Corrections Involving the Spearman Correlation Coefficient: Sections 7.1.2 and 7.1.6

7.1.2 Spearman Correlation Coefficient

The Spearmarcorrelation coefficients a measure of the strength of thenotoniaelationship

in a sample of pairs. A monotonic relationship exists when one variable tends to increase or
decrease with respect to the other variable. A linear relationship is a type of monotonic
relationship.

The Spearman correlation coefficient is the Pearsonlatiom coefficient applied to theinksof
the data. It is represented hy
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1 V(Xi) : the rank ofx s the standard deviation of the ranksxpf
1 r(yi): the rank ofy; s, : the standard deviation of the ranksyof

Ranks correspond to the positions data would have if sorted from smallest to largest. Tied values
are given average ranks, callmitiranks The mean of the ranks ﬁa+l)/2. For example:

9 45, 68, 33, 53, 70 have ranks 2, 4, 1, 3, 5. Teamof the ranks is 3.

9 45, 68, 33, 45, 70 have ranks 2.5, 4, 1, 2.5, 5. The mean of these ranks is 3.
The Spearman correlation coefficient is less sensitive to outlying pairs than the Pearson. Data

points based on ranks keep much of the original pattgrhnhit the effects of outliers. See
Figure 7.6.

1 (a) shows a scatter plot of a sample. There are no outliepints unusually far from
the other data points. The statisticandr, are below the scatter p#ofThe two values

are cbse.

1 (b) shows a scatter plot of the data points based on the ranks of the data. Techpnically,
is the Pearson correlation coefficient of the data points in (b).

1 The scatter plots are similar. This is reflected imndr being similar. The statistic is
preferred because it is based on the original data.



Figure 7.6 (a) Scatter Plot of data, (b) Scatter Plot Based on Ranks
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(b)

r =0.84886

p-value< 0.0001

The sample plotted in Figure 7.7 (a) contains an outlier.

1 Withr =0.05417 and thp-value = 0.8206, the interpretation is that there is no
significant linear correlation in the sample. However, the outlier has increased the
standard deviations, ands, so much that they mask the correlation that does exist.

1 The outlier still exists among the data points based on ranks in (b), but its impact is much
smaller. Withr, = 0.57143 and thp-value = 0.0085, there issggnificant increasing

r,=0.88277
p-value< 0.0001

relationship between the paired values in the sample.

Figure 7.7 (@) Scatter Plot of Data with Outlier, (b) Scatter Plot Based on Ranks
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(b)
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r =0.05417 r,=0.57143
p-value= 0.8206 p-value= 0.0085

An increasing relationship is present in the data wierD andr, is significantly different from

0. Significance i s a HypahesisiTestwitf thetSpearman €arrelatichi s ¢ u s
Coefficient 06 See Tabl e 7. 4. Wi snfaleravalues terditodbapairett g r el at

with smallery values andargerx valueswith largery values The closerr is to 1, the stronger
this tendency.

A decreasing relationship isggent in the data whep<0 and r, is significantly different from
0. In this casesmallerx values tend to be paired with largevalues andargerx valueswith
smalleryvaluesThecloser;,i s to 11, the stronger this tendert

No monotonic relationship is present in the data wihes not significantly different from 0. In

this casebothsmallerand largex values tend to be paired with shery values and with larger
y values.

7.1.2.1 Hypothesis Test with the Spearman Correlation Coefficient

This is a test on whether there is a monotonic relationship between the paired random variables
andyY. It is a nonparametric test: it is not a test regaydi parameter. The null and alternative
hypotheses are:

H, : There is no monotonic relationship beemX andy
H, : There is a monotonic relationship beérneX andy .

The same form of theValue is used with both the Spearman and Pearson correlation
coefficients:

r -
t Value= ——=—+—

In terms ofH,, the p-value isthe probability that a random sample from a population where

there is no monotonic relationship between the paired values would prooetua at or
beyond the current value. If tipevalue is small, it is unlikely that the current sample cofnem
a population where there is no monotonic relationship between the paired values.

The technical definition of the-value is in Table 7.4. The random variableepresents a future

value of the test statistic and follows thgistribution withni  d2grees of freedom. In the SAS

code expression, thé/alueandht 2 r epresent numbers. The SAS c
to aid in the discussion. Thev al ue i's comput ed uBetahedSotutio® e Xx pr e s
s e ct i Example 7.2: Spearan Correlation Coefficientso



Table 7.4 p-Value for Hypothesis Test with the Spearman Correlation Coefficient

Hypotheses Gray area corresponds to the probability statement and is an example.
Taskoutput:

H,:Thereisno ... Is

relationship .. p-value
H,:Thereis ...

relationship .. .

P SAS code expression:
a0 i Vale| 2*(1-probt(abs(Value)nt 2 ) )
pvalue= 2P(T 4t Valuf

Decision and Conclusions
The formal decision and concluding sentence do not change from tsampée tests discussed
in Chapter 4, Al nf er eamdudirsy odsenation deperds dhdhenp | e. 0 Th

particular statistics involved in the test.

If the p-value is small, the data agrees whth If the p-value is less than the significance level,
the risk of making a Type | error is acceptalileerefore, thg@-valuedecision rule is the
following:

If the p-value <U rejectH,. Otherwise, do not rejett,.

Since a hypothesis test begins with the assumptionrthiattrue, concluding a hypothesis test
requires one of the following formal statements:

1 RejectH,.
1 Do not rejecH,.

When the claim is equivalent to the null hypothesis, the concluding sentence uses tregesbrd
The concluding sentence becomes an expanded version of the formal decision.

When the claim is equivalent to the alternative hypothdssconcluding sentence uses the word
support If the data supports the rejectionHy, the data supports,. If the data does not support
the rejection oH,, the data cannot suppdatt.



Table 7.5 Concluding Sentences

Formal Statistical

. Claim stated asHg Claim stated asH;
Decision
There is sufficient evidence to reje There is sufficient evidence to
. the claim that ... (claim in words). | support the claim that ... (claim i
RejectH.

words).

There is not sufficient evidence to| There is not sufficient evidence t
reject the claim that ... (claim in support the claim that ... (claim in

Do not rejectH,. words). words).

Table 7.6 Concluding Observations

r,<o0 r,>0

RejectHo. There is a significardecreasing There is a significant increasing
relationship between variables. relationship between the variable

There is no significant increasing or decreasing relationship betweer
Do not rejectH,. | variables.

7.1.2.2 Spearman Partial Correlation Coefficient

The Spearman partial correlation coefficient is the Pearson partial correlation coefficient applied
to theranksof the data. The Spearman partial correlation coefficient of the varialaledy that

controls the effect of the variabts represented byr;), .. Itis computed with thewy, w-x, y-

x Spearman correlation coefficients; ), , (r.),,.. and(r,),,

— (rS)wy B (rS)WX(r S) yX
wyYx
VI ()51 ),
The hypothesis test is whether there is a monotonicorédtip between the paired random

variablesw andY with the effect of the random variab¥ebeing controlled. It is a nonparametric
test: it is not a test regarding a parameter. The null and alternative hypotheses are:

()

H, : There is no monotonic relationship beemW andY when the effet is contral
H, : There is a monotonic relationship beén®V/ andY when the effeét is controlle

Thetest statisti¢ ol | o ws t tidistrib&ionumithenn 3 degrees of freedom:

(rS)wax -0

1- (rs)iny
n-3

t Value=



7.1.6 Example 7.2: Spearman Correlation Coefficients

Example 7.2 applies the Spearman correlation coefficient as a descrigtistcsand as a basis

for inference on the population of paired values. The requested analysis includes a number of
Spearman and Pearson correlation coefficients, hypothesis tests, and scatter plots. The Spearman
correlation coefficients and the hypotlesit e st s ar e Detalledd Sotlitiomsut i n t he
section.

7.1.6.1 Student Data with Outlier

Student| Midterm | Final | Absent
1 64 63 5
2 64 68 5
3 66 68 4
4 68 72 3
5 72 69 5
6 73 80 3
7 78 74 2
8 81 85 3
9 91 96 2

10 92 90 3
11 94 72 25

Note that an eleventh student has been added to the data in Example 7.1.

These values are in the@®/_02data set. The variable names are as shown in the kdiolierm,
Final, andAbsent



Example 7.2.1
Determine the Spearman and Pearson correlatidficests for the following pairs of
measurements:

a. midterm and final exam scores
b. final exam score and numbers of absences

Example 7.2.2

Use the Spearman correlation coefficient to test the claim that, among all students who take this
particular course, #re is anonotonicrelationship between the midterm exam score and the final
exam score. Led= 0.05.

Example 7.2.3

Use the Spearman correlation coefficient to test the claim that, among all students who take this
particular course, there is a monotonic relationship between the final exam score and the number
of absences. Léii= 0.05.

Example 7.2.4

Construct a scattgrot for the midterm and final exam scores and a scatter plot for the final exam
scores and the numbers of absences. On each plot, identify the data point associated with the
eleventh student.

7.1.6.2 Detailed Solutions

Example 7.2.1
For theMidtermandFinal scores:
Midterm |Final
Ly 0 0 02 oo e 1 § @
64 63|15 1 -4.5 -5 20.25 25 22.5
64 68 | 1.5| 25 -4.5 -3.5 20.25 12.25 15.75
66 68| 3 | 25 -3 -3.5 9 12.25 10.5
68 72| 4 |55 -2 -0.5 4 0.25 1
72 69| 5 4 -1 -2 1 4 2
73 80| 6 | 8 0 2 0 4 0
78 74 | 7 7 1 1 1 1 1
81 85| 8 9 2 3 4 9 6
91 9% | 9 | 11 3 5 9 25 15
92 90 | 10 | 10 4 4 16 16 16
94 72 | 11 | 55 5 -0.5 25 0.25 -2.5
sums:| 66 | 66 0 0 109.5 109 87.25
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For theFinalandAbsentscores:
Final/Absent
+1 +1 ? 2| & A3
A O O O O R O R | O - IR - R
2 2 2 o 2 ¢ 2
63 5 1 9 -5 3 25 9 -15
68 5 251 9 -3.5 3 12.25 9 -10.5
68 4 251 7 -3.5 1 12.25 1 -3.5
72 3 55145 -0.5 -1.5 0.25 2.25 0.75
69 5 4 9 -2 3 4 9 -6
80 3 8 | 45 2 -1.5 4 2.25 -3
74 2 7 |15 1 -4.5 1 20.25 -4.5
85 3 9 | 45 3 -1.5 9 2.25 -4.5
96 2 11 | 1.5 5 -4.5 25 20.25 -22.5
90 3 10 | 4.5 4 -1.5 16 2.25 -6
72 25 | 55| 11 -0.5 5 0.25 25 -2.5
sums| 66 | 66 0 0 109 102.5 -77.25
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-77.25
(11- 7)(3.3015)( 3.20196

= 0.73084

Example 7.2.2

Plan the task.
H,: There is no monotonic relationship betm the midterm exam score and the fanx@m score
H,: There is a monotonic relationship betmeghe midterm exam score and the faxam score.

Compute the statistics.

t Statistio= =0 = 0.79863 3.981
\/1- (.Y [1{o.7986¥
n- 2 (11 -2

Since 3.9811 is positive, the absolute value function can be dropped:
p-value= 2P(T 23.981)1 =2*(1- probt(3.9811,9)) =0.0(

Apply the results.

Since thep-value < 0.05, rejedtl,. There is sufficient evidence to support the claim that, among
all students who take this particular course, there is a monotonic relationship between the
midterm exam score and the final exam score. There is a significant increasing relationship
betweerthe midterm and the final exam scores in the sample.

Example 7.2.3

Plan the task.
H,: There is no monotonic relationship betm the final exam score and the nunaf@bsence:
H,: There is a monotonic relationship beémnehe final exam score and the numbetsences.



Compute the statistics.

t Statistic=—2- 0 - -0.73084 =3.212;
Jl- (.Y |1 0.7308¥
n- 2 (10 -2

pvalue= 2P(T 4 3.2123  2*(1- probt(abs(-3.2123),8)).6106:

Apply the results.

Since thep-value < 0.05, rejedily. There issufficient evidence to support the claim that, among

all students who take this particular course, there is a monotonic relationship between the final
exam score and the number of absences. There is a significant decreasing relationship between
the final xam scores and the numbers of absences in the sample.

7.1.6.3 Correlations Task
The following task selections are different from Example 7.1:

1 The active data is>@@7_02.

1 Task Roles
o MidtermandAbsentare assigned tAnalysis variables
o Finalis assigned t€orrelatewith.

1 Options Both PearsorandSpearmarare selected.

7.1.6.4 Task Output, Interpretation, and Analysis
Task output

Output 7.3 Correlations Output for Example 7.2

Correlation Analysis

The CORR Procedure

1 With Variables: |Final

2 Variables: Midterm
Absent




Simple Statistics
Variable N Mean| Std Dev Median| Minimum| Maximum
Final 11| 76.09091 10.36778 72.00000 63.00000 96.00000
Midterm | 11| 76.63636 11.43042 73.00000 64.00000 94.00000
Absent 11| 5.45455 6.57820 3.00000 2.00000 25.00000
= PearsonCorrelationCoefficientsN =11 ®
- Prob>|r] underHO0:Rho=0
Midterm Absent
Final 0.73612 -0.25286
~ 0.0098 ° 0.4531
e SpearmanCorrelationCoefficientsN =11
2 Prob>|r] underHO0:Rho=0
Midterm Absent
Final 0.79863 -0.73084
3 0.0032 0.0106

Scatter plot of Midterm by Fingh
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Scatter plot of Final by Abser®
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Interpretation
- &- indicate how the results aread:

The top number is the Pearson correlation coeffigient
The second number is tpevalue of the hypothesis test ¢ty : 7 =0.

® Each pair of variables involves= 11 pairs of values.
For MidtermandFinal, r = 0.73612and thep-value =0.0098
° ForFinalandAbsentr =1 0 . 2 an2 thép-value =0.4531

* &2

indicate how the results are read:

The top number is the Spearman correlation coeffigient

The second number is tpevalue of the hypothesis tes
8 ForMidtermandFinal, r, = 0.79863and thep-value =0.0032

ForFinalandAbsent r, =1 0 . 7 ardl ghep-value =0.0106
[ Scatter plot foMidtermandFinal

® Scatter plot foFinalandAbsent
Analysis

Example7.2.1

Spearman correlation
coefficients

Pearson correlation
coefficients

midterm and final exam scores

r, =0.79863

See® in Output 7.3.

r=0.73612

See in Output 7.3.

final exam score and number of
absences

=1 0.73084

r= 10. 252 8¢

See® in Output 7.3.




See” in Output 7.3.

Example7.2.2

H,: There is no monotonic relationship betm the midterm exam score and the fexa@m score
H,: There is a monotonic relationship betmghe midterm exam score and the fexam score.

p-value =0.0032 Se€e® in Output 7.3.

Since thep-value < 0.05, rejedtl,. There is sufficient evidence to suppibre claim that, among
all students who take this particular course, there is a monotonic relationship between the
midterm exam score and the final exam score. There is a significant increasing relationship
between the midterm and the final exam scorekarsample.

Example7.2.3
H,: There is no monotonic relationship betm the final exam score and the nunafe@bsence:
H,: There is a monotonic relationship beémehe final exam score and the numbetisences.

p-value =0.0106 Se€ in Output 7.3.

Since thep-value < 0.05, rejedtl. There is sufficient evidence to support the claim that, among

all students who take this particular course, there is a mowatationship between the final

exam score and the number of absences. There is a significant decreasing relationship between
the final exam scores and the numbers of absences in the sample.

Example 7.2.4
Seep and @ in Output 73.

7.1.7 Example 7.3: Partial Correlation Coefficients

7.1.7.1 Reading Assessment, Homework, and Age

In a particular school district, reading assessment tests are given to students in three age groups:
9, 13, and 17. The scores are standardized so that comparisons can be made betweeawgroups. F
students from each group are randomly selected. The typical number of pages read daily in class
and homework is determined for each student. The results are below.



These values are in th®’_03data set. The variable names are as shown in the sajgle:
score andpages

Student| age | score | pages
1 9 55 20
2 9 56 21
3 9 57 23
4 9 57 22
5 13 53 15
6 13 55 18
7 13 52 12
8 13 54 14
9 17 50 11
10 17 49 10
11 17 51 10
12 17 52 11
Example 7.3.1

Determine the Pearson and Spearman correlation coefficients for the following pairs of
measurements:

a. age and reading assessment score
b. age and number of pages read
c. reading assessment score and number of pages read

Example 7.3.1
Determine the Pearson angearman partial correlation coefficient for the reading assessment
score and the number of pages read with the effect of age being controlled.

7.1.7.2 Detailed Solutions

Example 7.3.1
The Correlations output for the Pearson and Spearman correlation coefficemaishere.



Output 7.4 Simple Statistics Table for Example 7.1

PearsonCorrelationCoefficientsN =12
Prob>|r| underHO:Rho=0
age|  score pages
age 1.00000 -0.91537 -0.94513
student age <.0001 <.000]
score -0.91537 1.00000 0.95120Q
reading assessment score <.0001 <.0001
pages -0.94513 0.95120 1.00000
average daily reading in class ar <.0001 <.0001
homework
SpearmanCorrelationCoefficients N =12
Prob>|r] underHO0:Rho=0

age score pages
age 1.00000 -0.92138 -0.94943
student age <.0001 <.0001
score -0.92138 1.00000 0.96826
reading assessment score <.0001 <.0001
pages -0.94943 0.96826  1.00000
average daily reading in class and <.0001 <.0001
homework
Example 7.3.2

7.1.7.3 Correlations Task
1 The active datés Ex07_03
I Task Roles
0 Score and pages are assigneAnalysis variables
0 Age is assigned tPartial variables



