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Thisisan informal description of the method used to fit a probit model in the SAS
PROBIT procedure.

The SAS PROBIT procedure uses a modified Newton-Raphson algorithm to fit the
probit model. Suppose, for simplicity, that the data are binary (success-failure) and
that thereisasingle covariate x. Then the probit model for the probahility of success
is

pi = ®(a + bz;)

for observation i where ¢ and b are unknown parameters to be estimated and
¢ is the standard norma cumulative distribution function. PROC PROBIT fits
more complicated models (multinomial response, threshold parameter, and more
covariates), but this simpler model extends directly to more complicated ones and
should give you an idea of how SAS fits the probit model.

The Newton-Raphson step for updating the parameter vector §) at the jth step in
theiterative fitting processis

gutD = gl) _ H1g

where H is the matrix of second derivatives of the log likelihood function with
respect to the parameters and g is the vector of first derivatives. The likelihood
functionis

L= H ( Z: )pzi(l—m)”"_”

and after dropping thebinomial coefficient which hasno effect on parameter estimates
or covariances, thelog likelihoodis

1= [rilog(p;) + (n; — i) log(1 - p;)]
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where n; is the number of trials and r; isthe number of successes on observation ¢,
and the product and sum are over observations.



Y ou need to compute the first and second derivatives of the log likelihood function
to implement the Newton-Raphson agorithm. For any parameter ¢, the derivatives
are
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Note that, from the definition of the probit model,
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and so on, where ¢ isthe standard normal probability density function. Inserting these
into the expressions for the derivatives of the log likelihood function and replacing «
and b with their current estimates gives the formulas to use in the Newton-Raphson
step. Thisis the basic iteration step of the algorithm that SAS uses to fit the probit
model.

SAS estimates the covariance matrix of the parameter estimates with the inverse
of the negative of the matrix of second derivatives, or the inverse of the observed
information matrix, evaluated at the last iteration.

Notice that the expected value of the second derivativeis
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Y ou can replace the matrix of second derivatives with the matrix of expected values
of second derivatives and use thisin the Newton-Raphson algorithm. The covariance
matrix is then estimated by the inverse of the expected information matrix. Finney
uses this method, and some statistical computing packages also useit.

The two methods will generally converge to the same parameter estimates, but the
estimates of the covariance matrix will be slightly different.



