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ABSTRACT  

Regression is used to examine the relationship between one or more explanatory (independent) variables 
and an outcome (dependent) variable. Ordinary least squares regression models the effect of explanatory 
variables on the average value of the outcome. Sometimes, we are more interested in modeling the 
median value or some other quantile (for example, the 10th or 90th percentile). Or, we might wonder if a 
relationship between explanatory variables and outcome variable is the same for the entire range of the 
outcome: Perhaps the relationship at small values of the outcome is different from the relationship at 
large values of the outcome. This presentation illustrates quantile regression, comparing it to ordinary 
least squares regression. Topics covered will include: a graphical explanation of quantile regression, its 
assumptions and advantages, using the SAS® QUANTREG procedure, and interpretation of the 
procedure’s output. 

INTRODUCTION  
Regression is used to learn about the associations between one or more predictors (the independent 
variables) and the value of an outcome (the dependent variable).  The value of the outcome varies from 
one observation to another, and you’d like to understand why, or you’d like to be able to predict the value 
of the outcome for a new observation.   

The generic linear regression equation relates the values of an observation’s predictors to the value of its 
outcome:   

 𝑦𝑖= 𝛽0+ 𝛽1𝑥1𝑖+ 𝛽2𝑥2𝑖+ ...+ 𝛽𝑘 𝑥𝑘𝑖+ 𝜀𝑖 
The ε’s, or error terms, allow two observations with identical values of the x’s to nevertheless have 
different values for their outcomes. 

The goals of regression analysis include obtaining numeric estimates for each of the coefficients (the β’s).   
The value of a coefficient estimates how much a 1-unit change in the value of the corresponding predictor 
will cause the value of the outcome to change.  This allows the results to be used to predict the value of 
the outcome for a new observation, given that observation’s characteristics.  As well as estimating the 
value of each coefficient, the regression analysis provides its standard error and p-value, allowing 
inferences to be made about the association between the predictor and the outcome.     

For continuous outcome variables, probably the most common type of regression is ordinary least 
squares (OLS) regression.  The estimates of the coefficients provided by OLS regression are those which 
minimize the sum of the squared residuals (for each observation, the residual is the difference between 
the actual value of the outcome and the value that is predicted using the regression equation).  SAS 
provides a number of procedures for OLS regression, including the GLM and REG procedures.  

Figure 1 shows a graph of two variables: the predictor, X, on the horizontal axis and the outcome, Y, on 
the vertical axis.  The appearance of the graph is sufficient to justify using a straight line to model the 
data: that is, 𝑦𝑖= 𝛽0+ 𝛽1𝑥𝑖+ 𝜀𝑖 
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Figure 1. Scatterplot of a linear relationship, with normally distributed errors of constant variance 
 

The analysis, using PROC REG, tells me that the estimated value of 𝛽0 (the intercept) is 5.6 and the 
estimated value of 𝛽1 (the slope) is 0.107 (with a standard error of 0.007, p < 0.0001).  I conclude that 
there is evidence that, the slope, is not equal to 0, and that each 1-unit change in X will result in an 
estimated change of 0.107 in the value of Y.  The standard error the slope can be used to construct its 
confidence interval. 

Figure 2, created using the SGPLOT procedure, shows the same data, overlaid with the regression line.  
The line represents the value of Y which is predicted for each value of X.  The shaded area on the graph 
shows the 95% confidence limits for the mean value of Y for each value of X, while the dashed lines are 
the 95% confidence limits for individual predicted values. 
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Figure 2. Scatterplot, overlaid with the regression line, confidence limits for the mean, and confidence limits 
for individual predicted values 
The residual, or error, for each of the 100 observations in the dataset is the vertical distance from the 
point to the regression line.  Because the residuals sum to 0, the coefficient estimates are unbiased – 
their expected values are equal to the true values for the population from which the data were sampled.  
Furthermore, because the errors have constant variance, that is, the spread of the data points around the 
regression line is the same over the range of X values, and they are normally distributed, any inferences I 
draw from the regression are likely to be valid. 

 From this short, simplified, and somewhat incomplete discussion, note two things about OLS regression.  
The first is that my ability to draw inferences from the regression analysis depends on the characteristics 
of the residuals.  If the errors in the data are not normally distributed, with constant variance, those 
inferences may be misleading.  Many interesting relationships don’t meet the criteria of normal errors with 
constant variance.  Biological concentrations, and money are among the types of measurements which 
tend to have highly skewed distributions with non-constant variance – as their values get larger, so does 
the amount of variability. 

The second thing to note is that the regression equation estimates only how the conditional mean of the 
outcome is related to the values of the predictors.  Figure 2 illustrates this for the case of a single 
predictor: the predicted mean value of the outcome for each value of X can be read from the regression 
line (or calculated using the estimates of the intercept and slope), but the regression results do not 
provide any information about values other than the mean. If you are interested in predicting a value other 
than the mean, or you are interested in finding out whether and how the impact of a predictor changes 
over the range of outcome values, OLS regression won’t help. 

Quantile regression addresses both the need to model data from skewed or heteroskedastic distributions 
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and an interest in modeling values of the outcome variable other than its mean.   

 MODELING SKEWED DATA USING MEDIAN REGRESSION 
Figure 3 again shows two variables: the predictor, X, and the outcome, Y.  The simulated data were 
generated using normally distributed errors, but clearly the errors do not have constant variance.  Instead 
the amount of variation in Y increases as the value of X increases.  This pattern, in which the spread of 
the data increases as the values increase, is common in many applications. 

 

 
Figure 3. Scatterplot of a linear relatinship, with non-constant variance. 

 
You can still use OLS regression to estimate the relationship between X and Y, and to obtain predictions 
of the value of Y for each value of X.  Figure 4 shows the results.  The estimated regression line, with an 
intercept of 6.05 and a slope of 0.082, does indeed capture the relationship that was used to create the 
simulated observations.  The results of the regression analysis can be used for the purpose of prediction.  
However, as you can see from Figure 4, the results of the regression are misleading if the goal of the 
analysis is to make inferences.  The estimated variance, used to form the confidence intervals, is 
misleading.  For small values of X, the confidence interval is too wide, overestimating the amount of 
uncertainty in the predictions.  For large values of X, the confidence interval is clearly too narrow, 
seriously underestimating the uncertainty in any predictions that might be made.   
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Figure 4. Scatterplot of data with non-constant variance, overlaid with the regression line, confidence limits 
for the mean, and confidence limits for individual predicted values 

  

These data are easily analyzed using quantile regression in place of OLS regression.  Rather than a 
model predicting the mean value of Y for each value of X, quantile regression provides a model which 
predicts another measure of central tendency, the median value of Y for each value of X.  Unlike OLS 
regression, median regression does not assume either normality or constant variance in the residuals.   

At its simplest, an invocation of the QUANTREG procedure looks the same as a call to PROC GLM or 
PROC REG.  In the sample code, I have explicitly specified ‘quantile = 0.5’, but this was unnecessary; if 
no quantile is specified, the QUANTREG procedure will fit a median regression: 

ods graphics on; 
proc quantreg data = non_constant ci = resampling; 
   model y = x / quantiles = 0.5 plot = fitplot (showlimits); 
run; 
ods graphics off; 
 

A portion of the output produced by this analysis is shown in Figure 5.  There are several things to note. The first 
is that the output looks reassuringly familiar.  It provides an estimate for the intercept and the slope, in a 
format similar to that provided by other SAS regression procedures. The interpretation of these estimates 
is also familiar: the intercept estimates the median (not the mean) value of Y when X is equal to 0 and the 
parameter estimate for X estimates the effect of a 1-unit change in X on the median (not the mean) value 
of Y.  The confidence interval and p-value allow you to make inferences about the association between X 
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and Y.   

The requested plot is similar to the plots shown in Figure 2 and Figure 4 but now shows the 95% 
confidence limits for the median value of Y at each value of X.  Most importantly, the 95% confidence 
interval for the median captures both the small amount of variation in the value of Y at small values of X 
and the high amount of variation in the value of Y at high values of X. 

 

 
Figure 5. Partial output from a median regression using the QUANTREG procedure, showing the parameter 
estimates and plot of the median regression line 
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INVESTIGATING A RANGE OF QUANTILES 
The median is, of course, not the only quantile, and there are several reasons to be interested in 
modeling more than just the median.  In healthcare, for example, the 25th or 75th percentiles are 
sometimes used as benchmarks, and the 90th percentile is sometimes used as performance indicator 
(e.g., hospitals may be rated on the 90th percentile wait in the Emergency Department or the 90th 
percentile wait for a consultation).  Thus, there may be interest in modeling a percentile other than the 
median.  As well, association can be understood in greater depth by examining the impact of predictors 
on a range of the percentiles of the outcome variable, rather than on a single percentile.  

The “Recommended Reading” section at the end of this paper lists several studies from the Institute for 
Clinical Evaluative Sciences which used quantile regression to look at the impact of a predictor over a 
range of outcome values.  For illustration, I’ll use a fictitious simulated dataset which contains the 
following variables, describing the health care services used over a one-year period:   

• total_cost: total annual coat of health care use (the outcome variable) 

• age 

• sex: a categorical variable with the values M and F 

• num_comorb: number of chronic conditions  

While I stress that these data are totally fictitious, there is a lot of interest in predicting people who use a 
lot of health care services.  In Ontario, in 2007/08, the top 1% of health care users accounted for one-third 
of health care spending (Rosella et al., 2014) and similar results have been reported for other jurisdictions 
in North America.  

The data were analyzed using the following SAS code: 

ods graphics on; 
proc quantreg data = fake_cost ci = sparsity  
     algorithm = interior (tolerance = 1.e-4); 
   class sex; 
   model total_cost = age age*age sex num_comorb / 
         quantile = 0.1 to 0.9 by 0.1 
         plot = quantplot; 
run; 
 

The code demonstrates PROC QUANTREG’s ability to handle categorical data, using the same 
parameterization used by PROC GLM. It also demonstrates that quantile can accommodate interactions, 
which are specified for QUANTREG in the same way they are specified for PROC GLM.  In other words, 
the possibilities for the model statement are the same as those for OLS regression. 

The output contains parameter estimates for each of the quantiles specified in the model statement.  To 
save space, only the estimates for the 10th and 90th percentiles are reproduced below, in Figure 6.  The 
interpretation of the parameter estimates for this regression is the same as their interpretation for any 
other regression.  The parameters quantify the effect of each predictor on the value of the 10th percentile 
and 90th percentile of total health care spending. In other words, quantile regression assesses how the 
predictors relate to the outcome for individuals whose outcome tends to be low (e.g., 10th percentile), high 
(e.g., 90th percentile) or anywhere in between. 

As for any regression, the intercept estimates the value of the quantile for an individual with a value of 0 
for all of the predictors (in this case, a newborn (age 0) male with no chronic conditions).  The parameter 
value for female sex estimates the difference in health care utilization for females relative to males at 
each percentile.  For individuals whose total spending puts them at the 10th percentile, the difference is 
estimated to be $35, while for individuals at the 90th percentile, the difference is an estimated $523.  
Similarly, the effect of an additional chronic condition, at the 10th percentile level of spending, is to 
increase spending by an estimated $95, whereas by the 90th percentile, this has increased to $3,064. 
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The quantile plots shown in Figure 7 summarize the parameter estimates for each predictor over the 
entire range of quantiles.  For example, the plot for female sex shows that costs for females are always 
higher than costs for males, that the difference increases as health care utilization increases, and that the 
difference is particularly pronounced in the upper tail.  The same pattern is seen for the effect of the 
number of chronic conditions.  As expected, spending increases with each additional chronic condition, 
but the effect is particularly large in the upper tail.   

As is the case for median regression, quantile regression does not assume either normality or constant 
variance for the residuals.   

 
Figure 6.  Partial output from the QUANTREG procedure, showing the parameter estimates for the 10th and 
90th percentiles of total cost (simulated data) 
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Figure 7. Quantile plots of the parameter estimates, with 95% confidence intervals (simulated data) 

 

CONCLUSION 
Researchers are often faced with data that do not meet the assumptions necessary in order to draw valid 
inferences using ordinary least squares regression, namely that the errors are normally distributed with 
constant variance.  When the assumptions of OLS regression are not met, a number of tools are 
available, including transformation of the dependent or independent variables and weighted regression.  
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Quantile regression is another tool, one which is easy to use and which produces easily interpreted 
results.  Quantile regression is more robust in the presence of outliers, and is not affected by violations of 
the assumptions of normality and constant variance.    

In addition, quantile regression provides the ability to explore the association between predictors and an 
outcome variable in greater depth.  Using quantile regression, it is possible to explore whether and how 
the effects of predictors vary across the entire distribution of the outcome.  
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