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Overview: DISCRIM Procedure

For a set of observations containing one or more quantitative variables and a classi cation variable de ning
groups of observations, the DISCRIM procedure develops a discriminant criterion to classify each observation
into one of the groups. The derived discriminant criterion from this data set can be applied to a second data
set during the same execution of PROC DISCRIM. The data set that PROC DISCRIM uses to derive the
discriminant criterion is called thgaining or calibration data set.

When the distribution within each group is assumed to be multivariate normal, a parametric method can be
used to develop a discriminant function. The discriminant function, also known as a classi cation criterion,
is determined by a measure of generalized squared distance (Rao 1973). The classi cation criterion can be
based on either the individual within-group covariance matrices (yielding a quadratic function) or the pooled
covariance matrix (yielding a linear function); it also takes into account the prior probabilities of the groups.
The calibration information can be stored in a special SAS data set and applied to other data sets.

When no assumptions can be made about the distribution within each group, or when the distribution is
assumed not to be multivariate normal, nonparametric methods can be used to estimate the group-speci c
densities. These methods include the kernellkandarest-neighbor methods (Rosenblatt 1956; Parzen 1962).
The DISCRIM procedure uses uniform, normal, Epanechnikov, biweight, or triweight kernels for density
estimation.

Either Mahalanobis or Euclidean distance can be used to determine proximity. Mahalanobis distance can be
based on either the full covariance matrix or the diagonal matrix of variances. Witlearest-neighbor
method, the pooled covariance matrix is used to calculate the Mahalanobis distances. With a kernel method,
either the individual within-group covariance matrices or the pooled covariance matrix can be used to
calculate the Mahalanobis distances. With the estimated group-speci ¢ densities and their associated prior
probabilities, the posterior probability estimates of group membership for each class can be evaluated.

Canonical discriminant analysis is a dimension-reduction technique related to principal component analysis
and canonical correlation. Given a classi cation variable and several quantitative variables, PROC DISCRIM
derives canonical variables (linear combinations of the quantitative variables) that summarize between-class
variation in much the same way that principal components summarize total variation. (See Chapter 31, “The
CANDISC Procedure,” for more information about canonical discriminant analysis.) A discriminant criterion

is always derived in PROC DISCRIM. If you want canonical discriminant analysis without the use of a
discriminant criterion, you should use the CANDISC procedure.

The DISCRIM procedure can produce an output data set containing various statistics such as means, standard
deviations, and correlations. If a parametric method is used, the discriminant function is also stored in the
data set to classify future observations. When canonical discriminant analysis is performed, the output data
set includes canonical coef cients that can be rotated by the FACTOR procedure. PROC DISCRIM can
also create a second type of output data set containing the classi cation results for each observation. When
canonical discriminant analysis is performed, this output data set also includes canonical variable scores. A
third type of output data set containing the group-speci ¢ density estimates at each observation can also be
produced.
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PROC DISCRIM evaluates the performance of a discriminant criterion by estimating error rates (probabilities
of misclassi cation) in the classi cation of future observations. These error-rate estimates include error-count
estimates and posterior probability error-rate estimates. When the input data set is an ordinary SAS data set,
the error rate can also be estimated by cross validation.

Do not confuse discriminant analysis with cluster analysis. All varieties of discriminant analysis require prior
knowledge of the classes, usually in the form of a sample from each class. In cluster analysis, the data do not
include information about class membership; the purpose is to construct a classi cation.

See Chapter 10, “Introduction to Discriminant Procedures,” for a discussion of discriminant analysis.

Getting Started: DISCRIM Procedure

The data in this example are measurements of 159 sh caught in Finland's Lake Laengelmaevesi; this data set
is available from Puranen (1917). For each of the seven species (bream, roach, white sh, parkki, perch, pike,
and smelt) the weight, length, height, and width of each sh are tallied. Three different length measurements
are recorded: from the nose of the sh to the beginning of its tail, from the nose to the notch of its tail, and
from the nose to the end of its tail. The height and width are recorded as percentages of the third length
variable. The sh data set is available from tBashelp library. The goal now is to nd a discriminant
function based on these six variables that best classi es the sh into species.

First, assume that the data are normally distributed within each group with equal covariances across groups.
The following statements use PROC DISCRIM to analyzeShshelp.Fish data and create Figure 35.1
through Figure 35.5:

titte Fish Measurement Data ;

proc discrim data=sashelp.fish;
class Species;
run;

The DISCRIM procedure begins by displaying summary information about the variables in the analysis (see
Figure 35.1). This information includes the number of observations, the number of quantitative variables
in the analysis (speci ed with the VAR statement), and the number of classes in the classi cation variable
(speci ed with the CLASS statement). The frequency of each class, its weight, the proportion of the total
sample, and the prior probability are also displayed. Equal priors are assigned by default.
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Figure 35.1 Summary Information

The natural log of the determinant of the pooled covariance matrix is displayed in Figure 35.2.

Figure 35.2 Pooled Covariance Matrix Information

The squared distances between the classes are shown in Figure 35.3.

Figure 35.3 Squared Distances
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The coef cients of the linear discriminant function are displayed (in Figure 35.4) with the default options
METHOD=NORMAL and POOL=YES.

Figure 35.4 Linear Discriminant Function

A summary of how the discriminant function classi es the data used to develop the function is displayed last.
In Figure 35.5, you see that only three of the observations are misclassi ed. The error-count estimates give

the proportion of misclassi ed observations in each group. Since you are classifying the same data that are
used to derive the discriminant function, these error-count estimates are biased.

Figure 35.5 Resubstitution Misclassi cation Summary
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One way to reduce the bias of the error-count estimates is to split your data into two sets. One set is used to
derive the discriminant function, and the other set is used to run validation tests. Example 35.4 shows how to
analyze a test data set. Another method of reducing bias is to classify each observation by using a discriminant
function computed from all of the other observations; this method is invoked with the CROSSVALIDATE
option.

Syntax: DISCRIM Procedure

The following statements are available in the DISCRIM procedure:

PROC DISCRIM < options > ;
CLASS variable ;
BY variables ;
FREQ variable ;
ID variable ;
PRIORS probabilities ;
TESTCLASS variable ;
TESTFREQ variable ;
TESTID variable ;
VAR variables ;
WEIGHT variable ;

Only the PROC DISCRIM and CLASS statements are required.

The following sections describe the PROC DISCRIM statement and then describe the other statements in
alphabetical order.

PROC DISCRIM Statement
PROC DISCRIM < options > ;

The PROC DISCRIM statement invokes the DISCRIM procedure. Table 35.1 summarizes the options
available in the PROC DISCRIM statement.

Table 35.1 Options Available in the PROC DISCRIM Statement

Option Description

Input Data Sets

DATA= Speci es input SAS data set

TESTDATA= Speci es input SAS data set to classify

Output Data Sets

OUTSTAT= Speci es output statistics data set

OuUT= Speci es output data set with classi cation results
OUTCROSS= Speci es output data set with cross validation results
OUTD= Speci es output data set with densities

SCORES= Outputs discriminant scores to the OUT= data set
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Table 35.1 continued
Option Description
TESTOUT= Speci es output data set with TEST= results
TESTOUTD= Speci es output data set with TEST= densities
Method Details
METHOD= Speci es parametric or nonparametric method
POOL= Speci es whether to pool the covariance matrices
SINGULAR= Speci es the singularity criterion
SLPOOL= Speci es signi cance level homogeneity test
THRESHOLD= Speci es the minimum threshold for classi cation
Nonparametric Methods
K= Speci esk value fork nearest neighbors
KPROP= Speci es proportiorg, for computingk
R= Speci es radius for kernel density estimation
KERNEL= Speci es a kernel density to estimate
METRIC= Speci es metric in for squared distances
Canonical Discriminant Analysis
CANONICAL Performs canonical discriminant analysis
CANPREFIX= Speci es a pre x for naming the canonical variables
NCAN= Speci es the number of canonical variables
Resubstitution Classi cation
LIST Displays the classi cation results
LISTERR Displays the misclassi ed observations
NOCLASSIFY Suppresses the classi cation
TESTLIST Displays the classi cation results of TEST=

TESTLISTERR

Displays the misclassi ed observations of TEST=

Cross Validation Classi cation

CROSSLIST

CROSSLISTERR

Displays the cross validation results
Displays the misclassi ed cross validation results

CROSSVALIDATE Speci es cross validation

Control Displayed Output

ALL
ANOVA
BCORR
BCOV
BSSCP
DISTANCE
FORMULA
MANOVA
NOPRINT
PCORR
PCQOV
POSTERR

Displays all output
Displays univariate statistics
Displays between correlations
Displays between covariances
Displays between SSCPs
Displays squared Mahalanobis distances
Displays formulas in destinations other than LISTING
Displays multivariate ANOVA results
Suppresses all displayed output
Displays pooled correlations
Displays pooled covariances
Displays posterior probability error-rate estimates
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Table 35.1 continued

Option Description

PSSCP Displays pooled SSCPs

SHORT Suppresses some displayed output
SIMPLE Displays simple descriptive statistics
STDMEAN Displays standardized class means
TCORR Displays total correlations

TCOV Displays total covariances

TSSCP Displays total SSCPs

WCORR Displays within correlations

wCov Displays within covariances
WSSCP Displays within SSCPs

ALL
activates all options that control displayed output. When the derived classi cation criterion is used to

classify observations, the ALL option also activates the POSTERR option.

ANOVA
displays univariate statistics for testing the hypothesis that the class means are equal in the population
for each variable.

BCORR
displays between-class correlations.

BCQOV
displays between-class covariances. The between-class covariance matrix equals the between-class
SSCP matrix divided by.c  1/=c, wheren is the number of observations ands the number of
classes. You should interpret the between-class covariances in comparison with the total-sample and
within-class covariances, not as formal estimates of population parameters.

BSSCP
displays the between-class SSCP matrix.

CANONICAL

CAN
performs canonical discriminant analysis.

CANPREFIX=name
speci es a pre x for naming the canonical variables. By default, the names are Canl, Canz, ...,
Cam. If you specify CANPREFIX=ABC, the components are named ABC1, ABC2, ABC3, and so on.
The number of characters in the pre X, plus the number of digits required to designate the canonical
variables, should not exceed 32. The pre x is truncated if the combined length exceeds 32.

The CANONICAL option is activated when you specify either the NCAN= or the CANPREFIX= op-
tion. A discriminant criterion is always derived in PROC DISCRIM. If you want canonical discriminant
analysis without the use of discriminant criteria, you should use PROC CANDISC.
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CROSSLIST
displays the cross validation classi cation results for each observation.

CROSSLISTERR
displays the cross validation classi cation results for misclassi ed observations only.

CROSSVALIDATE
speci es the cross validation classi cation of the input DATA= data set. When a parametric method
is used, PROC DISCRIM classi es each observation in the DATA= data set by using a discriminant
function computed from the other observations in the DATA= data set, excluding the observation
being classi ed. When a nonparametric method is used, the covariance matrices used to compute
the distances are based on all observations in the data set and do not exclude the observation being
classi ed. However, the observation being classi ed is excluded from the nonparametric density
estimation (if you specify the R= option) or thenearest neighbors (if you specify the K= or KPROP=
option) of that observation. The CROSSVALIDATE option is set when you specify the CROSSLIST,
CROSSLISTERR, or OUTCROSS= option. With these options, cross validation information is
displayed or output in addition to the usual resubstitution classi cation results. Cross validation
classi cation results are written to the OUTCROSS= data set, and resubstitution classi cation results
are written to the OUT= data set.

DATA=SAS-data-set
speci es the data set to be analyzed. The data set can be an ordinary SAS data set or one of several
specially structured data sets created by SAS/STAT procedures. These specially structured data sets in-
clude TYPE=CORR, TYPE=COV, TYPE=CSSCP, TYPE=SSCP, TYPE=LINEAR, TYPE=QUAD, and
TYPE=MIXED. The input data set must be an ordinary SAS data set if you specify METHOD=NPAR.
If you omit the DATA= option, the procedure uses the most recently created SAS data set.

DISTANCE

MAHALANOBIS
displays the squared Mahalanobis distances between the group fReatstics, and the correspond-
ing probabilities of greater Mahalanobis squared distances between the group means. The squared
distances are based on the speci cation of the POOL= and METRIC= options.

FORMULA
displays formulas in destinations other than LISTING. See the section “Formulas” on page 2194 for
more information.

K=k
speci es ak value for thek-nearest-neighbor rule. An observatiois classi ed into a group based on
the information from th& nearest neighbors of Do not specify the K= option with the KPROP= or
R= option.

KPROP=p
speci es a proportion,p, for computing thek value for thek-nearest-neighbor rulek D
max.1; oor.np// , wherenis the number of valid observations. When there is a FREQ statement,
is the sum of the FREQ variable for the observations used in the analysis (those without missing or
invalid values). An observatioxis classi ed into a group based on the information from kheearest
neighbors ok. Do not specify the KPROP= option with the K= or R= option.
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KERNEL=BIWEIGHT | BIW
KERNEL=EPANECHNIKOV | EPA
KERNEL=NORMAL | NOR
KERNEL=TRIWEIGHT | TRI

KERNEL=UNIFORM | UNI
speci es a kernel density to estimate the group-speci ¢ densities. You can specify the KERNEL=
option only when the R= option is speci ed. The default is KERNEL=UNIFORM.

LIST
displays the resubstitution classi cation results for each observation. You can specify this option only
when the input data set is an ordinary SAS data set.

LISTERR
displays the resubstitution classi cation results for misclassi ed observations only. You can specify
this option only when the input data set is an ordinary SAS data set.

MANOVA
displays multivariate statistics for testing the hypothesis that the class means are equal in the population.

METHOD=NORMAL | NPAR
determines the method to use in deriving the classication criterion. When you specify
METHOD=NORMAL, a parametric method based on a multivariate normal distribution within each
class is used to derive a linear or quadratic discriminant function. The defaultis METHOD=NORMAL.
When you specify METHOD=NPAR, a nonparametric method is used and you must also specify either
the K= or R= option.

METRIC=DIAGONAL | FULL | IDENTITY
speci es the metric in which the computations of squared distances are performed. If you specify
METRIC=FULL, then PROC DISCRIM uses either the pooled covariance matrix (POOL=YES) or indi-
vidual within-group covariance matrices (POOL=NO) to compute the squared distances. If you specify
METRIC=DIAGONAL, then PROC DISCRIM uses either the diagonal matrix of the pooled covariance
matrix (POOL=YES) or diagonal matrices of individual within-group covariance matrices (POOL=NO)
to compute the squared distances. If you specify METRIC=IDENTITY, then PROC DISCRIM uses
Euclidean distance. The default is METRIC=FULL. When you specify METHOD=NORMAL, the
option METRIC=FULL is used.

NCAN=number
speci es the number of canonical variables to compute. The valnerober must be less than or
equal to the number of variables. If you specify the option NCAN=0, the procedure displays the
canonical correlations but not the canonical coef cients, structures, or meangbkdhe number
of variables in the VAR statement, and ebe the number of classes. If you omit the NCAN=
option, onlymin.v;c 1/ canonical variables are generated. If you request an output data set (OUT=,
OUTCROSS=, TESTOUT=) canonical variables are generated. In this case, thelast 1/
canonical variables have missing values.

The CANONICAL option is activated when you specify either the NCAN= or the CANPREFIX= op-
tion. A discriminant criterion is always derived in PROC DISCRIM. If you want canonical discriminant
analysis without the use of discriminant criterion, you should use PROC CANDISC.
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NOCLASSIFY
suppresses the resubstitution classi cation of the input DATA= data set. You can specify this option
only when the input data set is an ordinary SAS data set.

NOPRINT
suppresses the normal display of results. Note that this option temporarily disables the Output Delivery
System (ODS); see Chapter 20, “Using the Output Delivery System,” for more information.

OUT=SAS-data-set
creates an output SAS data set containing all the data from the DATA= data set, plus the posterior
probabilities and the class into which each observation is classi ed by resubstitution. When you specify
the CANONICAL option, the data set also contains new variables with canonical variable scores. See
the section “OUT= Data Set” on page 2186 for more information.

OUTCROSS=SAS-data-set
creates an output SAS data set containing all the data from the DATA= data set, plus the posterior
probabilities and the class into which each observation is classi ed by cross validation. When you
specify the CANONICAL option, the data set also contains new variables with canonical variable
scores. See the section “OUT= Data Set” on page 2186 for more information.

OUTD=SAS-data-set
creates an output SAS data set containing all the data from the DATA= data set, plus the group-speci c
density estimates for each observation. See the section “OUT= Data Set” on page 2186 for more
information.

OUTSTAT=SAS-data-set
creates an output SAS data set containing various statistics such as means, standard deviations,
and correlations. When the input data set is an ordinary SAS data set or when TYPE=CORR,
TYPE=CQV, TYPE=CSSCP, or TYPE=SSCP, this option can be used to generate discriminant statistics.
When you specify the CANONICAL option, canonical correlations, canonical structures, canonical
coef cients, and means of canonical variables for each class are included in the data set. If you specify
METHOD=NORMAL, the output data set also includes coef cients of the discriminant functions, and
the output data set is TYPE=LINEAR (POOL=YES), TYPE=QUAD (POOL=NO), or TYPE=MIXED
(POOL=TEST). If you specify METHOD=NPAR, this output data set is TYPE=CORR. This data
set also holds calibration information that can be used to classify new observations. See the sections
“Saving and Using Calibration Information” on page 2183 and “OUT= Data Set” on page 2186 for
more information.

PCORR
displays pooled within-class correlations.

PCQOV
displays pooled within-class covariances.

POOL=NO | TEST | YES
determines whether the pooled or within-group covariance matrix is the basis of the measure of the
squared distance. If you specify POOL=YES, then PROC DISCRIM uses the pooled covariance
matrix in calculating the (generalized) squared distances. Linear discriminant functions are computed.
If you specify POOL=NO, the procedure uses the individual within-group covariance matrices in
calculating the distances. Quadratic discriminant functions are computed. The default is POOL=YES.
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Thek-nearest-neighbor method assumes the default of POOL=YES, and the POOL=TEST option
cannot be used with the METHOD=NPAR option.

When you specify METHOD=NORMAL, the option POOL=TEST requests Bartlett's modi cation

of the likelihood ratio test (Morrison 1976; Anderson 1984) of the homogeneity of the within-group
covariance matrices. The test is unbiased (Perlman 1980). However, it is not robust to nonnormality.
If the test statistic is signi cant at the level speci ed by the SLPOOL= option, the within-group
covariance matrices are used. Otherwise, the pooled covariance matrix is used. The discriminant
function coef cients are displayed only when the pooled covariance matrix is used.

POSTERR

displays the posterior probability error-rate estimates of the classi cation criterion based on the
classi cation results.

PSSCP

R=r

displays the pooled within-class corrected SSCP matrix.

speci es a radius value for kernel density estimation. With uniform, Epanechnikov, biweight, or
triweight kernels, an observationis classi ed into a group based on the information from observations

y in the training set within the radiusof x—that is, the group observationy with squared distance
d2.x;y/  r?. When a normal kernel is used, the classi cation of an observatisrbased on the
information of the estimated group-speci c densities from all observations in the training set. The
matrix r 2V, is used as the groupcovariance matrix in the normal-kernel density, whétes the
matrix used in calculating the squared distances. Do not specify the K= or KPROP= option with the

R= option. For more information about selectingsee the section “Nonparametric Methods” on
page 2176.

SCORES<=prex >

computes and outputs discriminant scores to the OUT= and TESTOUT= data sets with the default
options METHOD=NORMAL and POOL=YES (or with METHOD=NORMAL, POOL=TEST, and a
nonsigni cant chi-square test). Otherwise, or if no OUT= or TESTOUT= data set is speci ed, this
option is ignored. The scores are computed by a matrix multiplication of an intercept term and the raw
data or test data by the coef cients in the linear discriminant function. One score variable is created for
each level of the CLASS variable. By default, the variables are nased followed by the formatted

class level. You can specify SCORES=pre x to use a pre x other tham *. The speci cations
SCORES and SCORES&_ are equivalent.

SHORT

suppresses the display of certain items in the default output. If you specify METHOD=NORMAL, then
PROC DISCRIM suppresses the display of determinants, generalized squared distances between-class
means, and discriminant function coef cients. When you specify the CANONICAL option, PROC
DISCRIM suppresses the display of canonical structures, canonical coef cients, and class means on
canonical variables; only tables of canonical correlations are displayed.

SIMPLE

displays simple descriptive statistics for the total sample and within each class.
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SINGULAR=p
speci es the criterion for determining the singularity of a matrix, wherepO< 1. The default is
SINGULAR=1E-8.

Let Sbe the total-sample correlation matrix. If the R square for predicting a quantitative variable in
the VAR statement from the variables preceding it exceedp,XhenSis considered singular. Bis
singular, the probability levels for the multivariate test statistics and canonical correlations are adjusted
for the number of variables with R square exceedingpl —

Let S be the group covariance matrix, and |&, be the pooled covariance matrix. In grotf

the R square for predicting a quantitative variable in the VAR statement from the variables preceding
it exceeds 1 -, then$; is considered singular. Similarly, if the partial R square for predicting a
guantitative variable in the VAR statement from the variables preceding it, after controlling for the
effect of the CLASS variable, exceeds pthenS, is considered singular.

If PROC DISCRIM needs to compute either the inverse or the determinant of a matrix that is considered
singular, then it uses a quasi inverse or a quasi determinant. For details, see the section “Quasi-inverse
on page 2180.

SLPOOL=p
speci es the signi cance level for the test of homogeneity. You can specify the SLPOOL= option only
when POOL=TEST is also speci ed. If you specify POOL= TEST but omit the SLPOOL= option,
PROC DISCRIM uses 0.10 as the signi cance level for the test.

STDMEAN
displays total-sample and pooled within-class standardized class means.

TCORR
displays total-sample correlations.

TCOV
displays total-sample covariances.

TESTDATA=SAS-data-set
names an ordinary SAS data set with observations that are to be classi ed. The quantitative variable
names in this data set must match those in the DATA= data set. When you specify the TESTDATA=
option, you can also specify the TESTCLASS, TESTFREQ, and TESTID statements. When you
specify the TESTDATA= option, you can use the TESTOUT= and TESTOUTD= options to generate
classi cation results and group-speci ¢ density estimates for observations in the test data set. Note
that if the CLASS variable is not present in the TESTDATA= data set, the output will not include
misclassi cation statistics.

TESTLIST
lists classi cation results for all observations in the TESTDATA= data set.

TESTLISTERR
lists only misclassi ed observations in the TESTDATA= data set but only if a TESTCLASS statement
is also used.
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TESTOUT=SAS-data-set

creates an output SAS data set containing all the data from the TESTDATA= data set, plus the
posterior probabilities and the class into which each observation is classi ed. When you specify the
CANONICAL option, the data set also contains new variables with canonical variable scores. See the
section “OUT= Data Set” on page 2186 for more information.

TESTOUTD=SAS-data-set

creates an output SAS data set containing all the data from the TESTDATA= data set, plus the group-

speci ¢ density estimates for each observation. See the section “OUT= Data Set” on page 2186 for
more information.

THRESHOLD=p

speci es the minimum acceptable posterior probability for classi cation, witere p 1 If

the largest posterior probability of group membership is less than the THRESHOLD value, the
observation is labeled as 'Other’. The default is THRESHOLD=0. In some cases, you might
want to specify a THRESHOLD= value slightly smaller than the desirestb that observations

with posterior probabilities within rounding error pfare classi ed. For example, you can spec-

ify threshold=%sysevalf(0.5 - 1e-8) instead of THRESHOLD=0.5 so that observations with
posterior probabilities within 1LE-8 of 0.5 and larger are classi ed.

TSSCP
displays the total-sample corrected SSCP matrix.

WCORR
displays within-class correlations for each class level.

WCOoOV
displays within-class covariances for each class level.

WSSCP
displays the within-class corrected SSCP matrix for each class level.

BY Statement

BY variables ;

You can specify a BY statement with PROC DISCRIM to obtain separate analyses of observations in groups
that are de ned by the BY variables. When a BY statement appears, the procedure expects the input data

set to be sorted in order of the BY variables. If you specify more than one BY statement, only the last one
speci ed is used.

If your input data set is not sorted in ascending order, use one of the following alternatives:

» Sort the data by using the SORT procedure with a similar BY statement.

» Specify the NOTSORTED or DESCENDING option in the BY statement for the DISCRIM procedure.
The NOTSORTED option does not mean that the data are unsorted but rather that the data are arranged

in groups (according to values of the BY variables) and that these groups are not necessarily in
alphabetical or increasing numeric order.
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» Create an index on the BY variables by using the DATASETS procedure (in Base SAS software).

If you specify the TESTDATA= option and the TESTDATA= data set does not contain any of the BY
variables, then the entire TESTDATA= data set is classi ed according to the discriminant functions computed
in each BY group in the DATA= data set.

If the TESTDATA= data set contains some but not all of the BY variables, or if some BY variables do not
have the same type or length in the TESTDATA= data set as in the DATA= data set, then PROC DISCRIM
displays an error message and stops.

If all BY variables appear in the TESTDATA= data set with the same type and length as in the DATA= data
set, then each BY group in the TESTDATA= data set is classi ed by the discriminant function from the
corresponding BY group in the DATA= data set. The BY groups in the TESTDATA= data set must be in the
same order as in the DATA= data set. If you specify the NOTSORTED option in the BY statement, there
must be exactly the same BY groups in the same order in both data sets. If you omit the NOTSORTED
option, some BY groups can appear in one data set but not in the other. If some BY groups appear in the
TESTDATA= data set but not in the DATA= data set, and you request an output test data set by using the
TESTOUT=or TESTOUTD= option, these BY groups are not included in the output data set.

For more information about BY-group processing, see the discuss®AMLanguage Reference: Concepts
For more information about the DATASETS procedure, see the discussionBateSAS Procedures Guide

CLASS Statement
CLASS variable ;

The values of the classi cation variable de ne the groups for analysis. Class levels are determined by the
formatted values of the CLASS variable. The speci ed variable can be numeric or character. A CLASS
statement is required.

FREQ Statement
FREQ variable ;

If a variable in the data set represents the frequency of occurrence for the other values in the observation,
include the variable's name in a FREQ statement. The procedure then treats the data set as if each observation
appeara times, wheren is the value of the FREQ variable for the observation. The total number of
observations is considered to be equal to the sum of the FREQ variable when the procedure determines
degrees of freedom for signi cance probabilities.

If the value of the FREQ variable is missing or is less than one, the observation is not used in the analysis. If
the value is not an integer, it is truncated to an integer.

ID Statement

ID variable ;
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The ID statement is effective only when you specify the LIST or LISTERR option in the PROC DISCRIM
statement. When the DISCRIM procedure displays the classi cation results, the ID variable (rather than the
observation number) is displayed for each observation.

PRIORS Statement
PRIORS EQUAL ;
PRIORS PROPORTIONAL | PROP ;
PRIORS probabilities ;
The PRIORS statement speci es the prior probabilities of group membership. To set the prior probabilities
equal, use the following statement:
priors equal;

To set the prior probabilities proportional to the sample sizes, use the following statement:

priors proportional;

For other than equal or proportional priors, specify the prior probability for each level of the classi cation
variable. Each class level can be written as either a SAS name or a quoted string, and it must be followed
by an equal sign and a numeric constant between zero and one. A SAS name begins with a letter or an
underscore and can contain digits as well. Lowercase character values and data values with leading blanks
must be enclosed in quotes. For example, to de ne prior probabilities for each |eBeddd, whereGrade's

values are A, B, C, and D, the PRIORS statement can be speci ed as follows:

priors A=0.1 B=0.3 C=0.5 D=0.1;
If Grade's values are 'a’, 'b', 'c', and 'd', each class level must be written as a quoted string as follows:

priors a=0.1 b=03 c¢=05 d=0.1;

If Grade is numeric, with formatted values of '1', '2', and '3', the PRIORS statement can be written as
follows:

priors 1=0.3 2=0.6 3=0.1;

The speci ed class levels must exactly match the formatted values of the CLASS variable. For example, if a
CLASS variableC has the format 4.2 and a value 5, the PRIORS statement must specify '5.00', not '5.0" or
'5'. If the prior probabilities do not sum to one, these probabilities are scaled proportionally to have the sum
equal to one. The default is PRIORS EQUAL.

TESTCLASS Statement
TESTCLASS variable ;

The TESTCLASS statement names the variable in the TESTDATA= data set that is used to determine whether
an observation in the TESTDATA= data set is misclassi ed. The TESTCLASS variable should have the

same type (character or numeric) and length as the variable given in the CLASS statement. PROC DISCRIM
considers an observation misclassi ed when the formatted value of the TESTCLASS variable does not match
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the group into which the TESTDATA= observation is classi ed. When the TESTCLASS statement is missing
and the TESTDATA= data set contains the variable given in the CLASS statement, the CLASS variable is
used as the TESTCLASS variable. Note that if the CLASS variable is not present in the TESTDATA= data
set, the output will not include misclassi cation statistics.

TESTFREQ Statement
TESTFREQ variable ;

If a variable in the TESTDATA= data set represents the frequency of occurrence of the other values in the
observation, include the variable's name in a TESTFREQ statement. The procedure then treats the data set as
if each observation appeangimes, where is the value of the TESTFREQ variable for the observation.

If the value of the TESTFREQ variable is missing or is less than one, the observation is not used in the
analysis. If the value is not an integer, it is truncated to an integer.

TESTID Statement
TESTID variable ;

The TESTID statement is effective only when you specify the TESTLIST or TESTLISTERR option in
the PROC DISCRIM statement. When the DISCRIM procedure displays the classi cation results for the
TESTDATA= data set, the TESTID variable (rather than the observation nhumber) is displayed for each
observation. The variable given in the TESTID statement must be in the TESTDATA= data set.

VAR Statement
VAR variables ;

The VAR statement speci es the quantitative variables to be included in the analysis. The default is all
numeric variables not listed in other statements.

WEIGHT Statement
WEIGHT variable ;

To use relative weights for each observation in the input data set, place the weights in a variable in the data
set and specify the name in a WEIGHT statement. This is often done when the variance associated with
each observation is different and the values of the weight variable are proportional to the reciprocals of the
variances. If the value of the WEIGHT variable is missing or is less than zero, then a value of zero for the
weight is used.

The WEIGHT and FREQ statements have a similar effect except that the WEIGHT statement does not alter
the degrees of freedom.
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Details: DISCRIM Procedure

Missing Values

Observations with missing values for variables in the analysis are excluded from the development of the
classi cation criterion. When the values of the classi cation variable are missing, the observation is excluded
from the development of the classi cation criterion, but if no other variables in the analysis have missing
values for that observation, the observation is classi ed and displayed with the classi cation results.

Background

The following notation is used to describe the classi cation methods:

X

S

t

Nt

1S
Gt
p.tjx/

ft.X/
f. x/
&

ap-dimensional vector containing the quantitative variables of an observation

the pooled covariance matrix
a subscript to distinguish the groups
the number of training set observations in graup
the p-dimensional vector containing variable means in group
the covariance matrix within group
the determinant o%
the prior probability of membership in groap
the posterior probability of an observatigrelonging to group
the probability density function for group
the group-speci ¢ density estimateafrom groupt
¢ 0t ¢.x/, the estimated unconditional densityxat
the classi cation error rate for group

Bayes' Theorem

Assuming that the prior probabilities of group membership are known and that the group-speci ¢ densities at
x can be estimated, PROC DISCRIM compupetsjx/, the probability ofx belonging to group, by applying

Bayes' theorem:

p.tjx/ D

PROC DISCRIM partitions p-dimensional vector space into regidRg, where the regioR; is the subspace
containing allp-dimensional vectorg such thap.t jy/ is the largest among all groups. An observation is

qtft.X/
f.x/

classi ed as coming from groupif it lies in regionR;.
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Parametric Methods

Assuming that each group has a multivariate normal distribution, PROC DISCRIM develops a discriminant
function or classi cation criterion by using a measure of generalized squared distance. The classi cation
criterion is based on either the individual within-group covariance matrices or the pooled covariance matrix;
it also takes into account the prior probabilities of the classes. Each observation is placed in the class
from which it has the smallest generalized squared distance. PROC DISCRIM also computes the posterior
probability of an observation belonging to each class.

The squared Mahalanobis distance freito groupt is
dZ.x/ D .x m/V, 1.x my/

whereV¢ D & if the within-group covariance matrices are usedyeiD S, if the pooled covariance matrix
is used.

The group-speci ¢ density estimatexafrom group t is then given by
fo.x/ D .2/ ZjVyj zexp 0:5d2.x/
Using Bayes' theorem, the posterior probabilityxabelonging to group is

u Aufu-x/
where the summation is over all groups.

The generalized squared distance frotoe groupt is de ned as

D2.x/ D d?.x/ C g1.t/ C ga.t/

where
t/ D InjSj if the within-group covariance matrices are used
ga- 0 if the pooled covariance matrix is used
and
ot/ D 2In.q¢/ if the prior probabilities are not all equal
2.

0 if the prior probabilities are all equal

The posterior probability ot belonging to group is then equal to

exp 0:5DZ.x/

tjx/ D P
Pt L exp  0:5D2.x/

The discriminant scores ared:5D2.x/. An observation is classi ed into groupif settingt = u produces
the largest value gf.t jx/ or the smallest value d2.x/. If this largest posterior probability is less than the
threshold speci edx is labeled as 'Other'.
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Nonparametric Methods

Nonparametric discriminant methods are based on nonparametric estimates of group-speci ¢ probability
densities. Either a kernel method or #aearest-neighbor method can be used to generate a nonparametric
density estimate in each group and to produce a classi cation criterion. The kernel method uses uniform,
normal, Epanechnikov, biweight, or triweight kernels in the density estimation.

Either Mahalanobis distance or Euclidean distance can be used to determine proximity. Wheednest-
neighbor method is used, the Mahalanobis distances are based on the pooled covariance matrix. When a
kernel method is used, the Mahalanobis distances are based on either the individual within-group covariance
matrices or the pooled covariance matrix. Either the full covariance matrix or the diagonal matrix of variances
can be used to calculate the Mahalanobis distances.

The squared distance between two observation veotansdy, in groupt is given by
dZ2.x;y/ D .x y/%V, 1.x y/

whereV, has one of the following forms:

8

2 S the pooled covariance matrix

< diag S,/ the diagonal matrix of the pooled covariance matrix
ViD. S the covariance matrix within group

diag S/ the diagonal matrix of the covariance matrix within graup
I the identity matrix

LIPS D 2]

The classi cation of an observation vectotis based on the estimated group-speci ¢ densities from the
training set. From these estimated densities, the posterior probabilities of group membetstigeataluated.
An observatiorx is classi ed into groupu if settingt D u produces the largest value pft jx/. If there is a

tie for the largest probability or if this largest probability is less than the threshold spegiisdabeled as
'Other".

The kernel method uses a xed radiusand a speci ed kernek, to estimate the groupdensity at each
observation vectox. Letz be ap-dimensional vector. Then the volume opalimensional unit sphere
bounded by%2 D 1is
b
D 2
V e —
°“ebca
where€ represents the gamma function (&&S Functions and CALL Routines: Refergnce

Thus, in grougt, the volume of g-dimensional ellipsoid bounded by
fzjz%, 1z D r2gis
vi.t/ D rijtj%vo
The kernel method uses one of the following densities as the kernel density intgroup

Uniform Kernel

8

< 1 .
i if 2%, 1z r2
Ki.zZ D v, .t/ t
0 elsewhere



Normal Kernel (with mean zero, varianae?Vy)

1 1 4 4
Kt.z/DWexp FZO\/I z

wherecy.t/ D .2/ %rpjvtj%.

Epanechnikov Kernel

8
< 1 1 ) 1 5
K2 D cit/ 1 r2zo\/t z it v, 1z r
0 elsewhere
wherec; .t/ D 1C P .
vy .t/ 2

Biweight Kernel

8

< 1 oy 1 2 if 0. 1 2
Ki.2/ D c.t/ 1 22Vt 2 ifzV, %z r
0 elsewhere

wherec,.t/ D lC% cy.t/.

Triweight Kernel

1 .
cat/ 1 r—zzO\/t 17 it v, 'z r2

Ki.zZ/ D
-0 elsewhere

wherecz.t/ D 1C% Co.t/.

The groupt density aix is estimated by

1 X
ft.xI D — Ki.x yl
Nt y
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where the summation is over all observatignim groupt, andK; is the speci ed kernel function. The

posterior probability of membership in grouis then given by

qtft.X/
f.x/

p.tjx/ D

P
wheref. x/ D, quf y.x/ is the estimated unconditional density.fIfx/ is zero, the observatioxis

labeled as 'Other"'.
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The uniform-kernel method treafs; . z/ as a multivariate uniform function with density uniformly distributed
overz%, 1z  r2. Letk; be the number of training set observatignfom groupt within the closed
ellipsoid centered at speci ed byd?.x;y/  r2. Then the group density aix is estimated by

k

fi.x/ D
t-X ne vy .t/

When the identity matrix or the pooled within-group covariance matrix is used in calculating the squared
distancey; .t/ is a constant, independent of group membership. The posterior probabityeddnging to
groupt is then given by

, o
tjx/ D P o
Pt QuKu

u Ny

If the closed ellipsoid centeredxatoes not include any training set observatidnss/ is zero and is labeled

as 'Other'. When the prior probabilities are equal jx/ is proportional td;=n; andx is classi ed into the

group that has the highest proportion of obse[yations in the closed ellipsoid. When the prior probabilities
are proportional to the group sizgst jx/ D ki= |, ky, X is classi ed into the group that has the largest
number of observations in the closed ellipsoid.

The nearest-neighbor method xes the numliienf training set points for each observationThe method
nds the radiusr,.x/ that is the distance from to thekth-nearest training set point in the metkig *.
Consider a closed ellipsoid centereckatounded byfzj.z x/%, 1.z x/ D rlf.x/g the nearest-neighbor
method is equivalent to the uniform-kernel method with a location-dependent radids Note that, with
ties, more thaik training set points might be in the ellipsoid.

Using thek-nearest-neighbor rule, thg (or more with ties) smallest distances are saved. Of theggtances,
let k; represent the number of distances that are associated with grdtaen, as in the uniform-kernel
method, the estimated grotidensity aix is

ki

ft.x/ D
X NV X/

wherevy ./ is the volume of the ellipsoid bounded byj .z x/%;*.z x/ D r2.x/g Since the pooled
within-group covariance matrix is used to calculate the distances used in the nearest-neighbor method, the
volumevy.x/ is a constant independent of group membership. Wired is used in the nearest-neighbor

rule, x is classi ed into the group associated with theoint that yields the smallest squared distance
dtz.x; y/. Prior probabilities affect nearest-neighbor results in the same way that they affect uniform-kernel
results.

With a speci ed squared distance formula (METRIC=, POOL=), the valuesaoidk determine the degree

of irregularity in the estimate of the density function, and they are called smoothing parameters. Small values
of r or k produce jagged density estimates, and large value®ok produce smoother density estimates.
Various methods for choosing the smoothing parameters have been suggested, and there is as yet no simple
solution to this problem.

For a xed kernel shape, one way to choose the smoothing paramistés plot estimated densities with
different values of and to choose the estimate that is most in accordance with the prior information about
the density. For many applications, this approach is satisfactory.

Another way of selecting the smoothing parameterto choose a value that optimizes a given criterion.
Different groups might have different sets of optimal values. Assume that the unknown density has bounded
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and continuous second derivatives and that the kernel is a symmetric probability density function. One
criterion is to minimize an approximate mean integrated square error of the estimated density (Rosenblatt
1956). The resulting optimal value ofdepends on the density function and the kernel. A reasonable choice
for the smoothing parameteiis to optimize the criterion with the assumption that grodyas a normal
distribution with covariance matriX;. Then, in groud, the resulting optimal value faris given by

AK, =pC4
Nt

where the optimal constatK ;/ depends on the kernKl; (Epanechnikov 1969). For some useful kernels,
the constanté\.K {/ are given by the following:

1 : .
AK/ D Ezpm.p C 2/ % with a uniform kernel
4
AK./ D pCl with a normal kernel
2rC2p2, 2/. 4
AK{/ D p=pC2pC /€ P with an Epanechnikov kernel
2pC1 2

These selections &.K / are derived under the assumption that the data in each group are from a multivariate
normal distribution with covariance matri% . However, when the Euclidean distances are used in calculating
the squared distanc®'; D |/, the smoothing constant should be multipliedsbwheresis an estimate of
standard deviations for all variables. A reasonable choiceifor
5 1 X z
S 0 Sj
wheres; are grougt marginal variances.

The DISCRIM procedure uses only a single smoothing parameter for all groups. However, the selection
of the matrix in the distance formula (from the METRIC= or POOL= option), enables individual groups
and variables to have different scalings. Whgnthe matrix used in calculating the squared distances, is
an identity matrix, the kernel estimate at each data point is scaled equally for all variables in all groups.
WhenV, is the diagonal matrix of a covariance matrix, each variable in gtégipcaled separately by its
variance in the kernel estimation, where the variance can be the pooled vaiarioeS,/ or an individual
within-group varianceV; D /. WhenV; is a full covariance matrix, the variables in grougre scaled
simultaneously by in the kernel estimation.

In nearest-neighbor methods, the choic& isfusually relatively uncritical (Hand 1982). A practical approach
is to try several different values of the smoothing parameters within the context of the particular application
and to choose the one that gives the best cross validated estimate of the error rate.

Classi cation Error-Rate Estimates

A classi cation criterion can be evaluated by its performance in the classi cation of future observations.
PROC DISCRIM uses two types of error-rate estimates to evaluate the derived classi cation criterion based
on parameters estimated by the training sample:

* error-count estimates

* posterior probability error-rate estimates
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The error-count estimate is calculated by applying the classi cation criterion derived from the training sample
to a test set and then counting the number of misclassi ed observations. The group-speci ¢ error-count
estimate is the proportion of misclassi ed observations in the group. When the test set is independent of the
training sample, the estimate is unbiased. However, the estimate can have a large variance, especially if the
test set is small.

When the input data set is an ordinary SAS data set and no independent test sets are available, the same data
set can be used both to de ne and to evaluate the classi cation criterion. The resulting error-count estimate
has an optimistic bias and is called @pparent error rate To reduce the bias, you can split the data into two
sets—one set for deriving the discriminant function and the other set for estimating the error rate. Such a
split-sample method has the unfortunate effect of reducing the effective sample size.

Another way to reduce bias is cross validation (Lachenbruch and Mickey 1968). Cross validation +réats

out of n training observations as a training set. It determines the discriminant functions based on-tHese
observations and then applies them to classify the one observation left out. This is done for each of the
training observations. The misclassi cation rate for each group is the proportion of sample observations in
that group that are misclassi ed. This method achieves a nearly unbiased estimate but with a relatively large
variance.

To reduce the variance in an error-count estimate, smoothed error-rate estimates are suggested (Glick 1978).
Instead of summing terms that are either zero or one as in the error-count estimator, the smoothed estimator
uses a continuum of values between zero and one in the terms that are summed. The resulting estimator has a
smaller variance than the error-count estimate. The posterior probability error-rate estimates provided by
the POSTERR option in the PROC DISCRIM statement (see the section “Posterior Probability Error-Rate
Estimates” on page 2182) are smoothed error-rate estimates. The posterior probability estimates for each
group are based on the posterior probabilities of the observations classi ed into that same group. The
posterior probability estimates provide good estimates of the error rate when the posterior probabilities are
accurate. When a parametric classi cation criterion (linear or quadratic discriminant function) is derived from

a nonnormal population, the resulting posterior probability error-rate estimators might not be appropriate.

The overall error rate is estimated through a weighted average of the individual group-speci ¢ error-rate
estimates, where the prior probabilities are used as the weights.

To reduce both the bias and the variance of the estimator, Hora and Wilcox (1982) compute the posterior
probability estimates based on cross validation. The resulting estimates are intended to have both low variance
from using the posterior probability estimate and low bias from cross validation. They use Monte Carlo
studies on two-group multivariate normal distributions to compare the cross validation posterior probability
estimates with three other estimators: the apparent error rate, cross validation estimator, and posterior
probability estimator. They conclude that the cross validation posterior probability estimator has a lower
mean squared error in their simulations.

Quasi-inverse

Consider the plot shown in Figure 35.6 with two variabkés andx2, and two classes, A and B. The within-

class covariance matrix is diagonal, with a positive valuextbbut zero forx2. Using a Moore-Penrose
pseudo-inverse would effectively ignoxe in doing the classi cation, and the two classes would have a

zero generalized distance and could not be discriminated at all. The quasi inverse used by PROC DISCRIM
replaces the zero variance %2 with a small positive number to remove the singularity. This perix@t$o

be used in the discrimination and results correctly in a large generalized distance between the two classes
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and a zero error rate. It also permits new observations, such as the one indicated by N, to be classi ed in
a reasonable way. PROC CANDISC also uses a quasi inverse when the total-sample covariance matrix is
considered to be singular and Mahalanobis distances are requested. This problem with singular within-class
covariance matrices is discussed in Ripley (1996, p. 38). The use of the quasi inverse is an innovation
introduced by SAS.

Figure 35.6 Plot of Data with Singular Within-Class Covariance Matrix

Let S be a singular covariance matrix. The matfxan be either a within-group covariance matrix, a
pooled covariance matrix, or a total-sample covariance matrixv betthe number of variables in the VAR
statement, and let the nullitybe the number of variables among them with (partial) R square exceeding

1 —p. If the determinant o8 (Testing of Homogeneity of Within Covariance Matrices) or the inversg of
(Squared Distances and Generalized Squared Distances) is required, a quasi determinant or quasi inverse is
used instead. With raw data input, PROC DISCRIM scales each variable to unit total-sample variance before
calculating this quasi inverse. The calculation is based on the spectral decomp®hi€fi€ © wheref is

a diagonal matrix of eigenvalueg,j D 1;:::;v, where j i wheni <j , and€ is a matrix with the
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Posterior Probability Error-Rate Estimates

The posterior probability error-rate estimates (Fukunaga and Kessel 1973; Glick 1978; Hora and Wilcox
1982) for each group are based on the posterior probabilities of the observations classi ed into that same

group.

A sample of observations with classi cation results can be used to estimate the posterior error rates. The
following notation is used to describe the sample:

S the set of observations in the (training) sample

n the number of observations $

Ny the number of observations 8iin groupt

R¢ the set of observations such that the posterior probability belonging to gistipe largest

Rut the set of observations from grougsuch that the posterior probability belonging to graugpthe
largest

The classi cation error rate for grougis de ned as
Z

D1 fe.x/dx
Rt
The posterior probability of for groupt can be written as

qtft.X/

tjx/ D
p-tix/ f. x/

P
wheref. x/ D, quf y.x/ is the unconditional density of.

Thus, if you replacé.x/ with p.t jx/f. x/=q, the error rate is
Z
1
eDl1l — p.tjx/f. x/dx
t R,

An estimator ofe, unstrati ed over the groups from which the observations come, is then given by

1 X
& (unstratied)D 1 — p.tjx/
NaQt R,

wherep.t jx/ is estimated from the classi cation criterion, and the summation is over all sample observations
of S classi ed into groupt. The true group membership of each observation is not required in the estimation.
The termng; is the number of observations that are expected to be classi ed into grgiven the priors. If

more observations than expected are classi ed into gtothen€& can be negative.

P
Further, if you replacé. x/ with |, quf y.x/, the error rate can be written as
1x 4
eDl — qu p.tjx/f y.x/dx

t Ryt
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and an estimator strati ed over the group from which the observations come is given by

0 1
1 X 1 X

@(stratied) D1 — q—@ ptjx/A
G Ny Ru

The inner summation is over all sample observatiors cbming from groupu and classi ed into group, and

ny is the number of observations originally from growpThe strati ed estimate uses only the observations
with known group membership. When the prior probabilities of the group membership are proportional to
the group sizes, the strati ed estimate is the same as the unstrati ed estimator.

The estimated group-speci c error rates can be less than zero, usually due to a large discrepancy between
prior probabilities of group membership and group sizes. To have a reliable estimate for group-speci ¢
error rate estimates, you should use group sizes that are at least approximately proportional to the prior
probabilities of group membership.

A total error rate is de ned as a weighted average of the individual group error rates
X
eD ge
t

and can be estimated from

X
&(unstrati ed) D g: ® (unstrati ed)

or
X
&(strati ed) D 0: € (strati ed)

t

The total unstrati ed error-rate estimate can also be written as
X X

, 1 .
&(unstratied)D 1 — p.tjx/
Ny R
which is one minus the average value of the maximum posterior probabilities for each observation in the
sample. The prior probabilities of group membership do not appear explicitly in this overall estimate.

Saving and Using Calibration Information

When you specify METHOD=NORMAL to derive a linear or quadratic discriminant function, you can save
the calibration information developed by the DISCRIM procedure in a SAS data set by using the OUTSTAT=
option in the procedure. PROC DISCRIM then creates a specially structured SAS data set of TYPE=LINEAR,
TYPE=QUAD, or TYPE=MIXED that contains the calibration information. For more information about
these data sets, see Appendix A, “Special SAS Data Sets.” Calibration information cannot be saved when
METHOD=NPAR, but you can classify a TESTDATA= data set in the same step. For an example of this, see
Example 35.1.

To use this calibration information to classify observations in another data set, specify both of the following:

 the name of the calibration data set after the DATA= option in the PROC DISCRIM statement
 the name of the data set to be classi ed after the TESTDATA= option in the PROC DISCRIM statement
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Here is an example:

data original;
input position x1 x2;
datalines;

...[data lines]

proc discrim outstat=info;
class position;
run;

data check;
input position x1 x2;
datalines;

...[second set of data lines]

proc discrim data=info testdata=check testlist;
class position;
run;

The rst DATA step creates the SAS data $#iginal, which the DISCRIM procedure uses to develop a
classi cation criterion. Specifying OUTSTAT=INFO in the PROC DISCRIM statement causes the DISCRIM
procedure to store the calibration information in a new data set daliedThe next DATA step creates the
data setCheck. The second PROC DISCRIM statement speci es DATA=INFO and TESTDATA=CHECK so
that the classi cation criterion developed earlier is applied toGheck data set. Note that if the CLASS
variable is not present in the TESTDATA= data set, the output will not include misclassi cation statistics.

Input Data Sets
DATA= Data Set

When you specify METHOD=NPAR, an ordinary SAS data set is required as the input DATA= data set.
When you specify METHOD=NORMAL, the DATA= data set can be an ordinary SAS data set or one of

several specially structured data sets created by SAS/STAT procedures. These specially structured data sets
include the following:

TYPE=CORR data sets created by PROC CORR by using a BY statement

TYPE=COQV data sets created by PROC PRINCOMP by using both the COV option and a BY statement

TYPE=CSSCP data sets created by PROC CORR by using the CSSCP option and a BY statement,
where the OUT= data set is assigned TYPE=CSSCP with the TYPE= data set option

TYPE=SSCP data sets created by PROC REG by using both the OUTSSCP= option and a BY statement

TYPE=LINEAR, TYPE=QUAD, and TYPE=MIXED data sets produced by previous runs of PROC
DISCRIM that used both METHOD=NORMAL and OUTSTAT= options
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When the input data set is TYPE=CORR, TYPE=COQV, TYPE=CSSCP, or TYPE=SSCP, the BY variable in
these data sets becomes the CLASS variable in the DISCRIM procedure.

When the input data set is TYPE=CORR, TYPE=COQV, or TYPE=CSSCP, then PROC DISCRIM reads
the number of observations for each class from the observations WiPE_='N' and reads the variable
means in each class from the observations withPE_="MEAN'. Then PROC DISCRIM reads the within-
class correlations from the observations wittiyPE_="CORR' and reads the standard deviations from
the observations withTYPE_='STD' (data set TYPE=CORR), the within-class covariances from the
observations with TYPE_='COV' (data set TYPE=COQV), or the within-class corrected sums of squares and
crossproducts from the observations withYPE_='CSSCP' (data set TYPE=CSSCP).

When you specify POOL=YES and the data set does not include any observationgviia_='"CSSCP"

(data set TYPE=CSSCP),TYPE_='COV' (data set TYPE=COQV), or_ TYPE_='CORR' (data set
TYPE=CORR) for each class, PROC DISCRIM reads the pooled within-class information from the data
set. In this case, PROC DISCRIM reads the pooled within-class covariances from the observations with
_TYPE_='PCQV' (data set TYPE=COV) or reads the pooled within-class correlations from the observa-
tions with_TYPE_='PCORR' and the pooled within-class standard deviations from the observations with
_TYPE_='PSTD' (data set TYPE=CORR) or the pooled within-class corrected SSCP matrix from the
observations with TYPE_='PSSCP' (data set TYPE=CSSCP).

When the input data set is TYPE=SSCP, the DISCRIM procedure reads the number of observations for
each class from the observations withyPE_='N', the sum of weights of observations for each class from

the variabld NTERCEP in observations with TYPE_='SSCP' and NAME_='INTERCEPT', the variable

sums from the analysis variables in observations withPE_='SSCP' and_NAME_='INTERCEPT,

and the uncorrected sums of squares and crossproducts from the analysis variables in observations with
_TYPE_='SSCP' and NAME_='variablenames'.

When the input data set is TYPE=LINEAR, TYPE=QUAD, or TYPE=MIXED, then PROC DISCRIM reads
the prior probabilities for each class from the observations with variabi®E_='PRIOR".

When the input data set is TYPE=LINEAR, then PROC DISCRIM reads the coef cients of the linear
discriminant functions from the observations with variabie PE_='LINEAR'.

When the input data set is TYPE=QUAD, then PROC DISCRIM reads the coef cients of the quadratic
discriminant functions from the observations with variabieY PE_="QUAD".

When the input data set is TYPE=MIXED, then PROC DISCRIM reads the coef cients of the linear
discriminant functions from the observations with variable’ PE_='LINEAR'. If there are no observations
with _TYPE_='LINEAR', then PROC DISCRIM reads the coef cients of the quadratic discriminant functions
from the observations with variabl@ YPE_='QUAD'.

TESTDATA= Data Set

The TESTDATA= data set is an ordinary SAS data set with observations that are to be classi ed. The
gquantitative variable names in this data set must match those in the DATA= data set. The TESTCLASS
statement can be used to specify the variable containing group membership information of the TESTDATA=
data set observations. When the TESTCLASS statement is missing and the TESTDATA= data set contains the
variable given in the CLASS statement, this variable is used as the TESTCLASS variable. The TESTCLASS
variable should have the same type (character or numeric) and length as the variable given in the CLASS
statement. PROC DISCRIM considers an observation misclassi ed when the value of the TESTCLASS
variable does not match the group into which the TESTDATA= observation is classi ed.
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Output Data Sets

When an output data set includes variables containing the posterior probabilities of group membership (OUT=,
OUTCROSS=, or TESTOUT= data sets) or group-speci ¢ density estimates (OUTD= or TESTOUTD= data
sets), the names of these variables are constructed from the formatted values of the class levels converted to
valid SAS variable names.

OUT= Data Set

The OUT= data set contains all the variables in the DATA= data set, plus new variables containing the
posterior probabilities and the resubstitution classi cation results. The names of the new variables containing
the posterior probabilities are constructed from the formatted values of the class levels converted to SAS
names. A new variable INTO_, with the same attributes as the CLASS variable, speci es the class to which
each observation is assigned. If an observation is labeled as 'Other’, the vatidi® has a missing value.

When you specify the CANONICAL option, the data set also contains new variables with canonical variable
scores. The NCAN= option determines the number of canonical variables. The names of the canonical
variables are constructed as described in the CANPREFIX= option. The canonical variables have means
equal to zero and pooled within-class variances equal to one.

An OUT= data set cannot be created if the DATA= data set is not an ordinary SAS data set.

OUTD= Data Set

The OUTD= data set contains all the variables in the DATA= data set, plus new variables containing the
group-speci ¢ density estimates. The names of the new variables containing the density estimates are
constructed from the formatted values of the class levels.

An OUTD= data set cannot be created if the DATA= data set is not an ordinary SAS data set.

OUTCROSS= Data Set

The OUTCROSS= data set contains all the variables in the DATA= data set, plus new variables containing
the posterior probabilities and the classi cation results of cross validation. The names of the new variables
containing the posterior probabilities are constructed from the formatted values of the class levels. A
new variable, INTO_, with the same attributes as the CLASS variable, speci es the class to which each
observation is assigned. When an observation is labeled as 'Other’, the variidibte_ has a missing

value. When you specify the CANONICAL option, the data set also contains new variables with canonical
variable scores. The NCAN= option determines the number of new variables. The names of the new variables
are constructed as described in the CANPREFIX= option. The new variables have mean zero and pooled
within-class variance equal to one.

An OUTCROSS= data set cannot be created if the DATA= data set is not an ordinary SAS data set.
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TESTOUT= Data Set

The TESTOUT= data set contains all the variables in the TESTDATA= data set, plus new variables containing
the posterior probabilities and the classi cation results. The names of the new variables containing the
posterior probabilities are formed from the formatted values of the class levels. A new varlagie, ,

with the same attributes as the CLASS variable, gives the class to which each observation is assigned.
If an observation is labeled as 'Other’, the variabl®TO_ has a missing value. When you specify the
CANONICAL option, the data set also contains new variables with canonical variable scores. The NCAN=
option determines the number of new variables. The names of the new variables are formed as described in
the CANPREFIX= option.

TESTOUTD= Data Set

The TESTOUTD= data set contains all the variables in the TESTDATA= data set, plus new variables
containing the group-speci ¢ density estimates. The names of the new variables containing the density
estimates are formed from the formatted values of the class levels.

OUTSTAT= Data Set

The OUTSTAT= data set is similar to the TYPE=CORR data set produced by the CORR procedure. The data
set contains various statistics such as means, standard deviations, and correlations. For an example of an
OUTSTAT= data set, see Example 35.3. When you specify the CANONICAL option, canonical correlations,
canonical structures, canonical coef cients, and means of canonical variables for each class are included in
the data set.

If you specify METHOD=NORMAL, the output data set also includes coef cients of the discriminant
functions, and the data set is TYPE=LINEAR (POOL=YES), TYPE=QUAD (POOL=NO), or TYPE=MIXED
(POOL=TEST). If you specify METHOD=NPAR, this output data setis TYPE=CORR.

The OUTSTAT= data set contains the following variables:

* the BY variables, if any

the CLASS variable

* TYPE_, a character variable of length 8 that identi es the type of statistic

_NAME_, a character variable of length 32 that identi es the row of the matrix, the name of the
canonical variable, or the type of the discriminant function coef cients

the quantitative variables—that is, those in the VAR statement, or, if there is no VAR statement, all
numeric variables not listed in any other statement



2188 F Chapter 35: The DISCRIM Procedure

The observations, as identi ed by the variablEYPE_, have the following values:

_TYPE_
N

SUMWGT

MEAN

PRIOR
STDMEAN
PSTDMEAN
STD

PSTD
BSTD
RSQUARED
LNDETERM

Contents

number of observations both for the total sample (CLASS variable missing) and within
each class (CLASS variable present)

sum of weights both for the total sample (CLASS variable missing) and within each class
(CLASS variable present), if a WEIGHT statement is speci ed

means both for the total sample (CLASS variable missing) and within each class (CLASS
variable present)

prior probability for each class
total-standardized class means
pooled within-class standardized class means

standard deviations both for the total sample (CLASS variable missing) and within each
class (CLASS variable present)

pooled within-class standard deviations
between-class standard deviations
univariate R squares

the natural log of the determinant or the natural log of the quasi determinant of the within-
class covariance matrix either pooled (CLASS variable missing) or not pooled (CLASS
variable present)

The following kinds of observations are identi ed by the combination of the variabi¥®E_ and_NAME_.
When the TYPE_ variable has one of the following values, theAME_ variable identi es the row of the

matrix:

_TYPE_
CSSCP

PSSCP
BSSCP
cov

PCQOV
BCOV
CORR

PCORR
BCORR

Contents

corrected SSCP matrix both for the total sample (CLASS variable missing) and within
each class (CLASS variable present)

pooled within-class corrected SSCP matrix
between-class SSCP matrix

covariance matrix both for the total sample (CLASS variable missing) and within each
class (CLASS variable present)

pooled within-class covariance matrix
between-class covariance matrix

correlation matrix both for the total sample (CLASS variable missing) and within each
class (CLASS variable present)

pooled within-class correlation matrix

between-class correlation matrix
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When you request canonical discriminant analysis, &ME_ variable identi es a canonical variable, and
_TYPE_ variable can have one of the following values:

_TYPE_ Contents

CANCORR canonical correlations

STRUCTUR canonical structure

BSTRUCT between canonical structure
PSTRUCT pooled within-class canonical structure
SCORE standardized canonical coef cients

RAWSCORE raw canonical coef cients
CANMEAN means of the canonical variables for each class

When you specify METHOD=NORMAL, theNAME_ variable identi es different types of coef cients in
the discriminant function, and th&YPE_ variable can have one of the following values:

_TYPE_ Contents
LINEAR coef cients of the linear discriminant functions
QUAD coef cients of the quadratic discriminant functions

The values of the NAME_ variable are as follows:

_NAME_ Contents

variable names quadratic coef cients of the quadratic discriminant functions (a symmetric matrix for
each class)

_LINEAR_ linear coef cients of the discriminant functions

_CONST_ constant coef cients of the discriminant functions

Computational Resources

In the following discussion, let

number of observations in the training data set
number of variables

number of class levels

number of canonical variables

length of the CLASS variable

— X o < S
O O O 0O O
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Memory Requirements

The amount of temporary storage required depends on the discriminant method used and the options speci ed.
The least amount of temporary storage in bytes needed to process the data is approximately

c.32vC 31 C 128/C 8v2 C 104vC 4l

A parametric method (METHOD=NORMAL) requires an additional temporary memoipwf C 100v

bytes. When you specify the CROSSVALIDATE option, this temporary storage must be increased by
4v? C 44v bytes. When a nonparametric method (METHOD=NPAR) is used, an additional temporary
storage oflOv? C 94v bytes is needed if you specify METRIC=FULL to evaluate the distances.

With the MANOVA option, the temporary storage must be increase8M3yC 96v bytes. The CANONICAL
option requires a temporary storage2of C 94v C 8k.v C c/ bytes. The POSTERR option requires a
temporary storage @c? C 64cC 96 bytes. Additional temporary storage is also required for classi cation
summary and for each output data set.

Consider the following statements:

proc discrim manova,
class gp;
var x1 x2 x3;
run;

If the CLASS variablegp has a length of 8 and the input data set contains two class levels, the procedure
requires a temporary storage of 1992 bytes. This includes 1104 bytes for processing data, 480 bytes for using
a parametric method, and 408 bytes for specifying the MANOVA option.

Time Requirements

The following factors determine the time requirements of discriminant analysis:

« The time needed for reading the data and computing covariance matrices is proportiorfal RROC
DISCRIM must also look up each class level in the list. This is faster if the data are sorted by the
CLASS variable. The time for looking up class levels is proportional to a value rangingrftom
nin.c/.

« The time for inverting a covariance matrix is proportionavfo

» With a parametric method, the time required to classify each observation is proporti@vaidio
a linear discriminant function ancv? for a quadratic discriminant function. When you specify
the CROSSVALIDATE option, the discriminant function is updated for each observation in the
classi cation. A substantial amount of time is required.

» With a nonparametric method, the data are stored in a tree structure (Friedman, Bentley, and Finkel
1977). The time required to organize the observations into the tree structure is proportionad fo/ .
The time for performing each tree search is proportiondhtn/. When you specify the normal
KERNEL= option, all observations in the training sample contribute to the density estimation and
more computer time is needed.

« The time required for the canonical discriminant analysis is proportional.to

Each of the preceding factors has a different machine-dependent constant of proportionality.
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Displayed Output

The displayed output from PROC DISCRIM includes the class level information table. For each level of the
classi cation variable, the following information is provided: the output data set variable name, frequency
sum, weight sum, proportion of the total sample, and prior probability.

The optional output from PROC DISCRIM includes the following:

» Within-class SSCP matrices for each group

* Pooled within-class SSCP matrix

» Between-class SSCP matrix

» Total-sample SSCP matrix

» Within-class covariance matrices,, for each group
+ Pooled within-class covariance matr,

» Between-class covariance matrix, equal to the between-class SSCP matrix divided byt/=c,
wheren is the number of observations aads the number of classes

 Total-sample covariance matrix

» Within-class correlation coef cients arfér > jrj to test the hypothesis that the within-class population
correlation coef cients are zero

» Pooled within-class correlation coef cients aft > jrj to test the hypothesis that the partial
population correlation coef cients are zero

» Between-class correlation coef cients aRd > jrj to test the hypothesis that the between-class
population correlation coef cients are zero

» Total-sample correlation coef cients arRt > jrj to test the hypothesis that the total population
correlation coef cients are zero

» Simple statistics, including\ (the number of observations), sum, mean, variance, and standard
deviation both for the total sample and within each class

» Total-sample standardized class means, obtained by subtracting the grand mean from each class mean
and dividing by the total-sample standard deviation

» Pooled within-class standardized class means, obtained by subtracting the grand mean from each class
mean and dividing by the pooled within-class standard deviation

» Pairwise squared distances between groups

» Univariate test statistics, including total-sample standard deviations, pooled within-class standard
deviations, between-class standard deviations, R sqlaéa:el R2/,F, andPr > F (univariateF
values and probability levels for one-way analyses of variance)
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Multivariate statistics an# approximations, including Wilks' lambda, Pillai's trace, Hotelling-Lawley
trace, and Roy's greatest root withapproximations, numerator and denominator degrees of freedom
(Num DF and Den DF), and probability valug?r > F/ . Each of these four multivariate statistics

tests the hypothesis that the class means are equal in the population. See the section “Multivariate
Tests” on page 90 in Chapter 4, “Introduction to Regression Procedures,” for more information.

If you specify METHOD=NORMAL, the following three statistics are displayed:

If the

Covariance matrix information, including covariance matrix rank and natural log of determinant of
the covariance matrix for each group (POOL=TEST, POOL=NO) and for the pooled within-group
(POOL=TEST, POOL=YES)

Optionally, test of homogeneity of within covariance matrices (the results of a chi-square test of
homogeneity of the within-group covariance matrices) (Morrison 1976; Kendall, Stuart, and Ord 1983;
Anderson 1984)

Pairwise generalized squared distances between groups
CANONICAL option is speci ed, the displayed output contains these statistics:

Canonical correlations

Adjusted canonical correlations (Lawley 1959). These are asymptotically less biased than the raw
correlations and can be negative. The adjusted canonical correlations might not be computable and are
displayed as missing values if two canonical correlations are nearly equal or if some are close to zero.
A missing value is also displayed if an adjusted canonical correlation is larger than a previous adjusted
canonical correlation.

Approximate standard error of the canonical correlations
Squared canonical correlations

Eigenvalues oE 'H. Each eigenvalue is equal t8=.1 2/, where 2 is the corresponding squared
canonical correlation and can be interpreted as the ratio of between-class variation to within-class
variation for the corresponding canonical variable. The table includes eigenvalues, differences between
successive eigenvalues, proportion of the sum of the eigenvalues, and cumulative proportion.

Likelihood ratio for the hypothesis that the current canonical correlation and all smaller ones are zero
in the population. The likelihood ratio for all canonical correlations equals Wilks' lambda.

ApproximateF statistic based on Rao's approximation to the distribution of the likelihood ratio (Rao
1973, p. 556; Kshirsagar 1972, p. 326)

Numerator degrees of freedom (Num DF), denominator degrees of freedom (Den DPY), akd,
the probability level associated with tkestatistic
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The following statistic concerns the classi cation criterion:

* the linear discriminant function, but only if you specify METHOD=NORMAL and the pooled covari-
ance matrix is used to calculate the (generalized) squared distances

When the input DATA= data set is an ordinary SAS data set, the displayed output includes the following:

» Optionally, the resubstitution results including the observation number (if an ID statement is included,
the values of the ID variable are displayed instead of the observation number), the actual group for the
observation, the group into which the developed criterion would classify it, and the posterior probability
of membership in each group

» Resubstitution summary, a summary of the performance of the classi cation criterion based on
resubstitution classi cation results

» Error count estimate of the resubstitution classi cation results

» Optionally, posterior probability error rate estimates of the resubstitution classi cation results

If you specify the CROSSVALIDATE option, the displayed output contains these statistics:

» Optionally, the cross validation results including the observation number (if an ID statement is included,
the values of the ID variable are displayed instead of the observation number), the actual group for the
observation, the group into which the developed criterion would classify it, and the posterior probability
of membership in each group

» Cross validation summary, a summary of the performance of the classi cation criterion based on cross
validation classi cation results

» Error count estimate of the cross validation classi cation results

» Optionally, posterior probability error rate estimates of the cross validation classi cation results

If you specify the TESTDATA= option, the displayed output contains these statistics:

» Optionally, the classi cation results including the observation number (if a TESTID statement is
included, the values of the ID variable are displayed instead of the observation number), the actual
group for the observation (if a TESTCLASS statement is included), the group into which the developed
criterion would classify it, and the posterior probability of membership in each group

 Classi cation summary, a summary of the performance of the classi cation criterion
» Error count estimate of the test data classi cation results

» Optionally, posterior probability error rate estimates of the test data classi cation results
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Formulas
By default, PROC DISCRIM displays formulas such as the following in the LISTING destination:

2 _ 1
D (|) = (X - X ) DIAG(COV ) (X - X )

_ _ 2

| 1 1 | 2P +3P -1
RHO = 1.0 - | SUM - S —

| N(i) N | 6(P+1)(K-1)

2 B 1
D (X) = (XX ) COV (X-X ) + In |COV | - 2 In PRIOR
j j j j j j

These formulas are properly displayed only with uniform fonts. Formulas are not displayed by default
in destinations such as HTML, RTF, and PDF, because destinations other than LISTING typically use
proportional fonts. You can use the FORMULA option to display formulas in destinations other than

LISTING.

In the LISTING destination, formulas are displayed as notes. In other destinations, formulas are displayed
with batch capture (which provides uniform fonts). Therefore, the names that are used to select and exclude
formulas from the LISTING destination are different from the names that are used with other destinations.

By default, batch capture results are displayed in a box. You can remove the box and change the color and
font of the formulas as follows:

proc template;
define style styles.batch; parent=styles.htmlblue;
style fonts from fonts / "BatchFixedFont" =
("SAS Monospace, <monospace>, Courier, monospace", 2, bold);
style batch from batch / frame=void foreground=colors( notefg );
end;
run;

ods listing;

ods html style=batch body= dis.html;
ods rtf style=batch body= dis.rtf;
ods pdf style=batch body= dis.pdf;

proc discrim data=sashelp.iris formula;
class Species;
var Peta:;

run;

ods _all_ close;

The results of these steps are not displayed.
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ODS Table Names

PROC DISCRIM assigns a name to each table it creates. You can use these names to reference the table
when using the Output Delivery System (ODS) to select tables and create output data sets. These names are
listed in Table 35.2. For more information about ODS, see Chapter 20, “Using the Output Delivery System.”

Table 35.2 ODS Tables Produced by PROC DISCRIM
ODS Table Name  Description PROC DISCRIM Option

ANOVA Univariate statistics ANOVA

AvePostCrossVal Average posterior probabilities, POSTERR & CROSSVALIDATE
cross validation

AvePostResub Average posterior probabilities,POSTERR
resubstitution

AvePostTestClass Average posterior probabilities POSTERR & TEST=
test classi cation

AveRSquare Average R-square ANOVA
BCorr Between-class correlations BCORR
BCov Between-class covariances BCOV
BSSCP Between-class SSCP matrix BSSCP
BStruc Between canonical structure CANONICAL
CanCorr Canonical correlations CANONICAL
CanonicalMeans Class means on canonical CANONICAL
variables
ChiSq Chi-square information POOL=TEST

Classi edCrossVal Number of observations and perc ROSSVALIDATE
cent classi ed, cross validation

Classi edResub Number of observations and perdefault
cent classi ed, resubstitution

Classi edTestClass Number of observations and perTEST=
cent classi ed, test classi cation

Counts Number of observations, default
variables, classes, df

CovDF DF for covariance matrices, notany *COV option
displayed

Dist Squared distances DISTANCE

DistFValues F values based on squared DISTANCE
distances

DistGeneralized Generalized squared distances default

DistProb Probabilities forF values from DISTANCE
squared distances

ErrorCrossVal Error count estimates, CROSSVALIDATE
cross validation

ErrorResub Error count estimates, default
resubstitution

ErrorTestClass Error count estimates, TEST=

test classi cation
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Table 35.2 continued
ODS Table Name  Description PROC DISCRIM Option
Levels Class level information default
LinearDiscFunc Linear discriminant function POOL=YES
LogDet Log determinant of the default
covariance matrix
MultStat MANOVA MANOVA
PCoef Pooled standard canonical CANONICAL
coef cients
PCorr Pooled within-class correlations PCORR
PCov Pooled within-class covariances PCOV
PSSCP Pooled within-class SSCP matrixPSSCP
PStdMeans Pooled standardized class means STDMEAN
PStruc Pooled within canonical CANONICAL
structure
PostCrossVal Posterior probabilities, CROSSLIST or CROSSLISTERR
cross validation
PostErrCrossVal Posterior error estimates, POSTERR & CROSSVALIDATE
cross validation
PostErrResub Posterior error estimates, POSTERR

PostErrTestClass
PostResub
PostTestClass

RCoef
SimpleStatistics
TCoef

TCorr
TCov
TSSCP
TStdMeans
TStruc
WCorr
WCov
WSSCP

resubstitution

Posterior error estimates,
test classi cation

Posterior probabilities,
resubstitution

Posterior probabilities,
test classi cation
Raw canonical coef cients CANONICAL

Simple statistics SIMPLE
Total-sample standard canonicaCANONICAL
coef cients

POSTERR & TEST=

LIST or LISTERR

TESTLIST or TESTLISTERR

Total-sample correlations TCORR
Total-sample covariances TCOV
Total-sample SSCP matrix TSSCP
Total standardized class means STDMEAN
Total canonical structure CANONICAL
Within-class correlations WCORR
Within-class covariances WCOoV
Within-class SSCP matrices WSSCP
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Examples: DISCRIM Procedure

The iris data published by Fisher (1936) are widely used for examples in discriminant analysis and cluster
analysis. The sepal length, sepal width, petal length, and petal width are measured in millimeters on 50 iris
specimens from each of three specieis. setosal. versicolor, andl. virginica. The iris data set is available

from theSashelp library.

Example 35.1: Univariate Density Estimates and Posterior Probabilities

In this example, several discriminant analyses are run with a single quantitative variable, petal width, so
that density estimates and posterior probabilities can be plotted easily. The example produces Output 35.1.1
through Output 35.1.5. ODS Graphics is used to display the sample distribution of petal width in the three
species. For general information about ODS Graphics, see Chapter 21, “Statistical Graphics Using ODS.”
Note the overlap between the spediegersicolorandl. virginica that the bar chart shows. The following
statements produce Output 35.1.1.:

titte Discriminant Analysis of Fisher (1936) Iris Data;

proc freq data=sashelp.iris noprint;
tables petalwidth * species / out=freqout;
run;

proc sgplot data=freqout;
vbar petalwidth / response=count group=species;
keylegend / location=inside position=ne noborder across=1;
run;
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Output 35.1.1 Sample Distribution of Petal Width in Three Species

In order to plot the density estimates and posterior probabilities, a data setptalttzda is created containing
equally spaced values from -5 to 30, covering the range of petal width with a little to spare on each end. The
plotdata data set is used with the TESTDATA= option in PROC DISCRIM. The following statements make
the data set:

data plotdata;
do PetalWidth=-5 to 30 by 0.5;
output;
end;
run;
The same plots are produced after each discriminant analysis, so macros are used to reduce the amount of
typing required. The macros use two data sets. The dapdoset containing density estimates, is created
by the TESTOUTD= option in PROC DISCRIM. The data gletp, containing posterior probabilities, is
created by the TESTOUT= option. For each data set, the macros remove uninteresting values (near zero) and
create an overlay plot showing all three species in a single plot.
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The following statements create the macros:

%macro plotden;
titte3 Plot of Estimated Densities ;

data plotd2;
set plotd;
if setosa < .002 then setosa =
if versicolor < .002 then versicolor = .
if virginica < .002 then virginica = .;
g = Setosa ; Density = setosa; output;
g Versicolor ; Density = versicolor; output;
g = Virginica ; Density = virginica; output;
label PetalWidth=Petal Width in mm.;
run;

proc sgplot data=plotd2;
series y=Density x=PetalWidth / group=g;
discretelegend;
run;
%mend;

%macro plotprob;
title3 Plot of Posterior Probabilities ;

data plotp2;
set plotp;
if setosa < .01 then setosa =
if versicolor < .01 then versicolor i
if virginica < .01 then virginica = .;
g = Setosa ; Probability = setosa,; output;
g = Versicolor; Probability = versicolor; output;
g = Virginica ; Probability = virginica; output;
label PetalWidth=Petal Width in mm. ;
run;

proc sgplot data=plotp2;
series y=Probability x=PetalWidth / group=g;
discretelegend;
run;
%mend;

The rst analysis uses normal-theory methods (METHOD=NORMAL) assuming equal variances
(POOL=YES) in the three classes. The NOCLASSIFY option suppresses the resubstitution classi ca-
tion results of the input data set observations. The CROSSLISTERR option lists the observations that
are misclassi ed under cross validation and displays cross validation error-rate estimates. The following
statements produce Output 35.1.2:
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titte2 Using Normal Density Estimates with Equal Variance ;

proc discrim data=sashelp.iris method=normal pool=yes
testdata=plotdata testout=plotp testoutd=plotd
short noclassify crosslisterr;
class Species;
var PetalWidth;
run;

%plotden;
%plotprob;

Output 35.1.2 Normal Density Estimates with Equal Variance
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Output 35.1.2 continued
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Output 35.1.2 continued
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The next analysis uses normal-theory methods assuming unequal variances (POOL=NO) in the three classes.
The following statements produce Output 35.1.3:

titte2 Using Normal Density Estimates with Unequal Variance ;

proc discrim data=sashelp.iris method=normal pool=no
testdata=plotdata testout=plotp testoutd=plotd
short noclassify crosslisterr;
class Species;
var PetalWidth;
run;

%plotden;
%plotprob;

Output 35.1.3 Normal Density Estimates with Unequal Variance
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Output 35.1.3 continued



Example 35.1: Univariate Density Estimates and Posterior Probabilities F 2205

Output 35.1.3 continued

Output 35.1.3 continued
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Output 35.1.3 continued

Two more analyses are run with nonparametric methods (METHOD=NPAR), speci cally kernel density
estimates with normal kernels (KERNEL=NORMAL). The rst of these uses equal bandwidths (smoothing
parameters) (POOL=YES) in each class. The use of equal bandwidths does not constrain the density
estimates to be of equal variance. The value of the radius parameter that, assuming normality, minimizes an
approximate mean integrated square error is 0.48 (see the section “Nonparametric Methods” on page 2176).
Choosing = 0.4 gives a more detailed look at the irregularities in the data. The following statements produce
Output 35.1.4:

titte2 Using Kernel Density Estimates with Equal Bandwidth ;

proc discrim data=sashelp.iris method=npar kernel=normal
r=.4 pool=yes
testdata=plotdata testout=plotp
testoutd=plotd
short noclassify crosslisterr;
class Species;
var PetalWidth;
run;

%plotden;
%plotprob;
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Output 35.1.4 Kernel Density Estimates with Equal Bandwidth
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Output 35.1.4 continued
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