / is the set of neighbors of areai, mi is the total number of neighbors of areai, ands is the standard
deviation of the normal distribution.

You can also specify a CAR prior in which the variance is weighed by the number of neighbors:

� i j� � i � normal
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To specify this prior, you use the following statement, whereNumNei is the variable of number of neighbors
ands2 is the variance parameter:

random a ~ normalcar(neighbor=, num=NumNei, var=s2/NumNei) subject=ID;

In most cases, the CAR prior is an improper prior because the corresponding covariance matrix of� D
f � i ; : : : ; � p gis less than full rank. If the posterior distribution is proper, then using an improper prior is not
an issue. A common practice is to re-center all the� draws after each iteration (Banerjee, Carlin, and Gelfand
2004, p. 164). In effect, this re-centering sets the prior mean of the random effects to be zero. The centering
step is performed by using the CENTER option in the RANDOM statement.

Here is an example that illustrates the use of the NORMALCAR prior distribution.

The following statements create a SAS data set that contains lung cancer data from a London Health Authority
annual report (Thomas et al. 2004):

title �Spatial Analysis�;

data London;
input ID N1-N9 NumNei O E Depriv;
datalines;

1 4 8 9 12 17 . . . . 5 4 7.2090 1.233
2 7 10 13 14 . . . . . 4 8 7.8144 8.162

... more lines ...

44 22 24 25 26 31 32 41 . . 7 7 6.3737 3.961
run;

The 44 wards are indicated by theID variable.N1–N9 are variables of neighboring indices for each ward.
For example, ward 1 is adjacent to �ve wards: 4, 8, 9, 12, and 17. TheNumNei variable is the total number
of neighbor wards that each ward has. The maximum number of neighbors wards is nine in the data set, so
every observation must have nine neighboring ID variables. Missing data (".") are used in neighboring ID
variables that have fewer than nine neighbors. TheO andE variables are simulated observed and expected
counts of lung cancer incidence. TheDepriv variable is the socioeconomic variable for each ward.

The following random-effects model is considered,

Oi � Poisson.� i /

log.� i / D log.Ei / C � C � Deprivei C bi C hi
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where the random effectsbi are given a spatial prior andhi is a normal prior for each area. You can �t this
model using the following PROC MCMC statements:

ods select none;
proc mcmc data=london seed=615926 nbi=10000 nmc=50000 thin=10

plots=none outpost=londonpost;
parms tau_b 0.5 tau_h 0.2;
parms alpha 0 beta 0;
prior tau: ~ gamma(0.5, is=0.0005);
prior alpha ~ general(0);
prior beta ~ n(0, prec=1e-5);
random h ~ n(0, prec=tau_h) s=id;
random b ~ normalcar(neighbors=n,num=numnei,prec=tau_b * numnei) s=id;
mu=e* exp(alpha + beta * depriv + b + h);
model o ~ poisson(mu);

run;

The two RANDOM statements specify thehi and thebi random effects; the NORMALCAR prior is assigned
to bi . In the NORMALCAR prior, NEIGHBORS=N speci�es the pre�x “n” for all the neighboring ID
variables, NUM=NUMNEI speci�es the number of neighbors that each ID has, and PREC=TAU_B*NUMNEI
weights the precision parameter by the number of neighbors in the model.

The example assumes that the adjacency matrices have been created and stored in a SAS data set. More often,
you might have the map polygon data in an .shp �le. In that case, you can use the %NEIGHBOR autocall
macro to import simple polygons and to compute the adjacent units and number of neighbors for each spatial
unit:

%neighbor("map.shp", IDVAR=ID, OUTNBRS=neighbor, OUTADJ=adjacent);

The �rst argument is the path to the shape �le, which must be speci�ed in quotation marks. The IDVAR=
option speci�es the ID variable that identi�es the sites or the units. The OUTNBRS= and OUTADJ= options
save the neighborhood and adjacency information, respectively, to two SAS data sets. The default values for
the IDVAR=, OUTNBRS=, and OUTADJ= options areID, Neighbor, andAdjacent, respectively. You can
combine these SAS data sets with covariates and response information before you use PROC MCMC to �t
the spatial model.

Floating Point Errors and Over�ows

When performing a Markov chain Monte Carlo simulation, you must calculate a proposed jump and an
objective function (usually a posterior density). These calculations might lead to arithmetic exceptions and
over�ows. A typical cause of these problems is parameters with widely varying scales. If the posterior
variances of your parameters vary by more than a few orders of magnitude, the numerical stability of the
optimization problem can be severely reduced and can result in computational dif�culties. A simple remedy
is to rescale all the parameters so that their posterior variances are all approximately equal. Changing the
SCALE= option might help if the scale of your parameters is much different than one. Another source of
numerical instability is highly correlated parameters. Often a model can be reparameterized to reduce the
posterior correlations between parameters.

If parameter rescaling does not help, consider the following actions:
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� provide different initial values or try a different seed value

� use boundary constraints to avoid the region where over�ows might happen

� change the algorithm (speci�ed in programming statements) that computes the objective function

Problems Evaluating Code for Objective Function

The initial values must de�ne a point for which the programming statements can be evaluated. However,
during simulation, the algorithm might iterate to a point where the objective function cannot be evaluated.
If you program your own likelihood, priors, and hyperpriors by using SAS statements and the GENERAL
function in the MODEL, PRIOR, AND HYPERPRIOR statements, you can specify that an expression cannot
be evaluated by setting the value you pass back through the GENERAL function to missing. This tells the
PROC MCMC that the proposed set of parameters is invalid, and the proposal will not be accepted. If you
use the shorthand notation that the MODEL, PRIOR, AND HYPERPRIOR statements provide, this error
checking is done for you automatically.

Long Run Times

PROC MCMC can take a long time to run for problems with complex models, many parameters, or large
input data sets. Although the techniques used by PROC MCMC are some of the best available, they are not
guaranteed to converge or proceed quickly for all problems. Ill-posed or misspeci�ed models can cause the
algorithms to use more extensive calculations designed to achieve convergence, and this can result in longer
run times. You should make sure that your model is speci�ed correctly, that your parameters are scaled to the
same order of magnitude, and that your data reasonably match the model that you are specifying.

To speed general computations, you should check over your programming statements to minimize the
number of unnecessary operations. For example, you can use the proportional kernel in the priors or the
likelihood and not add constants in the densities. You can also use the BEGINCNST and ENDCNST to
reduce unnecessary computations on constants, and the BEGINNODATA and ENDNODATA statements to
reduce observation-level calculations.

Reducing the number of blocks (the number of the PARMS statements) can speed up the sampling process. A
single-block program is approximately three times faster than a three-block program for the same number of
iterations. On the other hand, you do not want to put too many parameters in a single block, because blocks
with large size tend not to produce well-mixed Markov chains.

If some parameters satisfy the conditional independence assumption, such as in the random-effects models or
latent variable models, consider using the RANDOM statement to model these parameters. This statement
takes advantage of the conditional independence assumption and can sample a larger number of parameters
at a more ef�cient pace.

Slow or No Convergence

If the simulator is slow or fails to converge, you can try changing the model as follows:

� Change the number of Monte Carlo iterations (NMC=), or the number of burn-in iterations (NBI=), or
both. Perhaps the chain just needs to run a little longer. Note that after the simulation, you can always
use the DATA step or the FIRSTOBS data set option to throw away initial observations where the
algorithm has not yet burned in, so it is not always necessary to set NBI= to a large value.
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� Increase the number of tuning. The proposal tuning can often work better in large models (models that
have more parameters) with larger values of NTU=. The idea of tuning is to �nd a proposal distribution
that is a good approximation to the posterior distribution. Sometimes 500 iterations per tuning phase
(the default) is not suf�cient to �nd a good approximating covariance.

� Change the initial values to more feasible starting values. Sometimes the proposal tuning starts badly
if the initial values are too far away from the main mass of the posterior density, and it might not be
able to recover.

� Use the PROPCOV= option to start the Markov chain at better starting values. With the PROP-
COV=QUANEW option, PROC MCMC optimizes the object function and uses the posterior mode as
the starting value of the Markov chain. In addition, a quadrature approximation to the posterior mode
is used as the proposal covariance matrix. This option works well in many cases and can improve the
mixing of the chain and shorten the tuning and burn-in time.

� Parameterize your model to include conjugacy, such as using the gamma prior on the precision
parameter in a normal distribution or using an inverse gamma on the variance parameter. For a list of
conjugate sampling methods that PROC MCMC supports, see the section “Conjugate Sampling” on
page 5697.

� Change the blocking by using the PARMS statements. Sometimes poor mixing and slow convergence
can be attributed to highly correlated parameters being in different parameter blocks.

� Modify the target acceptance rate. A target acceptance rate of about 25% works well for many
multi-parameter problems, but if the mixing is slow, a lower target acceptance rate might be better.

� Change the initial scaling or the TUNEWT= option to possibly help the proposal tuning.

� Consider using a different proposal distribution. If from a trace plot you see that a chain traverses to
the tail area and sometimes takes quite a few simulations before it comes back, you can consider using
a t proposal distribution. You can do this by either using the PROC option PROPDIST=T or using a
PARMS statement optionT.

� Transform parameters and sample on a different scale. For example, if a parameter has a gamma
distribution, sample on the logarithm scale instead. A parametera that has a gamma distribution is
equivalent tolog.a/ that has an egamma distribution, with the same distribution speci�cation. For
example, the following two formulations are equivalent:

parm a;
prior a ~ gamma(shape = 0.001, scale = 0.001);

and

parm la;
prior la ~ egamma(shape = 0.001, scale = 0.001);
a = exp(la);
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See “Example 74.6: Nonlinear Poisson Regression Models” on page 5804 and “Example 74.20: Using
a Transformation to Improve Mixing” on page 5882. You can also use the logit transformation on
parameters that have uniform.0; 1/ priors. This prior is often used on probability parameters. The logit
transformation is as follows:q D log. p

1� p / . The distribution onq is the Jacobian of the transformation:
exp.� q/.1 C exp.� q// � 2.

Again, the following two formulations are equivalent:

parm p;
prior p ~ uniform(0, 1);

and

parm q;
lp = -q - 2 * log(1 + exp(-q));
prior q ~ general(lp);
p = 1/(1+exp(-q));

Precision of Solution

In some applications, PROC MCMC might produce parameter values that are not precise enough. Usually,
this means that there were not enough iterations in the simulation. At best, the precision of MCMC estimates
increases with the square of the simulation sample size. Autocorrelation in the parameter values de�ate the
precision of the estimates. For more information about autocorrelations in Markov chains, see the section
“Autocorrelations” on page 149 in Chapter 7, “Introduction to Bayesian Analysis Procedures.”

Handling Error Messages

PROC MCMC does not have a debugger. This section covers a few ways to debug and resolve error messages.

Using the PUT Statement

Adding the PUT statement often helps to �nd errors in a program. The following statements produce an error:

data a;
run;

proc mcmc data=a seed=1;
parms sigma lt w;

beginnodata;
prior sigma ~ unif(0.001,100);
s2 = sigma * sigma;
prior lt ~ gamma(shape=1, iscale=0.001);
t = exp(lt);



Handling Error Messages F 5767

c = t/s2;
d = 1/(s2);
prior w ~ gamma(shape=c, iscale=d);
endnodata;
model general(0);

run;

ERROR: PROC MCMC is unable to generate an initial value for the
parameter w. The first parameter in the prior distribution is
missing.

To �nd out why the shape parameterc is missing, you can add theput statement and examine all the
calculations that lead up to the assignment ofc:

proc mcmc data=a seed=1;
parms sigma lt w;

beginnodata;
prior sigma ~ unif(0.001,100);
s2 = sigma * sigma;
prior lt ~ gamma(shape=1, iscale=0.001);
t = exp(lt);
c = t/s2;
d = 1/(s2);
put c= t= s2= lt=; / * display the values of these symbols. * /
prior w ~ gamma(shape=c, iscale=d);
endnodata;

model general(0);
run;

In the log �le, you see the following:

c=. t=. s2=. lt=.
c=. t=. s2=2500.0500003 lt=1000
c=. t=. s2=2500.0500003 lt=1000
ERROR: PROC MCMC is unable to generate an initial value for the parameter w.

The first parameter in the prior distribution is missing.

You can ignore the �rst few lines. They are the results of initial set up by PROC MCMC. The last line is
important. The variablec is missing becauset is the exponential of a very large number, 1000, inlt. The
value 1000 is assigned tolt by PROC MCMC because none was given. The gamma prior with shape of 1
and inverse scale of 0.001 has mode 0 (see “Standard Distributions” on page 5700 for more details). PROC
MCMC avoids starting the Markov chain at the boundary of the support of the distribution, and it uses the
mean value here instead. The mean of the gamma prior is 1000, hence the problem. You can change how
the initial value is generated by using the PROC statement INIT=RANDOM. Remember to take out theput
statement once you identify the problem. Otherwise, you will see a voluminous output in the log �le.
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Using the HYPER Statement

You can use the HYPER statement to narrow down possible errors in the prior distribution speci�cation.
With multiple PRIOR statements in a program, you might see the following error message if one of the prior
distributions is not speci�ed correctly:

ERROR: The initial prior parameter specifications must yield log
of positive prior density values.

This message is displayed when PROC MCMC detects an error in the prior distribution calculation but cannot
pinpoint the speci�c parameter at fault. It is frequently, although not necessarily, associated with parameters
that have GENERAL or DGENERAL distributions. If you have a complicated model with many PRIOR
statements, �nding the parameter at fault can be time consuming. One way is to change a subset of the
PRIOR statements to HYPER statements. The two statements are treated the same in PROC MCMC and
the simulation is not affected, but you get a different message if the hyperprior distributions are calculated
incorrectly:

ERROR: The initial hyperprior parameter specifications must yield
log of positive hyperprior density values.

This message can help you identify more easily which distributions are producing the error, and you can then
use the PUT statement to further investigate.

Computational Resources

It is impossible to estimate how long it will take for a general Markov chain to converge to its stationary
distribution. It takes a skilled and thoughtful analysis of the chain to decide whether it has converged to
the target distribution and whether the chain is mixing rapidly enough. In some cases, you might be able
to estimate how long a particular simulation might take. The running time of a program that does not have
RANDOM statements is approximately linear to the following factors: the number of samples in the input
data set, the number of simulations, the number of blocks in the program, and the speed of your computer.
For an analysis that uses a data set of sizensamples, a simulation length ofnsim, and a block design of
nblocks, PROC MCMC evaluates the log-likelihood function the following number of times, excluding the
tuning phase:

nsamples� nsim � nblocks

The faster your computer evaluates a single log-likelihood function, the faster this program runs. Suppose
you havensamplesequal to 200,nsimequal to 55,000, andnblocksequal to 3. PROC MCMC evaluates the
log-likelihood function approximately3:3� 107 times. If your computer can evaluate the log likelihood for
one observation106 times per second, this program takes approximately a half a minute to run. If you want
to increase the number of simulations �ve-fold, the run time increases approximately �ve-fold.

Each RANDOM statement adds one pass through the input data at each iteration. If the Metropolis algorithm
is used to sample the random-effects parameter, the conditional density (objective function) is calculated
twice per pass through the data, which requires a computational resource that is approximately equivalent to
adding two blocks of parameters.
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Of course, larger problems take longer than shorter ones, and if your model is amenable to frequentist
treatment, then one of the other SAS procedures might be more suitable. With “regular” likelihoods and
a lot of data, the results of standard frequentist analysis are often asymptotically equivalent to a Bayesian
approach. If PROC MCMC requires too much CPU time, then perhaps another SAS/STAT tool would be
suitable.

Displayed Output

This section describes the output that PROC MCMC displays. For a quick reference of all ODS table
names, see the section “ODS Table Names” on page 5773. ODS tables are arranged under four groups,
which are listed in the following sections: “Model and Data Related ODS Tables” on page 5769, “Sampling
Related ODS Tables” on page 5770, “Posterior Statistics Related ODS Tables” on page 5771, “Convergence
Diagnostics Related ODS Tables” on page 5771, and “Optimization Related ODS Tables” on page 5773.

Model and Data Related ODS Tables

Missing Data Information Table
The “Missing Data Information” table (ODS table name MISSDATAINFO) displays the name of the response
variable that contains missing values, the number of missing observations, the corresponding observation
indices in the input data set, and the sampling method used in the simulation for the missing values.

Number of Observation Table
The “NObs” table (ODS table name NOBS) shows the number of observations that is in the data set and
the number of observations that is used in the analysis. By default, observations with missing values are not
used (see the section “Handling of Missing Data” on page 5753 for more details). This table is displayed by
default.

Parameters
The “Parameters” table (ODS table name Parameters) shows the name of each parameter, the block number
of each parameter, the sampling method used for the block, the initial values, and the prior or hyperprior
distributions. This table is displayed by default.

REObsInfo
The “Random Effect Observation Information” table (ODS table name REObsInfo) lists the name of the
random effect, each subject value, the number of observations in each subject, and their corresponding
observation indices in the input data set. You can request this table by specifying the REOBSINFO option.

REParameters
The “REParameters” table (ODS table name REParameters) lists the name of the random effect, sampling
algorithm, the subject variable, the number of subjects, unique values of the subject variable, and the prior
distribution. This table is displayed by default if a RANDOM statement is used in the program.
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Sampling Related ODS Tables

Burn-In History
The “Burn-In History” table (ODS table name BurnInHistory) shows the scales and acceptance rates for
each parameter block in the burn-in phase. The table is not displayed by default and can be requested by
specifying the option MCHISTORY=BRIEF | DETAILED.

Parameters Initial Value Table
The “Parameters Initial” table (ODS table name ParametersInit) shows the value of each parameter after
the tuning phase. This table is not displayed by default and can be requested by specifying the option
INIT=PINIT.

Posterior Samples
The “Posterior Samples” table (ODS table name PosteriorSample) stores posterior draws of all parameters.
It is not printed by PROC MCMC. You can create an ODS output data set of the chain by specifying the
following:

ODS OUTPUT PosteriorSample = SAS-data-set;

Sampling History
The “Sampling History” table (ODS table name SamplingHistory) shows the scales and acceptance rates for
each parameter block in the main sampling phase. The table is not displayed by default and can be requested
by specifying the option MCHISTORY=BRIEF | DETAILED.

Tuning Covariance
The “Tuning Covariance” table (ODS table name TuneCov) shows the proposal covariance matrices for
each parameter block after the tuning phase. The table is not displayed by default and can be requested
by specifying the option INIT=PINIT. For more details about proposal tuning, see the section “Tuning the
Proposal Distribution” on page 5694.

Tuning History
The “Tuning History” table (ODS table name TuningHistory) shows the number of tuning phases used
in establishing the proposal distribution. The table also displays the scales and acceptance rates for each
parameter block at each of the tuning phases. For more information about the self-adapting proposal tuning
algorithm used by PROC MCMC, see the section “Tuning the Proposal Distribution” on page 5694. The
table is not displayed by default and can be requested by specifying the option MCHISTORY=BRIEF |
DETAILED.

Tuning Probability Vector
The “Tuning Probability” table (ODS table name TuneP) shows the proposal probability vector for each
discrete parameter block (when the optionDISCRETE=GEO is speci�ed and the geometric proposal distribu-
tion is used for discrete parameters) after the tuning phase. The table is not displayed by default and can be
requested by specifying the option INIT=PINIT. For more information about proposal tuning, see the section
“Tuning the Proposal Distribution” on page 5694.
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Posterior Statistics Related ODS Tables

PROC MCMC calculates some essential posterior statistics and outputs them to a number of ODS tables that
you can request and save individually. For details of the calculations, see the section “Summary Statistics” on
page 150 in Chapter 7, “Introduction to Bayesian Analysis Procedures.”

Summary and Interval Statistics
The “Posterior Summaries and Intervals” table (ODS table name PostSumInt) contains a summary of basic
point and interval statistics for each parameter. The table lists the number of posterior samples, the posterior
mean and standard deviation estimates, and the 95% HPD interval estimates. This table is displayed by
default.

Summary Statistics
The “Posterior Summaries” table (ODS table name PostSummaries) contains basic statistics for each
parameter. The table lists the number of posterior samples, the posterior mean and standard deviation
estimates, and the percentile estimates. The table is not displayed by default and can be requested by
specifying the option STATISTICS=SUMMARY.

Correlation Matrix
The “Posterior Correlation Matrix” table (ODS table name Corr) contains the posterior correlation of
model parameters. The table is not displayed by default and can be requested by specifying the option
STATISTICS=CORR.

Covariance Matrix
The “Posterior Covariance Matrix” table (ODS table name Cov) contains the posterior covariance of model
parameters. The table is not displayed by default and can be requested by specifying the option STATIS-
TICS=COV.

Deviance Information Criterion
The “Deviance Information Criterion” table (ODS table name DIC) contains the DIC of the model. The table
is not displayed by default and can be requested by specifying the option DIC. For details of the calculations,
see the section “Deviance Information Criterion (DIC)” on page 152 in Chapter 7, “Introduction to Bayesian
Analysis Procedures.”

Interval Statistics
The “Posterior Intervals” table (ODS table name PostIntervals) contains the equal-tail and highest posterior
density (HPD) interval estimates for each parameter. The default� value is 0.05, and you can change it to
other levels by using the STATISTICS= option. The table is not displayed by default and can be requested by
specifying the option STATISTICS=INTERVAL.

Convergence Diagnostics Related ODS Tables

PROC MCMC has convergence diagnostic tests that check for Markov chain convergence. PROC MCMC
produces a number of ODS tables that you can request and save individually. For details in calculation,
see the section “Statistical Diagnostic Tests” on page 141 in Chapter 7, “Introduction to Bayesian Analysis
Procedures.”



5772 F Chapter 74: The MCMC Procedure

Autocorrelation
The “Autocorrelations” table (ODS table name AUTOCORR) contains the �rst-order autocorrelations of the
posterior samples for each parameter. The “Parameter” column states the name of the parameter. By default,
PROC MCMC displays lag 1, 5, 10, and 50 estimates of the autocorrelations. You can request different
autocorrelations by using the DIAGNOSTICS = AUTOCORR(LAGS=) option. The table is not displayed by
default and can be requested by specifying the option DIAGNOSTICS=AUTOCORR.

Effective Sample Size
The “Effective Sample Sizes” table (ODS table name ESS) calculates the effective sample size of each
parameter. See the section “Effective Sample Size” on page 149 in Chapter 7, “Introduction to Bayesian
Analysis Procedures,” for more details. The table is displayed by default.

Monte Carlo Standard Errors
The “Monte Carlo Standard Errors” table (ODS table name MCSE) calculates the standard errors of the
posterior mean estimate. See the section “Standard Error of the Mean Estimate” on page 150 in Chapter 7,
“Introduction to Bayesian Analysis Procedures,” for more details. The table is not displayed by default and
can be requested by specifying the option DIAGNOSTICS=MCSE.

Geweke Diagnostics
The “Geweke Diagnostics” table (ODS table name Geweke) lists the result of the Geweke diagnostic test. See
the section “Geweke Diagnostics” on page 143 in Chapter 7, “Introduction to Bayesian Analysis Procedures,”
for more details. The table is not displayed by default and can be requested by specifying the option
DIAGNOSTICS=GEWEKE.

Heidelberger-Welch Diagnostics
The “Heidelberger-Welch Diagnostics” table (ODS table name Heidelberger) lists the result of the
Heidelberger-Welch diagnostic test. The test is consisted of two parts: a stationary test and a half-width
test. See the section “Heidelberger and Welch Diagnostics” on page 145 in Chapter 7, “Introduction to
Bayesian Analysis Procedures,” for more details. The table is not displayed by default and can be requested
by specifying DIAGNOSTICS = HEIDEL.

Raftery-Lewis Diagnostics
The “Raftery-Lewis Diagnostics” table (ODS table name Raftery) lists the result of the Raftery-Lewis
diagnostic test. See the section “Raftery and Lewis Diagnostics” on page 146 in Chapter 7, “Introduction to
Bayesian Analysis Procedures,” for more details. The table is not displayed by default and can be requested
by specifying DIAGNOSTICS = RAFTERY.

Summary Statistics for Prediction
The “Posterior Summaries for Prediction” table (ODS table name PredSummaries) contains basic statistics
for each prediction. The table lists the number of posterior samples, the posterior mean and standard deviation
estimates, and the percentile estimates. This table is displayed by default if any PREDDIST statement is used
in the program.

Interval Statistics for Prediction
The “Posterior Intervals for Prediction” table (ODS table name PredIntervals) contains the equal-tail and
highest posterior density (HPD) interval estimates for each prediction. The default� value is 0.05, and
you can change it to other levels by using the STATISTICS option in a PREDDIST statement, or the
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STATISTICS= option in the PROC MCMC statement if the option is not speci�ed in a statement. This table
is displayed by default if any PREDDIST statement is used in the program.

Optimization Related ODS Tables

PROC MCMC can perform optimization on the joint posterior distribution. This is requested by the
PROPCOV= option. The most commonly used optimization method is the quasi-Newton method: PROP-
COV=QUANEW(ITPRINT). The ITPRINT option displays the ODS tables, listed as follows:

Input Options
The “Input Options” table (ODS table name InputOptions) lists optimization options used in the procedure.

Optimization Start
The “Optimization Start” table (ODS table name ProblemDescription) shows the initial state of the optimiza-
tion.

Iteration History
The “Iteration History” table (ODS table name IterHist) shows iteration history of the optimization.

Optimization Results
The “Optimization Results” table (ODS table name IterStop) shows the results of the optimization, includes
information about the number of function calls, and the optimized objective function, which is the joint log
posterior density.

Convergence Status
The “Convergence Status” table (ODS table name ConvergenceStatus) shows whether the convergence
criterion is satis�ed.

Parameters Value After Optimization Table
The “Parameter Values After Optimization” table (ODS table name OptiEstimates) lists the parameter values
that maximize the joint log posterior. These are the maximum a posteriori point estimates, and they are used
to start the Markov chain.

Covariance Matrix After Optimization Table
The “Proposal Covariance” table (ODS table name OptiCov) lists covariance matrices for each block
parameter by using quadrature approximation at the posterior mode. These covariance matrices are used in
the proposal distribution.

ODS Table Names

PROC MCMC assigns a name to each table it creates. You can use these names to refer to the table when you
use the Output Delivery System (ODS) to select tables and create output data sets. These names are listed in
Table 74.50. For more information about ODS, see Chapter 21, “Statistical Graphics Using ODS.”
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Table 74.50 ODS Tables Produced in PROC MCMC

ODS Table Name Description Statement or Option

AutoCorr Autocorrelation statistics for each
parameter

DIAGNOSTICS=AUTOCORR

BurnInHistory History of burn-in phase sampling MCHISTORY=BRIEF | DETAILED
ConvergenceStatus Optimization convergence status PROPCOV=method(ITPRINT)
Corr Correlation matrix of the posterior

samples
STATS=CORR

Cov Covariance matrix of the posterior
samples

STATS=COV

DIC Deviance information criterion DIC
ESS Effective sample size for each

parameter
Default

MCSE Monte Carlo standard error for each
parameter

DIAGNOSTICS=MCSE

Geweke Geweke diagnostics for each
parameter

DIAGNOSTICS=GEWEKE

Heidelberger Heidelberger-Welch diagnostics for
each parameter

DIAGNOSTICS=HEIDEL

InputOptions Optimization input table PROPCOV=method(ITPRINT)
IterHist Optimization iteration history PROPCOV=method(ITPRINT)
IterStop Optimization results table PROPCOV=method(ITPRINT)
MissDataInfo Response variable, number of missing

observations, missing observation
indices, and sampling algorithm

Default with sampling of missing values

NObs Number of observations Default
OptiEstimates Parameter values after either

optimization
PROPCOV=method(ITPRINT)

OptiCov Covariance used in proposal
distribution after optimization

PROPCOV=method(ITPRINT)

Parameters Summary of the PARMS,
BLOCKING, PRIOR, sampling
method, and initial value speci�cation

Default

ParametersInit Parameter values after the tuning
phase

INIT=PINIT

PosteriorSample Posterior samples for each parameter (For ODS output data set only)
PostIntervals Equal-tail and HPD intervals for each

parameter
STATISTICS=INTERVAL

PostSumInt Basic posterior statistics for each
parameter, including sample size,
mean, standard deviation, and HPD
intervals

Default

PostSummaries Basic posterior statistics for each
parameter, including sample size,
mean, standard deviation, and
percentiles

STATISTICS=SUMMARY
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Table 74.50 (continued)

ODS Table Name Description Statement or Option

PredIntervals Equal-tail and HPD intervals for each
prediction

Default with any PREDDIST statement

PredSummaries Basic posterior statistics for each
prediction

Default with any PREDDIST statement

ProblemDescription Optimization table PROPCOV=method(ITPRINT)
REObsInfo Random effect, subject values,

number of observations in each unique
subject value, and corresponding
observation indices

REOBSINFO

REParameters Random effect, sampling method,
subject variable, number of subjects,
unique values of the subject variable,
and prior distribution of the random
effect

Default with any RANDOM statement

Raftery Raftery-Lewis diagnostics for each
parameter

DIAGNOSTICS=RAFTERY

SamplingHistory History of main phase sampling MCHISTORY=BRIEF | DETAILED
TuneCov Proposal covariance matrix (for

continuous parameters) after the
tuning phase

INIT=PINIT

TuneP Proposal probability vector (for
discrete parameters) after the tuning
phase

INIT=PINIT and DISCRETE=GEO

TuningHistory History of proposal distribution tuning MCHISTORY=BRIEF | DETAILED

ODS Graphics

Statistical procedures use ODS Graphics to create graphs as part of their output. ODS Graphics is described
in detail in Chapter 21, “Statistical Graphics Using ODS.”

Before you create graphs, ODS Graphics must be enabled (for example, by specifying the ODS GRAPH-
ICS ON statement). For more information about enabling and disabling ODS Graphics, see the section
“Enabling and Disabling ODS Graphics” on page 607 in Chapter 21, “Statistical Graphics Using ODS.”

The overall appearance of graphs is controlled by ODS styles. Styles and other aspects of using ODS
Graphics are discussed in the section “A Primer on ODS Statistical Graphics” on page 606 in Chapter 21,
“Statistical Graphics Using ODS.”

You can reference every graph produced through ODS Graphics with a name. The names of the graphs that
PROC MCMC generates are listed in Table 74.51.
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Table 74.51 Graphs Produced by PROC MCMC

ODS Graph Name Plot Description Statement & Option

ADPanel Autocorrelation function
and density panel

PLOTS=(AUTOCORR DENSITY)

AutocorrPanel Autocorrelation function
panel

PLOTS=AUTOCORR

AutocorrPlot Autocorrelation function
plot

PLOTS(UNPACK)=AUTOCORR

DensityPanel Density panel PLOTS=DENSITY
DensityPlot Density plot PLOTS(UNPACK)=DENSITY
TAPanel Trace and autocorrelation

function panel
PLOTS=(TRACE AUTOCORR)

TADPanel Trace, density, and autocor-
relation function panel

PLOTS=(TRACE AUTOCORR DENSITY)

TDPanel Trace and density panel PLOTS=(TRACE DENSITY)
TracePanel Trace panel PLOTS=TRACE
TracePlot Trace plot PLOTS(UNPACK)=TRACE

Examples: MCMC Procedure

Example 74.1: Simulating Samples From a Known Density

This example illustrates how you can obtain random samples from a known function. The target distributions
are the normal distribution (a standard distribution) and a mixture of the normal distributions (a nonstandard
distribution). For more information, see the sections “Standard Distributions” on page 5700 and “Specifying
a New Distribution” on page 5715). This example also shows how you can use PROC MCMC to estimate an
integral (area under a curve). Monte Carlo simulation is data-independent; hence, you do not need an input
data set from which to draw random samples from the desired distribution.

Sampling from a Normal Density

When you run a simulation without an input data set, the posterior distribution is the same as the prior
distribution. Hence, if you want to generate samples from a distribution, you declare the distribution in the
PRIOR statement and set the likelihood function to a constant. Although there is no contribution from any
data set variable to the likelihood calculation, you still must specify a data set and the MODEL statement
needs a distribution. You can input an empty data set and use the GENERAL function to provide a �at
likelihood. The following statements generate 10,000 samples from a standard normal distribution:

title �Simulating Samples from a Normal Density�;
data x;
run;
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ods graphics on;
proc mcmc data=x outpost=simout seed=23 nmc=10000 diagnostics=none;

ods exclude nobs;
parm alpha 0;
prior alpha ~ normal(0, sd=1);
model general(0);

run;

The ODS GRAPHICS ON statement enables ODS Graphics. The PROC MCMC statement speci�es the
input and output data sets, a random number seed, and the size of the simulation sample. The STATISTICS=
option displays only the summary and interval statistics. The ODS EXCLUDE statement excludes the display
of the NObs table. PROC MCMC draws independent samples from the normal distribution directly (see
Output 74.1.1). Therefore, the simulation does not require any tuning, and PROC MCMC omits the default
burn-in phrase.

Output 74.1.1 Parameters Information

The summary statistics (Output 74.1.2) are what you would expect from a standard normal distribution.

Output 74.1.2 MCMC Summary and Interval Statistics from a Normal Target Distribution

The trace plot (Output 74.1.3) shows perfect mixing with no autocorrelation in the lag plot. This is expected
because these are independent draws.
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Output 74.1.3 Diagnostics Plots for �

You can overlay the estimated kernel density with the true density to visually compare the densities, as
displayed in Output 74.1.4. To create the kernel comparison plot, you �rst call PROC KDE (see Chapter 67,
“The KDE Procedure”) to obtain a kernel density estimate of the posterior density onalpha. Then you
evaluate a grid ofalpha values on a normal density. The following statements evaluate kernel density and
compute the corresponding normal density:

proc kde data=simout;
ods exclude inputs controls;
univar alpha /out=sample;

run;

data den;
set sample;
alpha = value;
true = pdf(�normal�, alpha, 0, 1);
keep alpha density true;

run;

Next you plot the two curves on top of each other by using PROC SGPLOT (see Chapter 21, “Statistical
Graphics Using ODS”) as follows:

proc sgplot data=den;
yaxis label="Density";
series y=density x=alpha / legendlabel = "MCMC Kernel";
series y=true x=alpha / legendlabel = "True Density";
discretelegend;

run;
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Output 74.1.4 shows the result. You can see that the kernel estimate and the true density are very similar to
each other.

Output 74.1.4 Estimated Density versus the True Density

Density Visualization Macro

In programs that do not involve any data set variables, PROC MCMC samples directly from the (joint)
prior distributions of the parameters. The modi�cation makes the sampling from a known distribution more
ef�cient and more precise. For example, you can write simple programs, such as the following macro, to
understand different aspects of a prior distribution of interest, such as its moments, intervals, shape, spread,
and so on:

%macro density(dist=, seed=0);
%let savenote = %sysfunc(getoption(notes));
options nonotes;
title "&dist distribution.";
data _a;
run;

ods select densitypanel postsumint;
proc mcmc data=_a nmc=10000 diag=none nologdist

plots=density seed=&seed;
parms alpha;
prior alpha ~ &dist;
model general(0);

run;
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proc datasets nolist;
delete _a;

run;
options &savenote;

%mend;

%density(dist=beta(4, 12), seed=1);

The macro%density creates an empty data set, invokes PROC MCMC, draws 10,000 samples from a beta(4,
12) distribution, displays summary and interval statistics, and generates a kernel density plot. Summary and
interval statistics from the beta distribution are displayed in Output 74.1.5.

Output 74.1.5 Beta Distribution Statistics

The distribution is displayed in Output 74.1.6.

Output 74.1.6 Density Plot
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Calculation of Integrals

One advantage of MCMC methods is to estimate any integral under the curve of a target distribution. This
can be done fairly easily using the MCMC procedure. Suppose you are interested in estimating the following
cumulative probability:

Z 1:3

� D 0
� .� j0; 1/d�

To estimate this integral, PROC MCMC draws samples from the distribution and counts the portion of the
simulated values that fall within the desired range of [0, 1.3]. This becomes a Monte Carlo estimate of the
integral. The following statements simulate samples from a standard normal distribution and estimate the
integral:

proc mcmc data=x outpost=simout seed=23 nmc=10000 nologdist
monitor=(int) diagnostics=none;
ods select postsumint;
parm alpha 0;
prior alpha ~ normal(0, sd=1);
int = (0 <= alpha <= 1.3);
model general(0);

run;

The ODS SELECT statement displays the posterior summary statistics table. The MONITOR= option outputs
analysis on the variableint (the integral estimate). The STATISTICS= option computes the summary statistics.
The NOLOGDIST option omits the calculation of the log of the prior distribution at each iteration, shortening
the simulation time7. The INT assignment statement setsint to be 1 if the simulatedalpha value falls between
0 and 1.3, and 0 otherwise. PROC MCMC supports the usage of the IF-ELSE logical control if you need to
account for more complex conditions. Output 74.1.7 displays the estimated integral value:

Output 74.1.7 Monte Carlo Integral from a Normal Distribution

In this simulation, 4079 samples fall between 0 and 1.3, making the expected probability 0.4079. In this
example, you can verify the actual cumulative probability by calling the CDF function in the DATA step:

data _null_;
int = cdf("normal", 1.3, 0, 1) - cdf("normal", 0, 0, 1);
put int=;

run;

The value is 0.4032.

7In this example, the NOLOGDIST option saves only a fraction of the time. But in more complex simulation schemes that
involve a larger number of distributions and parameters, the time reduction could be signi�cant.



5782 F Chapter 74: The MCMC Procedure

Sampling from a Mixture of Normal Densities

Suppose you are interested in generating samples from a three-component mixture of normal distributions,
with the density speci�ed as follows:

p.�/ D 0:3� �. � 3; � D 2/ C 0:4� �.2; � D 1/ C 0:3� �.10; � D 4/

You can either specify the distribution directly or use a latent variable approach to generate samples from the
normal mixture.

To specify the normal mixture density directly in PROC MCMC, you need to construct the function because
the normal mixture distribution is not one of the standard distributions that PROC MCMC supports. The
following statements generate random samples from the normal mixture density:

title �Simulating Samples from a Mixture of Normal Densities�;
data x;
run;

proc mcmc data=x outpost=simout seed=1234 nmc=30000;
ods select TADpanel;
parm alpha 0.3;
lp = logpdf(�normalmix�, alpha, 3, 0.3, 0.4, 0.3, -3, 2, 10, 2, 1, 4);
prior alpha ~ general(lp);
model general(0);

run;

The ODS SELECT statement displays the diagnostic plots. All other tables, such as the NObs tables, are
excluded. The PROC MCMC statement uses the input data setX, saves output to theSimout data set, sets a
random number seed, and draws 30,000 samples.

The LP assignment statement evaluates the log density ofalpha at the mixture density, using the SAS function
LOGPDF. The number 3 afteralpha in the LOGPDF function indicates that the density is a three-component
normal mixture. The following three numbers, 0.3, 0.4, and 0.3, are the weights in the mixture; –3, 2, and 10
are the means; 2, 1, and 4 are the standard deviations. The PRIOR statement assigns this log density function
to alpha as its prior. Note that the GENERAL function interprets the density on the log scale, and not the
original scale–you must use the LOGPDF function, not the PDF function. Output 74.1.8 displays the results.
The kernel density clearly shows three modes.
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Output 74.1.8 Plots of Posterior Samples from a Mixture Normal Distribution

Alternatively, the normal mixture distribution can also decomposed into a marginal distribution for the
component (call itZ) and a conditional model of the response variableY givenZ, as

z � categorical.p 1; p2; : : : ; pK /

y jz � normal.� z ; � 2
z /

whereK is the total number of mixture components,z is the component indicator, and� z and� 2
z are the

model parameters for thezth component.

Starting with SAS/STAT 13.2, PROC MCMC supports a categorical distribution that can be used to model
the discrete random variable for components. You can use PRIOR statements to specify a normal mixture
distribution and generate samples accordingly:

proc mcmc data=x outpost=simout_m seed=1234 nmc=30000;
array p[3] (0.3 0.4 0.3);
array mu[3] (-3 2 10);
array sd[3] (2 1 4);
parm z alpha;
prior z ~ table(p);
prior alpha ~ normal(mu[z], sd=sd[z]);
model general(0);

run;



5784 F Chapter 74: The MCMC Procedure

The ARRAY statements de�ne one arrayp for the mixture weights, one arraymu for the means of the normal
distributions, and one arraysd for the corresponding standard deviations. The PRIOR statements specify
a categorical prior on the parameterz and a conditional normal prior onalpha. The mean and standard
deviation of thealpha parameter depend on the component indicatorz. No output is created.

You can use the following set of statements, which are similar to the previous example, to overlay the
estimated kernel density with the true density. The comparison is shown in Output 74.1.9.

proc kde data=simout_m;
ods exclude inputs controls;
univar alpha /out=sample;

run;

data den;
set sample;
alpha = value;
true = pdf(�normalmix�, alpha, 3, 0.3, 0.4, 0.3, -3, 2, 10, 2, 1, 4);
keep alpha density true;

run;

proc sgplot data=den;
yaxis label="Density";
series y=density x=alpha /

legendlabel = "MCMC Kernel - Latent Variable Approach";
series y=true x=alpha / legendlabel = "True Density";
discretelegend;

run;

Output 74.1.9 Estimated Density (Latent Variable Approach) versus the True Density
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Example 74.2: Box-Cox Transformation

Box-Cox transformations (Box and Cox 1964) are often used to �nd a power transformation of a dependent
variable to ensure the normality assumption in a linear regression model. This example illustrates how you
can use PROC MCMC to estimate a Box-Cox transformation for a linear regression model. Two different
priors on the transformation parameter� are considered: a continuous prior and a discrete prior. You can
estimate the probability of� being 0 with a discrete prior but not with a continuous prior. The IF-ELSE
statements are demonstrated in the example.

Using a Continuous Prior on �

The following statements create a SAS data set with measurements ofy (the response variable) andx (a
single dependent variable):

title �Box-Cox Transformation, with a Continuous Prior on Lambda�;
data boxcox;

input y x @@;
datalines;

10.0 3.0 72.6 8.3 59.7 8.1 20.1 4.8 90.1 9.8 1.1 0.9
78.2 8.5 87.4 9.0 9.5 3.4 0.1 1.4 0.1 1.1 42.5 5.1
57.0 7.5 9.9 1.9 0.5 1.0 121.1 9.9 37.5 5.9 49.5 6.7

... more lines ...

2.6 1.8 58.6 7.9 81.2 8.1 37.2 6.9
;

The Box-Cox transformation ofy takes on the form of:

y.�/ D

(
y � � 1

� if � ¤ 0I
log.y/ if � D 0:

The transformed responsey.�/ is assumed to be normally distributed:

y i .�/ � normal.� 0 C � 1xi ; � 2/

The likelihood with respect to the original responsey i is as follows:

p.y i j�; �; � 2; x i / / �.y i j� 0 C � 1xi ; � 2/ � J.�; y i /

whereJ.�; y i / is the Jacobian:

J.�; y/ D
�

y � � 1
i if � ¤ 0I

1=yi if � D 0:

And on the log-scale, the Jacobian becomes:

log.J.�; y// D
�

.� � 1/ � log.y i / if � ¤ 0I
� log.y i / if � D 0:

There are four model parameters:�; � D f � 0; � 1g; and� 2. You can considering using a �at prior on� and
a gamma prior on� 2.
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To consider only power transformations (� ¤ 0), you can use a continuous prior (for example, a uniform
prior from –2 to 2) on� . One issue with using a continuous prior is that you cannot estimate the probability
of � D 0. To do so, you need to consider a discrete prior that places positive probability mass on the point 0.
See “Modeling� D 0” on page 5789.

The following statements �t a Box-Cox transformation model:

ods graphics on;
proc mcmc data=boxcox nmc=50000 propcov=quanew seed=12567

monitor=(lda);
ods select PostSumInt TADpanel;
parms beta0 0 beta1 0 lda 1 s2 1;

beginnodata;
prior beta: ~ general(0);
prior s2 ~ gamma(shape=3, scale=2);
prior lda ~ unif(-2,2);
sd = sqrt(s2);
endnodata;

ys = (y ** lda-1)/lda;
mu = beta0+beta1 * x;
ll = (lda-1) * log(y)+lpdfnorm(ys, mu, sd);
model general(ll);

run;

The PROPCOV= option initializes the Markov chain at the posterior mode and uses the estimated inverse
Hessian matrix as the initial proposal covariance matrix. The MONITOR= option selects� as the variable to
report. The ODS SELECT statement displays the summary statistics table, the interval statistics table, and
the diagnostic plots.

The PARMS statement puts all four parameters,� 0, � 1, � , and� 2, in a single block and assigns initial values
to each of them. Three PRIOR statements specify previously stated prior distributions for these parameters.
The assignment tosd transforms a variance to a standard deviation. It is better to place the transformation
inside the BEGINNODATA and ENDNODATA statements to save computational time.

The assignment to the symbolys evaluates the Box-Cox transformation ofy, wheremu is the regression
mean andll is the log likelihood of the transformed variableys. Note that the log of the Jacobian term is
included in the calculation ofll.

Summary statistics and interval statistics forlda are listed in Output 74.2.1.

Output 74.2.1 Box-Cox Transformation

The posterior mean of� is 0.47, with a 95% equal-tail interval ofŒ0:42; 0:53•and a similar HPD interval.
The preferred power transformation would be 0.5 (rounding� up to the square root transformation).
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Output 74.2.2 shows diagnostics plots forlda. The chain appears to converge, and you can proceed to make
inferences. The density plot shows that the posterior density is relatively symmetric around its mean estimate.

Output 74.2.2 Diagnostic Plots for �

To verify the results, you can use PROC TRANSREG (see Chapter 119, “The TRANSREG Procedure”) to
�nd the estimate of� .

proc transreg data=boxcox details pbo;
ods output boxcox = bc;
model boxcox(y / convenient lambda=-2 to 2 by 0.01) = identity(x);
output out=trans;

run;

Output from PROC TRANSREG is shown in Output 74.2.5 and Output 74.2.4. PROC TRANSREG produces
a similar point estimate of� D 0:46, and the 95% con�dence interval is shown in Output 74.2.5.
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Output 74.2.3 Box-Cox Transformation Using PROC TRANSREG

Output 74.2.4 Estimates Reported by PROC TRANSREG

The ODS data setBc contains the 95% con�dence interval estimates produced by PROC TRANSREG. This
ODS table is rather large, and you want to see only the relevant portion. The following statements generate
the part of the table that is important and display Output 74.2.5:
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proc print noobs label data=bc(drop=rmse);
title2 �Confidence Interval�;
where ci ne � � or abs(lambda - round(lambda, 0.5)) < 1e-6;
label convenient = �00�x ci = �00�x;

run;

The estimated 90% con�dence interval isŒ0:41; 0:51•, which is very close to the reported Bayesian credible
intervals. The resemblance of the intervals is probably due to the noninformative prior that you used in this
analysis.

Output 74.2.5 Estimated Con�dence Interval on �

Modeling � D 0

With a continuous prior on� , you can get only a continuous posterior distribution, and this makes the
probability ofPr.� D 0jdata/ equal to 0 by de�nition. To consider� D 0 as a viable solution to the Box-Cox
transformation, you need to use a discrete prior that places some probability mass on the point 0 and allows
for a meaningful posterior estimate of Pr.� D 0jdata/.

This example uses a simulation study where the data are generated from an exponential likelihood. The
simulation implies that the correct transformation should be the logarithm and� should be 0. Consider the
following exponential model:

y D exp.x C �/;
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where� � normal.0; 1/. The transformed data can be �tted with a linear model:

log.y/ D x C �

The following statements generate a SAS data set with a griddedx and correspondingy:

title �Box-Cox Transformation, Modeling Lambda = 0�;
data boxcox;

do x = 1 to 8 by 0.025;
ly = x + normal(7);
y = exp(ly);
output;

end;
run;

The log-likelihood function, after taking the Jacobian into consideration, is as follows:

logp.y i j�; x i / D

8
<̂

:̂

.� � 1/ log.y i / � 1
2

�
log � 2 C . .y �

i � 1/=� � x i /
2

� 2

�
C C1 if � ¤ 0I

� log.y i / � 1
2

�
log � 2 C . log.y i / � x i / 2

� 2

�
C C2 if � D 0:

whereC1 andC2 are two constants.

You can use the function DGENERAL to place a discrete prior on� . The function is similar to the function
GENERAL, except that it indicates a discrete distribution. For example, you can specify a discrete uniform
prior from –2 to 2 using

prior lda ~ dgeneral(1, lower=-2, upper=2);

This places equal probability mass on �ve points, –2, –1, 0, 1, and 2. This prior might not work well here
because the grid is too coarse. To consider smaller values of� , you can sample a parameter that takes a
wider range of integer values and transform it back to the� space. For example, setalpha as your model
parameter and give it a discrete uniform prior from –200 to 200. Then de�ne� asalpha/100 so� can take
values between –2 and 2 but on a �ner grid.

The following statements �t a Box-Cox transformation by using a discrete prior on� :

proc mcmc data=boxcox outpost=simout nmc=50000 seed=12567
monitor=(lda);

ods select PostSumInt;
parms s2 1 alpha 10;
beginnodata;
prior s2 ~ gamma(shape=3, scale=2);
if alpha=0 then lp = log(2);

else lp = log(1);
prior alpha ~ dgeneral(lp, lower=-200, upper=200);
lda = alpha * 0.01;
sd = sqrt(s2);
endnodata;
if alpha=0 then

ll = -ly+lpdfnorm(ly, x, sd);
else do;

ys = (y ** lda - 1)/lda;
ll = (lda-1) * ly+lpdfnorm(ys, x, sd);
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end;
model general(ll);

run;

There are two parameters,s2 andalpha, in the model. They are placed in a single PARMS statement so that
they are sampled in the same block.

The parameters2 takes a gamma distribution, andalpha takes a discrete prior. The IF-ELSE statements
state thatalpha takes twice as much prior density when it is 0 than otherwise. Note that on the original
scale,Pr.alphaD 0/ D 2 � Pr.alpha¤ 0/. Translating that to the log scale, the densities becomelog.2/ and
log.1/ , respectively. The LDA assignment statement transformsalpha to the parameter of interest:lda takes
values between –2 and 2. You can modellda on a even smaller scale by dividingalpha by a larger constant.
However, an increment of 0.01 in the Box-Cox transformation is usually suf�cient. The SD assignment
statement calculates the square root of the variance term.

The log-likelihood function uses another set of IF-ELSE statements, separating the case of� D 0 from the
others. The formulas are stated previously. The output of the program is shown in Output 74.2.6.

Output 74.2.6 Box-Cox Transformation

From the summary statistics table, you see that the point estimate for� is 0 and both of the 95% equal-tail
and HPD credible intervals are 0. This strongly suggests that� D 0 is the best estimate for this problem. In
addition, you can also count the frequency of� among posterior samples to get a more precise estimate on
the posterior probability of� being 0.

The following statements use PROC FREQ to produce Output 74.2.7 and Output 74.2.8:

proc freq data=simout;
ods select onewayfreqs freqplot;
tables lda /nocum plot=freqplot(scale=percent);

run;
ods graphics off;

Output 74.2.7 shows the frequency count table. An estimate ofPr.� D 0jdata/ is 96%. The conclusion is that
thelog transformation should be the appropriate transformation used here, which agrees with the simulation
setup. Output 74.2.8 shows the histogram of� .
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Output 74.2.7 Frequency Counts of �

Output 74.2.8 Histogram of �

Example 74.3: Logistic Regression Model with a Diffuse Prior

This example illustrates how to �t a logistic regression model with a diffuse prior in PROC MCMC. You can
also use the BAYES statement in PROC GENMOD. See Chapter 45, “The GENMOD Procedure.”

The following statements create a SAS data set with measurements of the number of deaths,y, amongn
beetles that have been exposed to an environmental contaminantx:

title �Logistic Regression Model with a Diffuse Prior�;
data beetles;

input n y x @@;
datalines;

6 0 25.7 8 2 35.9 5 2 32.9 7 7 50.4 6 0 28.3
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7 2 32.3 5 1 33.2 8 3 40.9 6 0 36.5 6 1 36.5
6 6 49.6 6 3 39.8 6 4 43.6 6 1 34.1 7 1 37.4
8 2 35.2 6 6 51.3 5 3 42.5 7 0 31.3 3 2 40.6
;

You can model the data pointsy i with a binomial distribution,

y i jp i � binomial.n i ; p i /

wherep i is the success probability and links to the regression covariatexi through a logit transformation:

logit .p i / D log
�

p i

1 � p i

�
D � C �x i

The priors on� and� are both diffuse normal:

� � normal.0; var D 10000/

� � normal.0; var D 10000/

These statements �t a logistic regression with PROC MCMC:

ods graphics on;
proc mcmc data=beetles ntu=1000 nmc=20000 propcov=quanew

diag=(mcse ess) outpost=beetleout seed=246810;
ods select PostSumInt mcse ess TADpanel;
parms (alpha beta) 0;
prior alpha beta ~ normal(0, var = 10000);
p = logistic(alpha + beta * x);
model y ~ binomial(n,p);

run;

The key statement in the program is the assignment top that calculates the probability of death. The SAS
function LOGISTIC does the proper transformation. The MODEL statement speci�es that the response
variable,y, is binomially distributed with parametersn (from the input data set) andp. The summary statistics
table, interval statistics table, the Monte Carlo standard error table, and the effective sample sizes table are
shown in Output 74.3.1.

Output 74.3.1 MCMC Results
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Output 74.3.1 continued

The summary statistics table shows that the sample mean of the output chain for the parameteralpha is
–11.77. This is an estimate of the mean of the marginal posterior distribution for the intercept parameter
alpha. The estimated posterior standard deviation foralpha is 2.09. The two 95% credible intervals for
alpha are both negative, which indicates with very high probability that the intercept term is negative. On the
other hand, you observe a positive effect on the regression coef�cientbeta. Exposure to the environment
contaminant increases the probability of death.

The Monte Carlo standard errors of each parameter are signi�cantly small relative to the posterior standard
deviations. A small MCSE/SD ratio indicates that the Markov chain has stabilized and the mean estimates do
not vary much over time. Note that the precision in the parameter estimates increases with the square of the
MCMC sample size, so if you want to double the precision, you must quadruple the MCMC sample size.

MCMC chains do not produce independent samples. Each sample point depends on the point before it. In this
case, the correlation time estimate, read from the effective sample sizes table, is roughly 8. This means that it
takes four observations from the MCMC output to make inferences aboutalpha with the same precision that
you would get from using an independent sample. The effective sample size of around 2500 re�ects this loss
of ef�ciency. The coef�cientbeta has similar ef�ciency. You can often observe that some parameters have
signi�cantly better mixing (better ef�ciency) than others, even in a single Markov chain run.
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Output 74.3.2 Plots for Parameters in the Logistic Regression Example
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Trace plots and autocorrelation plots of the posterior samples are shown in Output 74.3.2. Convergence looks
good in both parameters; there is good mixing in the trace plot and quick drop-off in the ACF plot.

One advantage of Bayesian methods is the ability to directly answer scienti�c questions. In this example, you
might want to �nd out the posterior probability that the environmental contaminant increases the probability
of death—that is, Pr.� > 0 jy/ . This can be estimated using the following steps:

proc format;
value betafmt low-0 = �beta <= 0� 0<-high = �beta > 0�;

run;

proc freq data=beetleout;
tables beta /nocum;
format beta betafmt.;

run;

Output 74.3.3 Frequency Counts

All of the simulated values for� are greater than zero, so the sample estimate of the posterior probability
that � > 0 is 100%. The evidence overwhelmingly supports the hypothesis that increased levels of the
environmental contaminant increase the probability of death.

If you are interested in making inference based on any quantities that are transformations of the random
variables, you can either do it directly in PROC MCMC or by using the DATA step after you run the simulation.
Transformations sometimes can make parameter inference quite formidable using direct analytical methods,
but with simulated chains, it is easy to compute chains for any set of parameters. Suppose you are interested
in the lethal dose and want to estimate the level of the covariatex that corresponds to a probability of death,
p. Abbreviate this quantity asldp. In other words, you want to solve the logit transformation with a �xed
valuep. The lethal dose is as follows:

ldp D
log

�
p

1� p

�
� �

�

You can obtain an estimate of anyldp by using the posterior mean estimates for� and� . For example,lp95,
which corresponds top D 0:95, is calculated as follows:

lp95 D
log

� 0:95
1� 0:95

�
C 11:77

0:29
D 50:79

where –11.77 and 0.29 are the posterior mean estimates of� and� , respectively, and 50.79 is the estimated
lethal dose that leads to a 95% death rate.

While it is easy to obtain the point estimates, it is harder to estimate other posterior quantities, such as the
standard deviation directly. However, with PROC MCMC, you can trivially get estimates of any posterior
quantities oflp95. Consider the following program in PROC MCMC:
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proc mcmc data=beetles ntu=1000 nmc=20000 propcov=quanew
outpost=beetleout seed=246810 plot=density
monitor=(pi30 ld05 ld50 ld95);

ods select PostSumInt densitypanel;
parms (alpha beta) 0;
begincnst;

c1 = log(0.05 / 0.95);
c2 = -c1;

endcnst;

beginnodata;
prior alpha beta ~ normal(0, var = 10000);
pi30 = logistic(alpha + beta * 30);
ld05 = (c1 - alpha) / beta;
ld50 = - alpha / beta;
ld95 = (c2 - alpha) / beta;
endnodata;
pi = logistic(alpha + beta * x);
model y ~ binomial(n,pi);

run;
ods graphics off;

The program estimates four additional posterior quantities. The threelpd quantities,ld05, ld50, andld95, are
the three levels of the covariate that kills 5%, 50%, and 95% of the population, respectively. The predicted
probability when the covariatex takes the value of 30 ispi30. The MONITOR= option selects the quantities
of interest. The PLOTS= option selects kernel density plots as the only ODS graphical output, excluding the
trace plot and autocorrelation plot.

Programming statements between the BEGINCNST and ENDCNST statements de�ne two constants. These
statements are executed once at the beginning of the simulation. The programming statements between the
BEGINNODATA and ENDNODATA statements evaluate the quantities of interest. The symbols,pi30, ld05,
ld50, andld95, are functions of the parametersalpha andbeta only. Hence, they should not be processed
at the observation level and should be included in the BEGINNODATA and ENDNODATA statements.
Output 74.3.4 lists the posterior summary and Output 74.3.5 shows the density plots of these posterior
quantities.

Output 74.3.4 PROC MCMC Results
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The posterior mean estimate oflp95 is 50.82, which is close to the estimate of 50.79 by using the posterior
mean estimates of the parameters. With PROC MCMC, in addition to the mean estimate, you can get the
standard deviation, quantiles, and interval estimates at any level of signi�cance.

From the density plots, you can see, for example, that the sample distribution for� 30 is skewed to the right,
and almost all of your posterior belief concerning� 30 is concentrated in the region between zero and 0.15.

Output 74.3.5 Density Plots of Quantities of Interest in the Logistic Regression Example

It is easy to use the DATA step to calculate these quantities of interest. The following DATA step uses the
simulated values of� and� to create simulated values from the posterior distributions ofld05, ld50, ld95,
and� 30 :

data transout;
set beetleout;
pi30 = logistic(alpha + beta * 30);
ld05 = (log(0.05 / 0.95) - alpha) / beta;
ld50 = (log(0.50 / 0.50) - alpha) / beta;
ld95 = (log(0.95 / 0.05) - alpha) / beta;

run;

Subsequently, you can use SAS/INSIGHT, or the UNIVARIATE, CAPABILITY, or KDE procedures to
analyze the posterior sample. If you want to regenerate the default ODS graphs from PROC MCMC, see
“Regenerating Diagnostics Plots” on page 5740.
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Example 74.4: Logistic Regression Model with Jeffreys' Prior

A controlled experiment was run to study the effect of the rate and volume of air inspired on a transient re�ex
vasoconstriction in the skin of the �ngers. Thirty-nine tests under various combinations of rate and volume of
air inspired were obtained (Finney 1947). The result of each test is whether or not vasoconstriction occurred.
Pregibon (1981) uses this set of data to illustrate the diagnostic measures he proposes for detecting in�uential
observations and to quantify their effects on various aspects of the maximum likelihood �t. The following
statements create the data setVaso:

title �Logistic Regression Model with Jeffreys Prior�;
data vaso;

input vol rate resp @@;
lvol = log(vol);
lrate = log(rate);
ind = _n_;
cnst = 1;
datalines;

3.7 0.825 1 3.5 1.09 1 1.25 2.5 1 0.75 1.5 1
0.8 3.2 1 0.7 3.5 1 0.6 0.75 0 1.1 1.7 0
0.9 0.75 0 0.9 0.45 0 0.8 0.57 0 0.55 2.75 0
0.6 3.0 0 1.4 2.33 1 0.75 3.75 1 2.3 1.64 1
3.2 1.6 1 0.85 1.415 1 1.7 1.06 0 1.8 1.8 1
0.4 2.0 0 0.95 1.36 0 1.35 1.35 0 1.5 1.36 0
1.6 1.78 1 0.6 1.5 0 1.8 1.5 1 0.95 1.9 0
1.9 0.95 1 1.6 0.4 0 2.7 0.75 1 2.35 0.03 0
1.1 1.83 0 1.1 2.2 1 1.2 2.0 1 0.8 3.33 1
0.95 1.9 0 0.75 1.9 0 1.3 1.625 1
;

The variableresp represents the outcome of a test. The variablelvol represents the log of the volume of air
intake, and the variablelrate represents the log of the rate of air intake. You can model the data by using
logistic regression. You can model the response with a binary likelihood:

respi � binary.p i /

with

p i D
1

1 C exp.� .� 0 C � 1 lvol i C � 2 lratei //

Let X be the design matrix in the regression. Jeffreys' prior for this model is

p. � / / j X0MX j1=2

whereM is a 39 by 39 matrix with off-diagonal elements being 0 and diagonal elements beingp i .1 � p i / .
For details on Jeffreys' prior, see “Jeffreys' Prior” on page 125 in Chapter 7, “Introduction to Bayesian
Analysis Procedures.” You can use a number of matrix functions, such as the determinant function, in PROC
MCMC to construct Jeffreys' prior. The following statements illustrate how to �t a logistic regression with
Jeffreys' prior:
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%let n = 39;
proc mcmc data=vaso nmc=10000 outpost=mcmcout seed=17;

ods select PostSumInt;

array beta[3] beta0 beta1 beta2;
array m[&n, &n];
array x[1] / nosymbols;
array xt[3, &n];
array xtm[3, &n];
array xmx[3, 3];
array p[&n];

parms beta0 1 beta1 1 beta2 1;

begincnst;
if (ind eq 1) then do;

rc = read_array("vaso", x, "cnst", "lvol", "lrate");
call transpose(x, xt);
call zeromatrix(m);

end;
endcnst;

beginnodata;
call mult(x, beta, p); / * p = x * beta * /
do i = 1 to &n;

p[i] = 1 / (1 + exp(-p[i])); / * p[i] = 1/(1+exp(-x * beta)) * /
m[i,i] = p[i] * (1-p[i]);

end;
call mult (xt, m, xtm); / * xtm = xt * m * /
call mult (xtm, x, xmx); / * xmx = xtm * x * /
call det (xmx, lp); / * lp = det(xmx) * /
lp = 0.5 * log(lp); / * lp = -0.5 * log(lp) * /
prior beta: ~ general(lp);
endnodata;

model resp ~ bern(p[ind]);
run;

The �rst ARRAY statement de�nes an arraybeta with three elements:beta0, beta1, andbeta2. The
subsequent statements de�ne arrays that are used in the construction of Jeffreys' prior. These includem (the
M matrix),x (the design matrix),xt (the transpose ofx), and some additional work spaces.

The explanatory variableslvol and lrate are saved in the arrayx in the BEGINCNST and ENDCNST
statements. See “BEGINCNST/ENDCNST Statement” on page 5663 for details. After all the variables
are read intox, you transpose thex matrix and store it toxt. The ZEROMATRIX function call assigns all
elements in matrixm the value zero. To avoid redundant calculation, it is best to perform these calculations
as the last observation of the data set is processed—that is, whenind is 39.

You calculate Jeffreys' prior in the BEGINNODATA and ENDNODATA statements. The probability vectorp
is the product of the design matrixx and parameter vectorbeta. The diagonal elements in the matrixm are
p i .1 � p i / . The expressionlp is the logarithm of Jeffreys' prior. The PRIOR statement assignslp as the prior
for the� regression coef�cients. The MODEL statement assigns a binary likelihood toresp, with probability
p[ind]. Thep array is calculated earlier using the matrix function MULT. You use theind variable to pick out
the right probability value for eachresp.
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Posterior summary statistics are displayed in Output 74.4.1.

Output 74.4.1 PROC MCMC Results, Jeffreys' prior

You can also use PROC GENMOD to �t the same model by using the following statements:

proc genmod data=vaso descending;
ods select PostSummaries PostIntervals;
model resp = lvol lrate / d=bin link=logit;
bayes seed=17 coeffprior=jeffreys nmc=20000 thin=2;

run;

The MODEL statement indicates thatresp is the response variable andlvol andlrate are the covariates. The
options in the MODEL statement specify a binary likelihood and a logit link function. The BAYES statement
requests Bayesian capability. The SEED=, NMC=, and THIN= arguments work in the same way as in PROC
MCMC. The COEFFPRIOR=JEFFREYS option requests Jeffreys' prior in this analysis.

The PROC GENMOD statements produce Output 74.4.2, with estimates very similar to those reported in
Output 74.4.1. Note that you should not expect to see identical output from PROC GENMOD and PROC
MCMC, even with the simulation setup and identical random number seed. The two procedures use different
sampling algorithms. PROC GENMOD uses the adaptive rejection metropolis algorithm (ARMS) (Gilks and
Wild 1992; Gilks 2003) while PROC MCMC uses a random walk Metropolis algorithm. The asymptotic
answers, which means that you let both procedures run an very long time, would be the same as they both
generate samples from the same posterior distribution.

Output 74.4.2 PROC GENMOD Results
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Output 74.4.2 continued

Example 74.5: Poisson Regression

You can use the Poisson distribution to model the distribution of cell counts in a multiway contingency
table. Aitkin et al. (1989) have used this method to model insurance claims data. Suppose the following
hypothetical insurance claims data are classi�ed by two factors: age group (with two levels) and car type
(with three levels). The following statements create the data set:

title �Poisson Regression�;
data insure;

input n c car $ age;
ln = log(n);
datalines;
500 42 small 0
1200 37 medium 0
100 1 large 0
400 101 small 1
500 73 medium 1
300 14 large 1

;

proc transreg data=insure design;
model class(car / zero=last);
id n c age ln;
output out=input_insure(drop=_: Int:);
run;

The variablen represents the number of insurance policy holders and the variablec represents the number of
insurance claims. The variablecar is the type of car involved (classi�ed into three groups), and it is coded
into two levels. The variableage is the age group of a policy holder (classi�ed into two groups).

Assume that the number of claimsc has a Poisson probability distribution and that its mean,� i , is related to
the factorscar andage for observationi by

log.� i / D log.ni / C x0�

D log.ni / C � 0 C

cari .1/� 1 C cari .2/� 2 C cari .3/� 3 C

agei .1/� 4 C agei .2/� 5
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The indicator variablescari .j / is associated with thejth level of the variablecar for observationi in the
following way:

cari .j / D
�

1 if car D j
0 if car ¤ j

A similar coding applies toage. The� 's are parameters. The logarithm of the variablen is used as an
offset—that is, a regression variable with a constant coef�cient of 1 for each observation. Having the offset
constant in the model is equivalent to �tting an expanded data set with 3000 observations, each with response
variabley observed on an individual level. The log link relates the mean and the factorscar andage.

The following statements run PROC MCMC:

proc mcmc data=input_insure outpost=insureout nmc=5000 propcov=quanew
maxtune=0 seed=7;

ods select PostSumInt;
array data[4] 1 &_trgind age;
array beta[4] alpha beta_car1 beta_car2 beta_age;
parms alpha beta:;
prior alpha beta: ~ normal(0, prec = 1e-6);
call mult(data, beta, mu);
model c ~ poisson(exp(mu+ln));

run;

The analysis uses a relatively �at prior on all the regression coef�cients, with mean at 0 and precision at10� 6.
The option MAXTUNE=0 skips the tuning phase because the optimization routine (PROPCOV=QUANEW)
provides good initial values and proposal covariance matrix.

There are four parameters in the model:alpha is the intercept;beta_car1 andbeta_car2 are coef�cients for
the CLASS variablecar, which has three levels; andbeta_age is the coef�cient forage. The symbolmu
connects the regression model and the Poisson mean by using the log link. The MODEL statement speci�es
a Poisson likelihood for the response variablec.

Posterior summary and interval statistics are shown in Output 74.5.1.

Output 74.5.1 MCMC Results

To �t the same model by using PROC GENMOD, you can do the following. Note that the default normal
prior on the coef�cients� is N.0; precD 1e� 6/, the same as used in the PROC MCMC. The following
statements run PROC GENMOD and create Output 74.5.2:
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proc genmod data=insure;
ods select PostSummaries PostIntervals;
class car age(descending);
model c = car age / dist=poisson link=log offset=ln;
bayes seed=17 nmc=5000 coeffprior=normal;

run;

To compare, posterior summary and interval statistics from PROC GENMOD are reported in Output 74.5.2,
and they are very similar to PROC MCMC results in Output 74.5.1.

Output 74.5.2 PROC GENMOD Results

Note that thedescending option in the CLASS statement reverses the sort order of the CLASS variableage
so that the results agree with PROC MCMC. If this option is not used, the estimate forage has a reversed
sign as compared to Output 74.5.2.

Example 74.6: Nonlinear Poisson Regression Models

This example illustrates how to �t a nonlinear Poisson regression with PROC MCMC. In addition, it shows
how you can improve the mixing of the Markov chain by selecting a different proposal distribution or by
sampling on the transformed scale of a parameter. This example shows how to analyze count data for calls to
a technical support help line in the weeks immediately following a product release. This information could
be used to decide upon the allocation of technical support resources for new products. You can model the
number of daily calls as a Poisson random variable, with the average number of calls modeled as a nonlinear
function of the number of weeks that have elapsed since the product's release. The data are input into a SAS
data set as follows:
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title �Nonlinear Poisson Regression�;
data calls;

input weeks calls @@;
datalines;

1 0 1 2 2 2 2 1 3 1 3 3
4 5 4 8 5 5 5 9 6 17 6 9
7 24 7 16 8 23 8 27
;

During the �rst several weeks after a new product is released, the number of questions that technical support
receives concerning the product increases in a sigmoidal fashion. The expression for the mean value in the
classic Poisson regression involves the log link. There is some theoretical justi�cation for this link, but with
MCMC methodologies, you are not constrained to exploring only models that are computationally convenient.
The number of calls to technical support tapers off after the initial release, so in this example you can use a
logistic-type function to model the mean number of calls received weekly for the time period immediately
following the initial release. The mean function�.t / is modeled as follows:

� i D



1 C expŒ� .� C �t i / •

The likelihood for every observationcallsi is

callsi � Poisson.� i /

Past experience with technical support data for similar products suggests the following prior distributions:


 � gamma.shapeD 3:5;scaleD 12/

� � normal. � 5;sdD 0:5/

� � normal.0:75;sdD 0:5/

The following PROC MCMC statements �t this model:

ods graphics on;
proc mcmc data=calls outpost=callout seed=53197 ntu=1000 nmc=20000

propcov=quanew stats=none diag=ess;
ods select TADpanel ess;
parms alpha -4 beta 1 gamma 2;
prior gamma ~ gamma(3.5, scale=12);
prior alpha ~ normal(-5, sd=0.25);
prior beta ~ normal(0.75, sd=0.5);
lambda = gamma* logistic(alpha+beta * weeks);
model calls ~ poisson(lambda);

run;

The one PARMS statement de�nes a block of all parameters and sets their initial values individually. The
PRIOR statements specify the informative prior distributions for the three parameters. The assignment
statement de�nes� , the mean number of calls. Instead of using the SAS function LOGISTIC, you can use
the following statement to calculate� and get the same result:
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