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CUBIC CLUSTERING CRITERION

Abstract

The cubic clustering criterion (CCC) can be used to estimate
the number of clusters using Ward's minimum variance method,
k-means, or other methods based on minimizing the within-
cluster sum of squares. The performance of the CCC s
evaluated by Monte Carlo methods.

Introduction

The most widely used optimization criterion for disjoint clusters
of observations is known as the within-cluster sum of squares,
WSS, error sum of squares, ESS, residual sum of squares, least
squares, (minimum) squared error, (minimum) variance, (sum
of) squared (Euclidean) distances, trace(W), (proportion of)
variance accounted for, or R? (see, for example, Anderberg
1973; Duran and Odell 1974; Everitt 1980). The following
notation is used herein to define this criterion: .

n = number of observations

n, = number of observations in the kth cluster

p = number of variables

q = number of clusters

X = n by p data matrix

X=Aq by p matrix of cluster means

Z = cluster indicator matrix with element Zi = 1 if the ith
observation beldngs to the k0 cluster, O otherwise.

Assume that without loss of generality each variable has mean
zero. Note that Z'Z is a diagonal matrix containing the n s and

k
that

X = (2'2)"'2'X



The total-sample sum-of-squares and crossproducts (SSCP)
matrix is

T=XX

The between-cluster SSCP matrix is

B=X2'2X

The within-cluster SSCP matrix is

W = (X - ZXY(X - ZX)
=X'X-X'2'2X
=T-B :

The within-cluster sum of squares pooled over variables is thus
trace(W). By changing the order of the summations, it can also
be shown that trace(W) equals the sum of squared Euclidean
distances from each observation to its cluster mean.

Since T is constant for a given sample, minimizing trace(W) is
equivalent to maximizing

trace(W)
R =1- vrace(T) °’

which has the usual interpretation of the proportion of variance
accounted for by the clusters. R? can also be obtained by
multiple regression if the columns of X are stacked on top of
each other to form an np by 1 vector, and this vector is
regressed on the Kronecker product of Z with an order p
identity matrix.

Many algorithms have been proposed for maximizing R2? or
equivalent criteria (for example, Ward 1963; Edwards and
Cavalli-Sforza 1965; MacQueen 1967; Gordon and Henderson
1977). This report concentrates on Ward's method as
implemented in the CLUSTER procedure. Similar results should
be obtained with other algorithms, such as the k-means method
provided by FASTCLUS.

The most difficult problem in cluster analysis is how to
determine the number of clusters. If you are using a goodness-
of-fit criterion such as R?, you would like to know the sampling



distribution of the criterion to enable tests of cluster
significance.

Ordinary significance tests, such as analysis of variance F

tests, are not valid for testing differences between clusters.
Since clustering methods attempt to maximize the separation
between clusters, the assumptions of the usual significance
tests, parametric or nonparametric, are drastically violated.

For example, 25 samples of 100 observations from a single

univariate normal distribution were each divided into two

clusters by FASTCLUS. The median absolute t statistic testing
the difference between the cluster means was 13.7, with a

range from 10.9 to 15.7. For a nominal significance level of
.0001 under the usual, but invalid, assumptions, the critical
value is 3.4, yielding an actual type 1 error rate close to 1.

The first step in devising a valid significance test for clusters
is to specify the null and alternative hypotheses. For clustering
methods based on distance matrices, a popular null hypothesis
is that all permutations of the values in the distance matrix are
equally likely (Ling 1973; Hubert 1974). Using this null
hypothesis you can do a permutation test or a rank test. The
trouble with the permutation hypothesis is that, with any real
data, the null hypothesis is totally implausible even if the data
do not contain clusters. Rejecting the null hypothesis does not
provide any useful information (Hubert and Baker 1977).

Another common null hypothesis is that the data are a random
sample from a multivariate normal distribution (Wolfe 1870,
1978; Lee 1979). The multivariate normal null hypothesis is
better than the permutation null hypothesis, but it is not
satisfactory because there is typically a high probability of
rejection if the data are sampled from a distribution with lower
kurtosis than a normal distribution, such as a uniform
distribution. The tables in Englemann and Hartigan (1969), for
example, generally lead to rejection of the null hypothesis when
the data are sampled from a uniform distribution. Hartigan
(1978) and Arnold (1979) discuss both normal and uniform null
hypotheses, and the uniform null hypothesis seems preferable
for most practical purposes.

Hartigan (1978) has obtained asymptotic distributions for the
within-cluster sum of squares criterion in one dimension for
normal and uniform distributions. Hartigan's results require
very large sample sizes, perhaps 100 times the number of
clusters, and are, therefore, of limited practical use.



This report describes a rough approximation to the distribution
of the R? criterion under the null hypothesis that the data have
been sampled from a uniform distribution on a hyperbox (a p-
dimensional right parallelepiped). This approximation is helpful
in determining the best number of clusters for both univariate
and multivariate data and with sample sizes down to 20
observations. The approximation to the expected value of R? is
based on the assumption that the clusters are shaped roughly
like hypercubes. In more than one dimension, this
approximation tends to be conservative for a small number of
clusters and slightly liberal for a very large number of clusters
(about 25 or more in two dimensions). The cubic clustering
criterion (CCC) is obtained by comparing the observed R? to
the approximate expected R? using an approximate variance-
stabilizing transformation. Positive values of the CCC mean that
the obtained R? is greater than would be expected if sampling
from a uniform distribution and therefore indicate the possible
presence of clusters. Treating the CCC as a standard normal
test statistic provides a crude test for the hypotheses:

HO: the data have been sampled from a uniform
distribution on a hyperbox.

H_: the data have been sampled from a mixture of

spherical multivariate normal distributions with
equal variances and equal sampling
probabilities.

Under this alternative hypothesis, R? is equivalent to the
maximum-likelihood criterion (Scott and Symons 1971).

Computation of the Cubic Clustering Criterion

The CCC is based on the assumption that clusters obtained from
a uniform distribution on a hyperbox are hypercubes of the
same size. The hypercube assumption is obviously false in most
cases, but is generally conservative unless the number of

clusters is very large in two or more dimensions. Wong (1982)
has shown that, for many clusters in two dimensions from a

uniform sample, the cluster shape tends to be hexagonal.

Figure 1 illustrates a case in which the hypercube (or square,
since there are only two dimensions) assumption is correct. A
sample of 10,000 points from a uniform distribution on the unit
square was divided into nine clusters by FASTCLUS. Each
cluster is nearly square with edge length 1/3.






