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About This Book

What Does This Book Cover?
Mixed models, which are an extension of classic statistical linear models (including
analysis-of-variance and regression), are one of the most powerful and useful collec-
tion of methods for analyzing data from designed experiments. Variations of mixed
models have been one of the strongest capabilities of SAS software since its beginnings
in the mid 1970s. In parallel, JMP (a SAS product launched in 1989) has evolved into
an incredibly powerful and popular tool for scientists and engineers. This book brings
together these two legacies, and in example-driven fashion, walks through the core
concepts of mixedmodels and how to best apply them in practice.

Mixedmodels are largely about how to handle experimental observations that are cor-
related. After introducing foundational concepts and terminology of mixed models
with examples, the book covers increasing levels of complexity, revealing the richness
andwide applicability ofmixedmodels inmost any discipline that collects data inwell-
formed experiments.

The first four chapters focus on mixed models in the context of analysis-of-variance
(ANOVA). We find that ANOVA is a good place to start as it helps organize thinking
around factorswith a discrete number of levels, as are nearly always found in designed
experiments. We proceed further and utilize a helpful construct known as a Skeleton
ANOVA to help clearly break down and understand degrees of freedom as well as how
information from experimental units in the design is being allocated to effects in the
model.

Chapters 5 and 6 shift focus to continuous effects as commonly found in linear regres-
sion and repeated measures contexts. They fit quite naturally into the mixed model
framework and can be effectively combinedwith ANOVA-style effects to handle awide
variety of commonexperimental setups. Chapter 7 covers spatialmodels,whichextend
mixedmodels further to handle covariance over two or more dimensions.

Chapter 8 shows how you can use simulation to rigorously explore deeper statistical
properties ofmixedmodels suchaspowerand samplingdistributionsof outputs. Chap-
ter 9providesan introduction togeneralized linearmixedmodels,whichareusedwhen
the response is no longer normally distributed, such as when it is a discrete number of

vii
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successes or a count. Chapter 10 concludes the book with discussions on how mixed
models relate to current controversies in the statistical and broader scientific and engi-
neering communities.
Is This Book For You?
JMP for Mixed Models builds on the success of the SAS for Mixed Models book series as
well as several other related books and articles. In contrast to the SAS procedures and
code forming the basis of previous books, JMPand JMPPro offer the ability to fitmixed
models fromadynamically interactive,mouse-driven interface. Thisenablesyou touse
mixedmodelswithout having towrite code and get to important results faster andwith
less effort. This book is designed as an instructional guide along these lines and is the
very first of its kind in this regard.

If you fit one of the following two characterizations, this book is likely for you:

• You are a scientist or engineer running experiments in which subsets of the observa-
tions are correlated due to the design or the nature of the experimental units them-
selves. This includes designs such as a randomized block or split-plot as generated
by JMP’s rich design-of-experiments (DOE) routines.

• You are familiar with running mixed models, hierarchical linear models, or multi-
level models in SAS, R, or other languages and want to learn an easy, point-and-click
interface to fit them and obtain dynamically integrated statistics and graphics to aid
in their interpretation and presentation.

If you take the time to learn mixed models in JMP, they will likely become one of the
most useful tools that you have for analyzing designed experiments.
What Are the Prerequisites for This Book?
Weassumeyouhaveknowledgeof introductorystatistical concepts suchas those taught
in an advanced high school or first-year college curriculum. This includes topics such
as the following:

• Statistical Testing (of the mean, of the difference between two means), standard er-
rors (of the mean, difference between twomeans), and t tests

• Distributions (normal, binomial, uniform, t, chi-square, F)
• One-Way ANOVA
• Factorial ANOVA
• Regression
• ANCOVA (regression with groups)

In JMP or JMP Pro, the Fit Model platform is the central one we will use, and some
basic familiarity with it will be very helpful.
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What Should YouKnow about the Examples?
Each topical chapter in this book begins with a description of severalmotivating exam-
ples that utilize the topic, and then we present the necessary conceptual background.
With the background in place, we analyze the examples using both JMP and JMP Pro,
including full interpretations of the output.

If you alreadyhave a decent understanding ofmixedmodels and/or JMP, youmaywant
to skip straight to examples that best match the problem that you want to analyze. Al-
though the book roughly proceeds fromsimpler tomore complex topics in a somewhat
logical fashion, it is also designed to be a reference book in which you can find an ex-
ample that most closely matches your current problem and skip directly to it.
SoftwareUsed to Develop the Book’s Content
We use both JMP and JMP Pro throughout, highlighting key differences as they arise.
Example Code andData
JMP tables for all of the examples are available in the books supplemental information
web page. JMP Scripting Language (JSL) programs are either included with the tables
themselves or provided as stand-alone programs that you can open in JMP and run.
Output andGraphics
All of the books output and graphics are generated on an Apple MacIntosh. If you are
runningonMicrosoftWindows, the aesthetics of the outputwill be somewhat different
but content should be the same.

We use several typeface conventions throughout the book to help demarcate between
data set names, variable names, commands, etc. Data sets, variables, and func-

tionsaremonospace.Platforms,menus,options,variable roles,buttons, and functiongroups,
basically anything you click on, are italicized. Bold font is mostly used only for section
headings, but it is also used to call out table names in JMP reports.
WeWant toHear fromYou
SASPress books arewrittenby SASUsers for SASUsers. Wewelcomeyourparticipation
in their development and your feedback on SAS Press books that you are using. Please
visit sas.com/books to do the following:

Sign up to review a book
Recommend a topic
Request information on how to become a SAS Press author
Provide feedback on a book

Do you have questions about a SAS Press book that you are reading? Contact the au-
thor through saspress@sas.comor support.sas.com/author_feedback. SAS hasmany

support.sas.com/author_feedback
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resources to help you find answers and expand your knowledge. If you need additional
help, see our list of resources: sas.com/books.



Chapter 1

Introduction

1.1 What is aMixedModel?
Imagine you are lab scientist studying the effect of two chemicals, A and B, on cell vi-
ability. You prepare nine plates of media with healthy cells growing on each, and then
apply A and B to randomly assigned halves of each plate. After a suitable incubation
period, you collect treated cells from the halves of each plate and perform an assay on
each sample to compute ameasurement Y of interest. Four of the samples are acciden-
tally contaminated during processing and produce no assay results. Your data table in
JMP looks like Figure 1.1.

How should you analyze these data? A primary goal is to estimate the causal effect of
Chemical on Y, while taking appropriate account of the experiment design based on
Plate. A standard way to begin is to formulate a statistical model of Y as a function of
Chemical and Plate. A statisticalmodel is amathematical equation formedusing param-
eters and probability distributions to approximate a data-generating process. We refer
to Y as the response in the model, or alternatively as the dependent variable or target. We
refer to Chemical and Plate as factors or independent variables.

Note the different natures of Chemical andPlate. Chemical has two specifically chosen
levels, A and B, whereas the levels of Plate are effectively a random set of such plates
you routinely make in your lab. This is a most basic example of a case in which you
would want to use amixed model, which is a statistical model that includes both fixed
effects and random effects. Here Chemical would be considered a fixed effect and Plate
a random effect.

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Cell Viability Data

Key Terminology

Fixed Effect A statistical modeling factor whose specific levels and associated pa-
rameters are assumed to be constant in the experiment and across a popula-
tion of interest. Scientific interest focuses on these specific levels. For example,
when modeling results from three possible treatments, your focus is on which
of the three is best and how they differ from each other.

Random Effect A statistical modeling factor whose observed values are assumed
to arise from a probability distribution, typically assumed to be normal (Gaus-
sian). Random effects can be viewed as a random sample from a population
that forms part of the process that generates the data you observe. You want to
learn about characteristics of the population and how it drives variability and
correlations in your data. You want inferences about fixed effects in the same
model to apply to the population corresponding to this random effect. Youmay
also want to estimate or predict the realized values of the random effects.

Mixed Model A statistical model that includes both fixed effects and random ef-
fects.
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Why is the distinction between fixed and random effects important? Many, if notmost,
real-life data sets do not satisfy the standard statistical assumption of independent ob-
servations. In theexampleabove,wenaturally expect observations fromthe sameplate
to be correlated as opposed to those from different plates. Random effects provide an
easy and effective way to directly model this correlation and thereby enable more ac-
curate inferences about other effects in themodel. In the example, specifying Plate as
a random effect enables us to draw better inferences about Chemical. Failure to ap-
propriately model design structure such as this can easily result in biased inferences.
With an appropriate mixed model, we can estimate primary effects of interest as well
as compare sources of variability using common forms of dependence among sets of
observations.

The use of fixed and random effects have a rich history, with countless successful ap-
plications inmost everymajor scientific discipline over the past century. They often go
by several other names, including blockingmodels, variance componentmodels, nested and
split-plot designs, hierarchical linearmodels,multilevelmodels, empirical Bayes, repeatedmea-
sures, covariance structure models, and random coefficient models. They also overlap with
longitudinal, time series,and spatial smoothingmodels. Mixedmodels are oneof themost
powerful and practical ways to analyze experimental data, and if you are a scientist or
engineer, investing time to become skilled with them is well worth the effort. They
can readily become the most handy method in your analytical toolbox and provide a
foundational framework for understanding statistical modeling in general.

This book builds on the strong tradition of mixed model software offered by SAS In-
stitute, beginning with PROC VARCOMP and PROC TSCSREG in the 1970s, to PROC
MIXED, PROC PHREG, PROC NLMIXED, and PROC PANEL in the 1990s, PROC GLIM-
MIX in the 2000s, and more recently PROC HPMIXED, PROC LMIXED, PROC MCMC,
PROC BGLIMM, and related Cloud Analytic Service actions in SAS Viya. We borrow ex-
tensively from SAS forMixedModelsby Littell et al. (2006) and Stroup et al. (2018). Mixed
model software in various forms has evolved extensively and somewhat independently
over the past several decades in other packages including R (lme4, lmer, nlme), SPSS
Mixed, Stata xtmixed,HLM,MLwiN,GenStat, ASREML,MIXOR,WinBUGS/OpenBUGS,
Stan, Edward, Tensorflow Probability, PyMC, and Pyro (web search each for details).
The existence and popularity of all of these also speaks to the power and usefulness
of mixed model methodology. Some differences in syntax, terminology, and philoso-
phy naturally occur between the various implementations, and we hope the explana-
tions and coverage in this book are clear enough to enable translation to other software
should the need arise.

Mixed model functionality has been available in JMP since 2000 (JMP 4), and a dedi-
cated mixed model personality in Fit Model was released in 2013 (JMP Pro 11). It con-
tinues to be an area of active development. The unique and powerful point-and-click
interface of JMP, designed intrinsically around dynamic interaction between graphics
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and statistics, makes it an ideal environment within which to fit and explore mixed
models. Analyzing mixed models in JMP offers some natural conveniences over any
approach that requires you to write code, especially with regards to the engaging inter-
play between numerical and pictorial results of statistical modeling. To get an initial
idea of how it works, let’s dive right into our first mixedmodel analysis in JMP.
1.2 Cell Viability Example
Consider the cell viability data shown the previous section and contained in Cell Vi-

ability.jmp.

Using JMP

With the Cell Viability table open and active, from the topmenu bar clickAn-
alyze > Fit Model to bring up a dialog box. On the left side, choose Y, then assign
it to the Y role. Make sure the Standard Least Squares personality is selected in the
upper right corner. Then select Chemical and Plate, and clickAdd to assign them
to the ConstructModel Effects box. In that box, select Plate, then click the red trian-
gle beside Attributes and select Random Effect. You will see "& Random" added
beside Plate in the box, confirming designation as a random effect. Click Run to
fit the model.



1.2. CELL VIABILITY EXAMPLE 5

Themodel fitting results in Figure 1.2 are comprehensive with numerous statistics and
details. We only focus on a few of the most important ones here and explore others in
more depth in later chapters.

Figure 1.2: MixedModel Results for Cell Viability Data

In the Parameter Estimates box in Figure 1.2, the row beginning with "Chemical[A]"
contains the estimate of the effect of Chemical A (-0.94) along with its estimated stan-
darderror (0.36). Note this standarderror is computedaccounting for the randomeffect
Plate in themodel. Taking the ratio of these two numbers produces a t-statistic (signal-
to-noise ratio) of -2.60. The associated p-value is 0.058, just above the classical 0.05 rule
of thumb for statistical significance. As emphasized in recent commentary (see The
American Statistician (2019)), such a borderline “non-significant” result should be inter-
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preted in conjunction with the effect estimate itself and how it relates to estimated
levels of variability in the context of the experiment.

Not shown is the estimate of Chemical B, which is automatically set equal to the neg-
ative of Chemical A in order to identify the model using the traditional sum-to-zero
parameterization for linear models. The statistics for Chemical B are therefore identi-
cal to those from Chemical A, but the main effect and t-statistic have opposite signs.
Our main conclusion is that Chemical B is estimated to have an overall effect around
1.9 units higher than Chemical A.

TheREMLVarianceComponentEstimatesboxprovidesestimatesof thevariancecom-
ponents along with associated statistics. Here we see that the estimate of plate-to-plate
variability is 2.3 times larger than within-plate (residual error) variability. Such a re-
sult speaks to the two primary sources of random variability in this experiment and
prompts questions as to why plates are varying to this degree.

Key Terminology

The acronym REML refers to restricted (or residual) maximum likelihood, the
best-known method for fitting mixed models assuming that any missing data
aremissing at random, and equivalent to full informationmaximum likelihood
from econometrics. Refer to Stroup et al. (2018) for details and theory behind
REML inmixedmodels.

All of the mixedmodel results help to answer various aspects of research questions in-
volving these chemicals and the assay used to assess them. Note you can also obtain
confidence intervals by clicking the small red triangle near the upper left corner of
the report (just to the left of Response Y) then selecting Regression Reports > Show All
Confidence Intervals. The 95% interval for the estimate of the Chemical A effect in this
case is (-1.94, 0.05), just barely containing zero.

The red triangle menu is loaded with several additional analyses, including many
graphical displays. A key philosophy behind the design of JMP is to utilize relevant
interactive graphics directly alongside statistics. As one good example, click > Row
Diagnostics > Plot Actual by Predicted to produce Figure 1.3.

Here the predicted values are based only on the fixed chemical effect from the model
and not the random plate effect, explaining why there are only two distinct values on
the X axis. A key aspect revealed by this plot is the increased variability in predictions
corresponding toChemicalBontheright, ascompared to those fromChemicalAonthe
left. This is driven by the two lowest predicted values on the right. Selecting these two
points in the graph and looking back at the table reveals they come from the first two
plates. This is a reason to recheck that nothing unusual occurred on these two plates.
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Figure 1.3: Actual by Predicted Values for Cell Viability Data

To track this further, let’s plot the raw data. With the Cell Viability table in focus, click
Graph > Graph Builder, assign Y to the Y axis drop zone, Chemical to the X axis drop
zone, and Plate in the Overlay role. Then select the Line plot element and clickDone to
produce Figure 1.4.

The points in Figure 1.4 have similar orientation to themodel-based ones in Figure 1.3,
but now points occurring on the same plate are connected with a line. The four sin-
gleton points correspond to the four plates that contain only one observation, with the
other onemissing. The point in the far bottom right might be considered an outlier as
well as influential in the estimate of plate-to-plate variability. A decision to potentially
remove it depends critically on the quality of experiment protocol, and care must be
taken to maintain data and research integrity.

The preceding analysis flow illustrates how to perform a basic mixed model analysis
within JMP and the ease with which you can effectively utilize graphical displays to re-
veal potentially hidden or unusual patterns in your data suggested bymixedmodeling.
The combination of advanced statistical models and targeted graphics is a powerful
one. In many cases you might want to do some graphical explorations in JMP before
mixedmodeling, and that is a great way to proceed as well.

Note it isalsopossible toanalyze thesedatausingAnalyze>SpecializedModeling>Matched
Pairs, which performs a classic paired t-test along with a rotated graph. However the
four rowswithmissing values of Y are dropped and results are less efficient than those
shown here. As one illustration of the difference, the degrees of freedom used to com-
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Figure 1.4: Cell Viability Raw Data Plot

pute the p-values in the mixed model analysis are fractional (for example, 4.1 in the F
test near the bottom of the output above). These are obtained using an advanced al-
gorithm (Kenward and Roger, 1997) to more accurately approximate the small sample
distributions of the statistics given the imbalance in the data due to the four missing
values. Amixedmodel is able to handlemissing data like this and deliver better results
than a classical paired-t analysis.

In this example, the observeddata thatweanalyze are the three columns in theCell Via-
bility table: the assigned levels of Chemical andPlate, and the responseY.All unknown
parameters from the mixed model are estimated with REML using these quantities as
inputs. Under key assumptions the estimated parameters enable us to make direct
quantitative assessments of the causal effect of Chemical on Y amongst plate-to-plate
and residual variability. Let’s explore these assumptions in detail.
1.3 MixedModel Assumptions
Several key assumptions are behind the validity of the preceding modeling results for
the cell viability data. Continuing with this example as a prototype, we now describe
the key statistical and structural form of these assumptions. We beginwith a statistical
description of a basic mixedmodel.
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StatisticalMixedModel

yij =µ+χi+pj+eij

response
intercept

chemical effect
plate effect ∼ N (0,σ2p)

residual ∼ N (0,σ2e )

χi⫫pj⫫eij

This is the simplest possible mixed model, with one fixed effect (Chemical) and one
random effect (Plate). It is a linear mixed model, because it is an additive function of
all primary components. The subscripts i and j index the individual observations; here
i=1,2 and j=1,...,9, and yij is the response for the ith chemical on the jth plate.

Each term on the right hand side of the model contains unknown parameters that we
estimate from the data. We adopt the convention here and throughout the book that
Greek letters denote fixed effects and Roman letters denote random effects.

The first fixed effect isµ, whichmodels the central tendency of the data, also known as
an intercept. We expect its estimated value to benear the simplemeanofY. For the fixed
effectChemical,wespecify twoparameters,χ1 andχ2, tomodel theeffectsofChemical
A and B, respectively. These are our primary parameters of interest for this experiment.

The notation pj ∼ N (0,σ2p) is a shorthand way of stating that the random plate effect
consists of independent and identical realizations from a normal (Gaussian) probabil-
ity distribution with mean 0 and variance σ2p. The errors eij have the same form of
probability assumption and serve as a catch-all for the numerous, small, unobserved
effects driving variability of Ywithin each plate, also known as residuals. The notation
χi ⫫ pj ⫫ eij denotes statistical independence (Dawid, 1979) among its three compo-
nents. Even though χi are considered fixed unknown parameters, the independence
here refers to the treatment assignmentmechanismof the levels ofχi to the half-plates.

This completes the formal set of assumptions that we make when viewing a mixed
model as a statisticalmodel, suitable for assessing associational relationships and for
making predictions. Wehave defined the full conditional probability distribution of yij
given all elements on the right hand side of the model.

Given our randomized experiment setting, we can readily move from association to
causality and infer the causal effects of Chemical and Plate on Y. This entails viewing
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themodel as structural and assuming each termon the right hand side is exogenous, that
is, wholly and causally independent of other variables in the system. Wecandepict this
with a directed acyclic graph (DAG) as follows.

StructuralMixedModel

Chemical

Plate

Residual

Y

Note the direction of the causal arrows from the three causes to Y. Importantly, the
absence of arrows into and between Chemical, Plate, and Residual indicates their exo-
geneity. Furthermore, the absence of any additional arrows into Y indicates there are
no unmeasured causes or confounders besides those included inResidual. In addition,
residual error isno longer just definedbyalgebraic subtraction, but consists of indepen-
dent noise effects uniquely influencing each observed value of Y. Assumptions along
these lines are required for causal inference. Refer to Pearl (2009), Heckman (2008), Im-
bens and Rubin (2015), Hernán andRobins (2020), and Chapter 10 for a comprehensive
discussion.

It is critical that you fully understand the preceding modeling assumptions and their
implications, keeping theminmindasyou interpretmodeling results. Strictly speaking,
the assumptions may not be precisely true, but they do not need to be. As long as the
assumptions provide a reasonably adequate approximation to the true data-generating
mechanism, you can make sufficiently reliable associational and causal conclusions
along with a statement of accompanying uncertainty.

For the cell viability example, the assumptions on pj and eij made above imply that
yij is normally distributed with a well-definedmean and covariance structure, and the
validity of printed t-statistics are made under this assumption. This model typically
would not be appropriate for a response that is nonnormal (e.g. binary, count, or time-
to-event), but you can handle such situations with extensions such as the generalized
linearmixedmodel discussed in Chapter 9, orwith transformations of the data that en-
able better alignment with the underlying assumptions. You are also free to only adopt
standard statistical assumptions or go further andmake causal ones, depending on the
objectives of your analysis.

As we proceed with various examples throughout the book, we will indicate various
ways of checking the aforementioned assumptions. The methods can be statistical or
graphical, and often involve analyzing deviations from fitted model predictions. Some
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assumptions, especially those for causal inference, are only indirectly or even fully
untestable from observed data. For these you must rely on your scientific know-how
and common sense, alwaysmaintaining a healthy degree of skepticismabout howwell
your model approximates the true data-generating process of the system that you are
studying.

As one example of the type of graph that is helpful for assumption checking, fit amixed
model on the Cell Viability data as in Section 1.2. Recall we left the previous analy-
sis of these data wondering about a potential outlier. How well does our mixed model
fit this value? Near the upper left corner of the analysis report, click the red triangle
> Save Columns > Conditional Pred Formula. From the same menu also save Conditional
Residuals. Return to the Cell Viability JMP table and note two new columns have been
added. Click Graph > Graph Builder, assign Cond Residual Y to the Y axis and Cond

Pred Formula Y to the X axis, to obtain a graph like Figure 1.5.

Figure 1.5: Cell Viability Conditional Residuals

The residuals in Figure 1.5 are original Y values minus conditional predicted values
(predictions including random effects). Graph Builder overlays a smooth curve by de-
fault. Note the range of theY axis is from -1.5 to 1.5. This type of plot under usualmixed
model assumptions shouldexhibit randomly scatterednoisearoundahorizontal lineat
0, with the fitted smooth curve also horizontal. Here the smooth curve is somewhat far
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from that ideal. If you bring up the previous raw data plot side-by-side with this one,
you can interactively select points in one plot and see them highlighted in the other.
The outlier apparent in the raw data graph corresponds to the lowest left point in this
plot. The three largest residuals in the upper right correspond to the three largest Y val-
ues. The mixed model predictions are shrunken somewhat towards the overall mean.
This is a small data set with a fair amount of noise, and given the lack of fit, any final
conclusions should be considered tentative.
1.4 Nominal and Continuous Variables
In the Cell Viability example from the previous sections, the Chemical and Plate vari-
ables in the JMP table are assigned modeling type Nominal (having named, discrete,
unordered levels), as indicated by the red histogram icon , whereas Y is Continuous
(having numerical values with an implied distance measure between them), as indi-
cated by the blue triangle icon . The Nominal type of Chemical and Plate is crucial
while modeling, as it notifies JMP to create distinct levels when constructing the pa-
rameters to be estimated. This is particularly important for variables like Plate, whose
values in the table are numeric.

When first entering a numeric variable in JMP, it is assigned by default to be Contin-
uous (blue triangle ). To change this attribute in any JMP table or dialog, click on
the variable’s icon and select the desired modeling type such as Nominal . A third
possibility is Ordinal (green increasing histogram ), but it is typically not needed for
the commonmixedmodels in this book.

Nominal or Continuous modeling type specification in JMP is in contrast to the use of
a CLASS statement in various SAS/STATprocedures like PROCMIXEDandPROCGLIM-
MIX. JMP has no CLASS statement; rather, you must prespecify effects to be Nominal
or Continuous before specifying them in amodeling dialog. Note it is possible to create
effectively identical models by converting a nominal variable to continuous ones with
values 0 or 1, also known as indicator variables, dummy variables, or one-hot encoding.

Using independentvariables that arecontinuous inamixedmodelproduces regression-
style models. Such variables are often referred to as covariates or regressors. Standard
regression analysis views such variables as fixed effects and the estimated parameters
multiplying them in a linear model correspond to slopes. An effective mixed model
extension of linear regression enables you to specify random slopes corresponding to
meaningful clusters of the data, a type ofmodelwe refer to as randomcoefficients. These
are a formof hierarchical linearmodels popular in social science and econometrics ap-
plications; see Chapter 5.
1.5 Experimental Units and Blocking, Cell Growth Example
When considering data from an experiment a fundamental question to ask is: On pre-
cisely what entities have treatment levels been applied or randomly assigned? In our
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cell viability example, at first glance youmight consider the entities to be the plates or
the individual cells growing on them; however, neither of these is exactly right with
respect to the Y responses. Such considerations involve the fundamental concept of an
experimental unit.

Key Terminology

Experimental Unit The smallest entity to which a treatment is independently as-
signed. In the cell viability example, the experimental unit for Chemical is a
half-plate.

Note there is no variable in the cell viability table for half plate even though it is the ex-
perimental unit for Chemical. This is because half plates correspond to the rows in the
table itself and JMP and other common mixed modeling software is able to recognize
this. Now suppose you subdivide samples into three replicates and triple the number
ofmeasurements and rows in the table. Youwould thenwant to add new columns like
HalfPlate and Replicate to the table to designate the experimental units for Chemical
and the replicate numbers, respectively.

While our cell viability example is relatively simple, the data and experiments that you
commonly analyze are likely more complex. Consider the data in Figure 1.6, which
represent an extension of the cell viability experiment and are available in
Cell Growth.jmp.

The Plate, Chemical, and Y data values in Cell Growth are identical to Cell Viabil-

ity, but there are now two additional factors: Incubation and Batch. Our experiment
objectives are extended to investigate the effect of three different incubation periods
(short, medium, and long). In addition, the incubation chamber has room for only
three plates, and the Batch variable indicates which plates are incubated together.

Given what we know so far about mixed models, how would you designate the new
factors Incubation and Batch with regard to being fixed or random effects? The three
levels of Incubation are ordered and constant for this experiment, and we want to di-
rectly compare how they change Y. Incubation is thus considered to be a fixed effect.
Furthermore, notice that levels of Incubation are applied to entire plates, so the exper-
imental unit for Incubation is a plate. We therefore now have two different sizes of
experimental units: plates and half-plates. This arrangement is known as a split-plot
design, which we cover in detail in Chapter 3.

What about Batch? We can naturally consider the effect of a particular run in the in-
cubation chamber to be transient and sampled from a theoretical population of such
runs. Batch is therefore a random effect. The fact that Batch groups sets of three plates
brings us to another very important concept in experiment design.
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Figure 1.6: Cell Growth Data

Key Terminology

Block A group of experimental units that are similar in some fashion, distinguish-
ing them from other groups of experimental units. In the cell viability example,
each levelofPlatedefinesablockconsistingof twohalf-plates. In thecell growth
example, Batch defines blocks with three plates each.

When designing and analyzing your experiments, there are several reasons why you
might want to create blocks or batches. Experimental units may naturally occur in
clusters or groups. For example, in the cell growth data above, plates naturally group
half-plates, and the incubation chamber size restriction requires us to use batches of
three plates. Another type of blocking example is different shipments or lots of a raw
material or reagent fromasupplier. Blocking typically enables you tocontrol forknown
sources of variability and obtain more precise inferences on the fixed effects.

A good question to ask is: What features of your experiment are the key sources of vari-
ability and covariability in the responses from one observation to the next? Identify
these features and then model their effects by, for example, creating batches to con-
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solidate the groups of similar runs. Now any differences between the batches will give
you a measurement of the variability that comes from this source, and you can bet-
ter estimate uncertainty around your estimates for the treatment effects once you’ve
accounted for it. This is the purpose of a well-thought-out design—partition out the
variability that can’t be controlled (but can be explained), and then you will havemore
precision for the rest of your conclusions.

Blocking factors can have many different names. Blocks could be called lots or batches,
or they could be called by the effect they aremodeling, such as person or school. Strata
is another popular term. The point is simply that you are grouping the experimental
units so that they are more similar within groups and less similar (often due to effects
that you cannot control) between groups.

Occasionally blocks can account for significant dissimilarity. A classic example is a lit-
ter of pups from a common dam who are competing for a fixed amount of resources
(food or familial attention). In this type of situation, we might expect the measure-
ments within a block to be negatively correlated, and in themixedmodel analysis, the
estimated variance component would be negative.

Blocking can often be very effectivewhen applied in twodifferent directions. Common
examples include rows and columns in a field plot or 96-well plate. Chapter 4 contains
an example of a row-columndesign (Latin Square) implementing this concept. This type
of blocking also relates to general considerations of spatial variability; see Chapter 7.

Another type of blocking can occur when you observe repeated measurements on the
same experimental units, for example, in a longitudinal or time series study on individ-
uals. Repeatedmeasures are usually no longer independent of each other, and amixed
model is a great way to handle this source of correlation. New complexities arise, as
there can be different levels of measurement and different types of covariance struc-
tures; see Chapters 5 and 6.

Ingeneral thegoalofblocking is tocontrol for specific sourcesofvariabilityand thereby
achieve more accurate and precise inferences. Blocking can often make considerable
difference in modeling results. Because blocks are usually assumed to arise from a
population of effects, you typically will want to declare all blocking factors as random
effects in your mixedmodel analysis.
1.6 Confounding
Suppose the data for the cell growth data are the altered version in Figure 1.7.

The final three columns in Figure 1.7 are identical to the Cell Growth data in Figure 1.6,
but the first two columns are different. Can you spot the problem?
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Figure 1.7: Cell Growth Confounded Data

Key Terminology

Confounding The indistinguishability of two or more effects, given a model and
data set. Such effects are confounders of each other. In the example data above,
Incubation and Batch are complete confounders. Confounding can also be par-
tial, in which portions of effects are unable to be disentangled from portions of
other effects given the model and data.

Confounding is a danger lurking inmany statistical and structural models of data, and
you should be constantly on the lookout for it. Sometimes it is innocuous, as in the
casewe have already encountered involving the parametersµ,χ1, andχ2 in the simple
mixed model for the cell viability data. We resolve this by imposing the sum-to-zero
constraint χ1 =−χ2. Similar constraints typically work for complex linear effects and
their interactions, ensuring identifiability of the model.

The preceding example, however, is much more serious. The data provide no way to
separate the effects due to Incubation and Batch. Worse would be a case where only
one of the variables is observed, leading to likely incorrect conclusions about the true
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magnitude of that effect. Themistake here is in the experiment design, and a principal
goal of good design is to avoid confounding like this. Note in the original Cell Growth
data in Figure 1.6, Incubation and Batch are nicely orthogonal, with each incubation
level occurring exactly once within each batch.

In many data sets, especially observational ones, partial confounding is unavoidable.
When confounding happens, the best you can do is understand its precise nature, de-
termine exactly how effects are aliased, and limit your conclusions appropriately. Re-
fer to Hernán and Robins (2020) for helpful insights on confounding in the context of
causal inference, including such difficulties as unmeasured confounders.
1.7 JMP and JMPPro
Amore advanced version of JMP is available as JMPPro. The FitModel platform in JMP
Pro adds a dedicatedMixedModelpersonality, and specifyingmixedmodels in it is a bit
different from the Standard Least Squares personality we use above in the cell viability
and growth examples. You can optionally still use Standard Least Squares in JMP Pro.
Certainmixedmodel functionality is only available in JMPPro, including randomcoef-
ficient models (Chapter 5), repeated measures models (Chapter 6), and spatial models
(Chapter 7).

The following two boxes provide breakdowns of functionality available in the Standard
Least Squares andMixedModel personalities.
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Using JMP

Once you run an analysis in JMP, you will findmany drill-down options from the
red triangle at the top left of the results report window. When using the Standard
Least Squares personality, you will find the following options from the drill-down
menu in the results report. For more information, go to https://www.jmp.com/
help and search in the Fitting LinearModels section.

https://www.jmp.com/help
https://www.jmp.com/help
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Using JMPPro

Once you run an analysis in JMP Pro, youwill findmany drill-down options from
the red triangle at the top left of the results report window. When using theMixed
Model personality, you will find the following options from the drill-down menu
in the results report. Formore information, go tohttps://www.jmp.com/helpand
search in theMixedModels section.

1.8 Exercises
1. In the output for themixedmodel analysis of the cell viability data in Section 1.2, re-
view eachbox of results and briefly describe the statistics displayed in each. Include
questionmarks for the ones you do not yet understand.

2. In the cell viability data from Section 1.2, exclude the largest outlier for Chemical B
and rerun the analysis. What type of difference does this outlier removal make in
the results? Under what conditions would such exclusion be justified?

3. In the cell viability data, exclude or delete the rowswithmissing Y values and rerun
the analysis. How do results change? Now analyze the data with Analyze > Special-
ized Modeling >Matched Pairs. How do the results from this analysis compare the
previous one?

4. Fit anappropriatemixedmodel to the cell growthdata fromSection 1.5 and interpret
key results.

5. Fit amixedmodel to the confounded cell growth data fromSection 1.6 and compare
results with the previous exercise. What is the effect of confounding?

https://www.jmp.com/help
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