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Figure 1 Bayesian Poisson Model Diagnostic Plots for B¢, 81, and 2
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Figure 1 continued
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Figure 1 displays convergence diagnostic plots for 8¢,81, and B>. The trace plots show that the
mean of the Markov chain is constant over the graph and is stabilized. The chain was able to
traverse the support of the target distribution, and the mixing is good. The trace plots show that the
Markov chain appears to have reached stationary distributions.

The autocorrelation plots indicate low autocorrelation and efficient sampling. The kernel density
plots show smooth, unimodal posterior marginal distributions for each parameter.

PROC MCMC produces formal diagnostic tests by default, but they are omitted here because an
informal check on the chains, autocorrelation, and posterior density plots show desired stabilization
and convergence.

The “Parameters” tables, shown in Figure 2, lists the names of the parameters, the sampling method
used, the starting values, and the prior distributions.
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Figure 2 Bayesian Model Information

The MCMC Procedure
Parameters
Sampling Initial
Parameter Method Value Prior Distribution
betal N-Metropolis 0 normal (0, var=1000)
betal N-Metropolis 0 normal (0, var=1000)
beta2 N-Metropolis 0 normal (0, var=1000)

Figure 3 displays summary and interval statistics for each parameter’s posterior distribution. PROC
MCMC also calculates the sampled value of the Pearson chi-square at each iteration and produces
posterior summary statistics for it.

Figure 3 Posterior Model Summary of Poisson Regression

The MCMC Procedure

Posterior Summaries

Standard Percentiles
Parameter N Mean Deviation 25% 50% 75%
betal 10000 -4.0186 0.5551 -4.3787 -4.0024 -3.6411
betal 10000 0.1284 0.0117 0.1204 0.1281 0.1361
beta2 10000 0.1047 0.0125 0.0963 0.1043 0.1129
Pearson 10000 92.2674 12.2613 83.3871 90.0545 98.8112

Posterior Intervals

Parameter Alpha Equal-Tail Interval HPD Interval

betal 0.050 -5.1475 -2.9799 -5.0903 -2.9400
betal 0.050 0.1064 0.1518 0.1065 0.1518
beta2 0.050 0.0808 0.1295 0.0799 0.1283
Pearson 0.050 74.8858 121.7 72.8727 116.1

With n = 52 and three model parameters, the sampled value 92.2674 of the Pearson chi-square
statistic is much greater than 52 — 3 = 49, providing evidence of overdispersion.

Zero inflation is a likely cause of this overdispersion. A Bayesian ZIP model accounts for the extra
zeros and potentially provides a better fit to the data.
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Bayesian ZIP Regression Model

You can write a Bayesian ZIP regression model for the number of fish caught as follows:
COUNT; ~ np1; + (1 — n)Poisson(y;)

where pq; is defined in Equation 1, u; is defined in Equation 2, and 0 < n < 1 forthei =1, ..., 52
surveyed visitors. The model is a weighted average of the degenerate function (which places all
mass at zero) and the Poisson regression.

The likelihood function for each of the counts and corresponding covariates is
p(COUNT;|Bo. B1.B2,n, AGE;, FEMALE;, MALE;) = np1, + (1 — n)Poisson(u;) (6)

where p(-|) denotes a conditional probability density and the Poisson density is evaluated at the
specified value of COUNT; and corresponding mean parameter p;. The degenerate distribution
p1; is one when COUNT equals zero and remains zero for a COUNT value greater than zero. The
four parameters in the likelihood are B¢, 81, B2, and n, which correspond to an intercept, slope for
age for females, slope for age for males, and the mixture proportion, respectively.

Suppose again that the three regression parameters have the same diffuse, normal priors as in Equa-
tion 4. The mixture proportion has a uniform(0,1) prior distribution.

The Pearson chi-square statistic for the ZIP model is calculated as in Equation 5, but now the mean
and the variance respectively are

E[COUNTi] = (I1—npi
VICOUNT] = (1 —npi(l—npi)

The following SAS statements use the prior distributions to fit the Bayesian ZIP regression model
and calculate the Pearson chi-square statistic.
ods graphics on;
proc mcmc data=catch seed =1181 nmc=100000 thin=10
propcov=quanew monitor =(_parms_ Pearson);
ods select Parameters PostSummaries PostIntervals tadpanel;
parms beta0 0 betal 0 beta2 0 eta .3;
prior beta: ~ normal (0,var=1000);
prior eta ~ uniform(0,1);
mu=exp (betal0 + betalxfemalexage + beta2xmalexage);
llike=log(eta* (count eq 0) + (l-eta)*pdf ("poisson",count,mu));
model general (1llike);

if obs = 1 then Pearson = 0;

mean = (1 - eta)*mu;

sigma2 = (1 - eta)*mux(l + etaxmu);

Pearson = Pearson + ((count - mean)**2/sigma2);
run;

ods graphics off;
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The parameter 7 and its starting value are added to the PARMS statement with the regression pa-
rameters and their starting values. The PRIOR statement remains the same for the regression pa-
rameters, but an additional PRIOR statement is needed for the mixture proportion.

The assignment statement for mu calculates the expected value of COUNT in the Poisson model,
as given in Equation 2. The assignment statement for llike evaluates the log density of Equation 6.
The expression (count eq 0) in llike acts as an indicator variable for the degenerate distribution pj; it
is one when COUNT equals zero and zero for values of COUNT greater than zero. The MODEL
statement specifies that llike is the log likelihood for each observation in the model.

The Pearson chi-square statistic is calculated according to Equation 5; the moments are evaluated
in the mean and sigma2 assignment variables.

Figure 4 Bayesian ZIP Diagnostic Plots for B¢, 81, B2, and 7
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Figure 4 continued

Diagnostics for beta1
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Figure 4 continued

Diagnostics for eta

0.6

0.4

eta

0.2

0.0
0 20000 40000 60000 80000 100000

lteration
1.0

0.5

0.0 L

Autocorrelation
Posterior Density

-1.0
0 10 20 30 40 50

Lag eta

o
o

0.2 0.4 0.6

The diagnostic plots for the regression parameters and mixture proportion are illustrated in Figure 4.
They show the desired convergence, low autocorrelation, and smooth unimodal marginal posterior
densities for the parameters.

Figure 5 displays the “Parameters” table for the ZIP regression model. The “Parameters” table now
includes information about the mixture proportion parameter.

Figure 5 Bayesian ZIP Regression Model Information

The MCMC Procedure
Parameters
Sampling Initial
Parameter Method Value Prior Distribution
betal N-Metropolis 0 normal (0, var=1000)
betal N-Metropolis 0 normal (0, var=1000)
beta2 N-Metropolis 0 normal (0, var=1000)
eta N-Metropolis 0.3000 uniform(0,1)

Figure 6 displays summary and interval statistics for each parameter’s posterior distribution. PROC
MCMC also calculates the sampled value of the Pearson chi-square at each iteration. This statistic
in the Bayesian ZIP model is greatly reduced with a value of 48.8650, which suggest a much better
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fit compared to its value of 92.2674 in the Poisson model.

Figure 6 Posterior Summary of Bayesian ZIP Regression

The MCMC Procedure
Posterior Summaries
Standard Percentiles
Parameter N Mean Deviation 25% 50% 75%
betal 10000 -3.5345 0.6349 -3.9516 -3.5278 -3.0980
betal 10000 0.1217 0.0132 0.1127 0.1214 0.1304
beta2 10000 0.1054 0.0138 0.0961 0.1051 0.1146
eta 10000 0.3074 0.0936 0.2420 0.3050 0.3719
Pearson 10000 48.8650 10.2696 41.4549 47.2985 54.4092
Posterior Intervals
Parameter Alpha Equal-Tail Interval HPD Interval
betal 0.050 -4.8193 -2.3170 —-4.7908 -2.2925
betal 0.050 0.0963 0.1485 0.0955 0.1476
beta2 0.050 0.0786 0.1331 0.0785 0.1328
eta 0.050 0.1296 0.4926 0.1290 0.4915
Pearson 0.050 33.7757 73.5911 31.6653 68.8728

Modeling the catch data set with a Bayesian ZIP regression model accounts for the zero inflation
and removes the overdispersion in the Poisson regression model. Figure 6 shows the posterior
parameter summaries in addition to the lowered Pearson chi-square statistic. The posterior mean
of the mixture probability is 0.3074 for the zero-inflated component and 1 — 0.3074 = 0.6926 for
the Poisson regression component. The posterior parameter means of 8; and S, are 0.1217 and
0.1054, respectively. That is, an increase in one year of age is estimated to be associated with a
change in the mean number of fish caught by females and males by a factor of exp(f1) = 1.13 and
exp(B2) = 1.11, respectively. For this model, choice of priors, and data set, females catch more
fish with age than males.
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