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Overview: MODEL Procedure

The MODEL procedure analyzes models in which the relationships among the variables form a system of
one or more nonlinear equations. Primary uses of the MODEL procedure are estimation, simulation, and
forecasting of nonlinear simultaneous equation models.

PROC MODEL features include the following:

� SAS programming statements to de�ne simultaneous systems of nonlinear equations

� tools to analyze the structure of the simultaneous equation system



1424 F Chapter 24: The MODEL Procedure

� ARIMA, PDL, and other dynamic modeling capabilities

� tools to specify and estimate the error covariance structure

� tools to estimate and solve ordinary differential equations

� the following methods of parameter estimation:

– ordinary least squares (OLS)

– two-stage least squares (2SLS)

– seemingly unrelated regression (SUR) and iterative SUR (ITSUR)

– three-stage least squares (3SLS) and iterative 3SLS (IT3SLS)

– generalized method of moments (GMM)

– simulated method of moments (SMM)

– full information maximum likelihood (FIML)

– general log-likelihood maximization

� simulation and forecasting capabilities

� Monte Carlo simulation

� goal-seeking solutions

A system of equations can be nonlinear in the parameters, nonlinear in the observed variables, or nonlinear in
both the parameters and the variables.Nonlinearin the parameters means that the mathematical relationship
between the variables and parameters is not required to have a linear form. (A linear model is a special case
of a nonlinear model.) A general nonlinear system of equations can be written as

q1.y 1;t ; y2;t ; : : : ; yg;t ; x1;t ; x2;t ; : : : ; xm;t ; � 1; � 2; : : : ; � p / D � 1;t

q2.y 1;t ; y2;t ; : : : ; yg;t ; x1;t ; x2;t ; : : : ; xm;t ; � 1; � 2; : : : ; � p / D � 2;t

:::

qg .y 1;t ; y2;t ; : : : ; yg;t ; x1;t ; x2;t ; : : : ; xm;t ; � 1; � 2; : : : ; � p / D � g;t

wherey i;t is an endogenous variable,xi;t is an exogenous variable,� i is a parameter, and� i is the unknown
error. The subscriptt represents time or some index to the data.

In econometrics literature, the observed variables are eitherendogenous(dependent) variables orexogenous
(independent) variables. This system can be written more succinctly in vector form as

q.yt ; xt ; � / D � t

This system of equations is ingeneral formbecause the error term is by itself on one side of the equality.
Systems can also be written innormalized formby placing the endogenous variable on one side of the
equality, with each equation de�ning a predicted value for a unique endogenous variable. A normalized form
equation system can be written in vector notation as

yt D f .yt ; xt ; � / C � t



Overview: MODEL Procedure F 1425

PROC MODEL handles equations written in both forms.

Econometric models often explain the current values of the endogenous variables as functions of past values
of exogenous and endogenous variables. These past values are referred to aslaggedvalues, and the variable
xt � i is called lagi of the variablext . Using lagged variables, you can create adynamic, or time-dependent,
model. In the preceding model systems, the lagged exogenous and endogenous variables are included as part
of the exogenous variables.

If the data are time series, so thatt indexes time (for more information about time series, see Chapter 3,
“Working with Time Series Data”), it is possible that� t depends on� t � i or, more generally, the� t 's are not
identically and independently distributed. If the errors of a model system are autocorrelated, the standard
error of the estimates of the parameters of the system will be in�ated.

Sometimes the� i 's are not identically distributed because the variance of� is not constant. This is known
asheteroscedasticity. Heteroscedasticity in an estimated model can also in�ate the standard error of the
estimates of the parameters. Using a weighted estimation can sometimes eliminate this problem. Alternately,
a variance model such as GARCH or EGARCH can be estimated to correct for heteroscedasticity. If the
proper weighting scheme and the form of the error model is dif�cult to determine, generalized methods of
moments (GMM) estimation can be used to determine parameter estimates with very few assumptions about
the form of the error process.

Other problems can also arise when estimating systems of equations. Consider the following system of
equations, which is nonlinear in its parameters and cannot be estimated with linear regression:

y1;t D � 1 C .� 2 C � 3� t
4/ � 1 C � 5y2;t C � 1;t

y2;t D � 6 C .� 7 C � 8� t
9/ � 1 C � 10y1;t C � 2;t

This system of equations represents a rudimentary predator-prey process withy1 as the prey andy2 as the
predator (the second term in both equations is a logistics curve). The two equations must be estimated
simultaneously because of the cross-dependency ofy 's. This cross-dependency makes� 1 and� 2 violate the
assumption of independence. Nonlinear ordinary least squares estimation of these equations produce biased
and inconsistent parameter estimates. This is calledsimultaneous equation bias.

One method to remove simultaneous equation bias, in the linear case, is to replace the endogenous variables
on the right-hand side of the equations with predicted values that are uncorrelated with the error terms. These
predicted values can be obtained through a preliminary, or “�rst-stage,”instrumental variable regression.
Instrumental variables, which are uncorrelated with the error term, are used as regressors to model the
predicted values. The parameter estimates are obtained by a second regression by using the predicted values
of the regressors. This process is calledtwo-stage least squares.

In the nonlinear case, nonlinear ordinary least squares estimation is performed iteratively by using a lineariza-
tion of the model with respect to the parameters. The instrumental solution to simultaneous equation bias in
the nonlinear case is the same as the linear case, except the linearization of the model with respect to the
parameters is predicted by the instrumental regression. Nonlinear two-stage least squares is one of several
instrumental variables methods available in the MODEL procedure to handle simultaneous equation bias.

When you have a system of several regression equations, the random errors of the equations can be correlated.
In this case, the large-sample ef�ciency of the estimation can be improved by using a joint generalized least
squares method that takes the cross-equation correlations into account. If the equations are not simultaneous
(no dependent regressors), thenseemingly unrelated regression(SUR) can be used. The SUR method requires
an estimate of the cross-equation error covariance matrix,† . The usual approach is to �rst �t the equations
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by using OLS, compute an estimateO† from the OLS residuals, and then perform the SUR estimation based
on O† . The MODEL procedure estimates† by default, or you can supply your own estimate of† .

If the equation system is simultaneous, you can combine the 2SLS and SUR methods to take into account
both simultaneous equation bias and cross-equation correlation of the errors. This is calledthree-stage least
squaresor 3SLS.

A different approach to the simultaneous equation bias problem is the full information maximum likelihood
(FIML) estimation method. FIML does not require instrumental variables, but it assumes that the equation
errors have a multivariate normal distribution. 2SLS and 3SLS estimation do not assume a particular
distribution for the errors.

Other nonnormal error distribution models can be estimated as well. The centeredt distribution with estimated
degrees of freedom and nonconstant variance is an additional built-in likelihood function. If the distribution
of the equation errors is not normal ort but known, then the log likelihood can be speci�ed by using the
ERRORMODEL statement.

Once a nonlinear model has been estimated, it can be used to obtain forecasts. If the model is linear in the
variables you want to forecast, a simple linear solve can generate the forecasts. If the system is nonlinear, an
iterative procedure must be used. The preceding example system is linear in its endogenous variables. The
MODEL procedure's SOLVE statement is used to forecast nonlinear models.

One of the main purposes of creating models is to obtain an understanding of the relationship among the
variables. There are usually only a few variables in a model you can control (for example, the amount of
money spent on advertising). Often you want to determine how to change the variables under your control to
obtain some target goal. This process is calledgoal seeking. PROC MODEL allows you to solve for any
subset of the variables in a system of equations given values for the remaining variables.

The nonlinearity of a model creates two problems with the forecasts: the forecast errors are not normally
distributed with zero mean, and no formula exists to calculate the forecast con�dence intervals. PROC
MODEL provides Monte Carlo techniques, which, when used with the covariance of the parameters and
error covariance matrix, can produce approximate error bounds on the forecasts. The following distributions
on the errors are supported for multivariate Monte Carlo simulation:

� Cauchy

� chi-squared

� empirical

� F

� Poisson

� t

� uniform

A transformation technique is used to create a covariance matrix for generating the correct innovations in a
Monte Carlo simulation.
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Getting Started: MODEL Procedure

This section introduces the MODEL procedure and shows how to use PROC MODEL for several kinds of
nonlinear regression analysis and nonlinear systems simulation problems.

Nonlinear Regression Analysis

One of the most important uses of PROC MODEL is to estimate unknown parameters in a nonlinear model.
A simple nonlinear model has the form

y D f . x; � / C �

wherex is a vector of exogenous variables. To estimate unknown parameters by using PROC MODEL, do
the following:

1. Use the DATA= option in a PROC MODEL statement to specify the input SAS data set that containsy
andx, the observed values of the variables.

2. Write the equation for the model by using SAS programming statements, including all parameters and
arithmetic operators but leaving off the unobserved error component,� .

3. Use a FIT statement to �t the model equation to the input data to determine the unknown parameters,
� .

An Example

The SASHELP library contains the data setCITIMON, which contains the variableLHUR, the monthly
unemployment �gures, and the variableIP, the monthly industrial production index. You suspect that the
unemployment rates are inversely proportional to the industrial production index. Assume that these variables
are related by the following nonlinear equation:

lhur D
1

a � ip C b
C c C �

In this equationa, b, andc are unknown coef�cients and� is an unobserved random error.

The following statements illustrate how to use PROC MODEL to estimate values fora, b, andc from the
data inSASHELP.CITIMON:

proc model data=sashelp.citimon;
lhur = 1/(a * ip + b) + c;
fit lhur;

run;
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Notice that the model equation is written as a SAS assignment statement. The variableLHUR is assumed
to be the dependent variable because it is named in the FIT statement and is on the left-hand side of the
assignment.

PROC MODEL determines thatLHUR andIP are observed variables because they are in the input data set.
A, B, andC are treated as unknown parameters to be estimated from the data because they are not in the
input data set. If the data set contained a variable namedA, B, or C, you would need to explicitly declare the
parameters with a PARMS statement.

In response to the FIT statement, PROC MODEL estimates values forA, B, andC by using nonlinear least
squares and prints the results. The �rst part of the output is a “Model Summary” table, shown in Figure 24.1.

Figure 24.1 Model Summary Report

This table details the size of the model, including the number of programming statements that de�ne the
model, and lists the dependent variables (LHUR in this case), the unknown parameters (A, B, andC), and the
model equations. In this case the equation is named for the dependent variable,LHUR.

PROC MODEL then prints a summary of the estimation problem, as shown in Figure 24.2.

Figure 24.2 Estimation Problem Report

The notation used in the summary of the estimation problem indicates thatLHUR is a function ofA, B, and
C, which are to be estimated by �tting the function to the data. If the partial derivative of the equation
with respect to a parameter is a simple variable or constant, the derivative is shown in parentheses after the
parameter name. In this case, the derivative with respect to the interceptC is 1. The derivatives with respect
to A andB are complex expressions and so are not shown.

Next, PROC MODEL prints an estimation summary as shown in Figure 24.3.
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Figure 24.3 Estimation Summary Report

The estimation summary provides information on the iterative process used to compute the estimates. The
heading “OLS Estimation Summary” indicates that the nonlinear ordinary least squares (OLS) estimation
method is used. This table indicates that all three parameters were estimated successfully by using 144
nonmissing observations from the data setSASHELP.CITIMON. Calculating the estimates required 10
iterations of the GAUSS method. Various measures of how well the iterative process converged are also
shown. For example, the “RPC(B)” value 0.00968 means that on the �nal iteration the largest relative change
in any estimate was for parameter B, which changed by 0.968 percent. For more information, see the section
“Convergence Criteria” on page 1508.

PROC MODEL then prints the estimation results. The �rst part of this table is the summary of residual errors,
shown in Figure 24.4.

Figure 24.4 Summary of Residual Errors Report
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This table lists the sum of squared errors (SSE), the mean squared error (MSE), the root mean squared error
(root MSE), and theR2 and adjustedR2 statistics. TheR2 value of 0.7472 means that the estimated model
explains approximately 75% more of the variability inLHUR than a mean model explains.

Following the summary of residual errors is the parameter estimates table, shown in Figure 24.5.

Figure 24.5 Parameter Estimates

Because the model is nonlinear, the standard error of the estimate, thet value, and its signi�cance level are
only approximate. These values are computed using asymptotic formulas that are correct for large sample
sizes but only approximately correct for smaller samples. Thus, you should use caution in interpreting these
statistics for nonlinear models, especially for small sample sizes. For linear models, these results are exact
and are the same as standard linear regression.

The last part of the output produced by the FIT statement is shown in Figure 24.6.

Figure 24.6 System Summary Statistics

This table lists the objective value for the estimation of the nonlinear system. Since there is only a single
equation in this case, the objective value is the same as the residual MSE forLHUR except that the objective
value does not include a degrees-of-freedom correction. This can be seen in the fact that “Objective*N”
equals the residual SSE, 75.1989. N is 144, the number of observations used.

Convergence and Starting Values

Computing parameter estimates for nonlinear equations requires an iterative process. Starting with an initial
guess for the parameter values, PROC MODEL tries different parameter values until the objective function of
the estimation method is minimized. (The objective function of the estimation method is sometimes called
the�tting function.) This process does not always succeed, and whether it does succeed depends greatly on
the starting values used. By default, PROC MODEL uses the starting value 0.0001 for all parameters.

Consequently, in order to use PROC MODEL to achieve convergence of parameter estimates, you need to
know two things: how to recognize convergence failure by interpreting diagnostic output, and how to specify
reasonable starting values. The MODEL procedure includes alternate iterative techniques and grid search
capabilities to aid in �nding estimates. For more information, see the section “Troubleshooting Convergence
Problems” on page 1510.
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Nonlinear Systems Regression

If a model has more than one endogenous variable, several facts need to be considered in the choice of an
estimation method. If the model has endogenous regressors, then an instrumental variables method such as
2SLS or 3SLS can be used to avoid simultaneous equation bias. Instrumental variables must be provided
to use these methods. A discussion of possible choices for instrumental variables is provided in the section
“Choice of Instruments” on page 1561 in this chapter.

The following is an example of the use of 2SLS and the INSTRUMENTS statement:

proc model data=test2;
exogenous x1 x2;
parms a1 a2 b2 2.5 c2 55 d1;

y1 = a1 * y2 + b2 * x1 * x1 + d1;
y2 = a2 * y1 + b2 * x2 * x2 + c2 / x2 + d1;

fit y1 y2 / 2sls;
instruments b2 c2 _exog_;

run;

The estimation method selected is added after the slash (/) in the FIT statement. The INSTRUMENTS
statement follows the FIT statement and in this case selects all the exogenous variables as instruments with
the _EXOG_ keyword. The parameters B2 and C2 in the instruments list request that the derivatives with
respect to B2 and C2 be additional instruments.

Full information maximum likelihood (FIML) can also be used to avoid simultaneous equation bias. FIML
is computationally more expensive than an instrumental variables method and assumes that the errors are
normally distributed. On the other hand, FIML does not require the speci�cation of instruments. FIML is
selected with the FIML option in the FIT statement.

The preceding example is estimated with FIML by using the following statements:

proc model data=test2;
exogenous x1 x2;
parms a1 a2 b2 2.5 c2 55 d1;

y1 = a1 * y2 + b2 * x1 * x1 + d1;
y2 = a2 * y1 + b2 * x2 * x2 + c2 / x2 + d1;

fit y1 y2 / fiml;
run;

General Form Models

The single equation example shown in the preceding section was written in normalized form and speci�ed
as an assignment of the regression function to the dependent variableLHUR. However, sometimes it is
impossible or inconvenient to write a nonlinear model in normalized form.

To write a general form equation, give the equation a name with the pre�x “EQ.”. This EQ.-pre�xed variable
represents the equation error. Write the equation as an assignment to this variable.
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For example, suppose you have the following nonlinear model that relates the variablesx andy:

� D a C b ln.cy C dx/

Naming this equation “one,” you can �t this model with the following statements:

proc model data=xydata;
eq.one = a + b * log( c * y + d * x );
fit one;

run;

The use of the EQ. pre�x tells PROC MODEL that the variable is an error term and that it should not expect
actual values for the variableONE in the input data set.

Supply and Demand Models

General form speci�cations are often useful when you have several equations for the same dependent variable.
This is common in supply and demand models, where both the supply equation and the demand equation are
written as predictions for quantity as functions of price.

For example, consider the following supply and demand system:

(supply) quantityD � 1 C � 2 priceC � 1

(demand) quantityD � 1 C � 2 priceC � 3 incomeC � 2

Assume thequantityof interest is the amount of energy consumed in the United States, theprice is the price
of gasoline, and theincomevariable is the consumer debt. When the market is at equilibrium, these equations
determine the market price and the equilibrium quantity. These equations are written in general form as

� 1 D quant i ty � .� 1 C � 2 price/

� 2 D quant i ty � .� 1 C � 2 price C � 3 i ncome/

Note that the endogenous variablesquantityandprice depend on two error terms so that OLS should not be
used. The following example uses three-stage least squares estimation.

Data for this model are obtained from theSASHELP.CITIMON data set.

title1 �Supply-Demand Model Using General-Form Equations�;
proc model data=sashelp.citimon;

endogenous eegp eec;
exogenous exvus cciutc;
parameters a1 a2 b1 b2 b3 ;
label eegp = �Gasoline Retail Price�

eec = �Energy Consumption�
cciutc = �Consumer Debt�;

/ * -------- Supply equation ------------- * /
eq.supply = eec - (a1 + a2 * eegp);

/ * -------- Demand equation ------------- * /
eq.demand = eec - (b1 + b2 * eegp + b3 * cciutc);
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/ * -------- Instrumental variables ------- * /
lageegp = lag(eegp); lag2eegp=lag2(eegp);

/ * -------- Estimate parameters --------- * /
fit supply demand / n3sls fsrsq;
instruments _EXOG_ lageegp lag2eegp;

run;

The FIT statement speci�es the two equations to estimate and the method of estimation, N3SLS. Note that
`3SLS' is an alias for N3SLS. The option FSRSQ is selected to get a report of the �rst stageR2 to determine
the acceptability of the selected instruments.

Since three-stage least squares is an instrumental variables method, instruments are speci�ed with the
INSTRUMENTS statement. The instruments selected are all the exogenous variables, selected with the
_EXOG_ option, and two lags of the variableEEGP: LAGEEGP and LAG2EEGP.

The data setCITIMON has four observations that generate missing values because values forEEGP, EEC,
or CCIUTC are missing. This is revealed in the “Observations Processed” output shown in Figure 24.7.
Missing values are also generated when the equations cannot be computed for a given observation. Missing
observations are not used in the estimation.

Figure 24.7 Supply-Demand Observations Processed

The lags used to create the instruments also reduce the number of observations used. In this case, the �rst
two observations were used to �ll the lags ofEEGP.

The data set has a total of 145 observations, of which four generated missing values and two were used to
�ll lags, which left 139 observations for the estimation. In the estimation summary, in Figure 24.8, the total
degrees of freedom for the model and error is 139.
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Figure 24.8 Supply-Demand Parameter Estimates

One disadvantage of specifying equations in general form is that there are no actual values associated with
the equation, so theR2 statistic cannot be computed.

Solving Simultaneous Nonlinear Equation Systems

You can use a SOLVE statement to solve the nonlinear equation system for some variables when the values
of other variables are given.

Consider the supply and demand model shown in the preceding example. The following statement computes
equilibrium price (EEGP) and quantity (EEC) values for given observed cost (CCIUTC) values and stores
them in the output data setEQUILIB:

title1 �Supply-Demand Model Using General-Form Equations�;
proc model data=sashelp.citimon(where=(eec ne .));

endogenous eegp eec;
exogenous exvus cciutc;
parameters a1 a2 a3 b1 b2 ;
label eegp = �Gasoline Retail Price�

eec = �Energy Consumption�
cciutc = �Consumer Debt�;

/ * -------- Supply equation ------------- * /
eq.supply = eec - (a1 + a2 * eegp);

/ * -------- Demand equation ------------- * /
eq.demand = eec - (b1 + b2 * eegp + b3 * cciutc);

/ * -------- Instrumental variables ------- * /
lageegp = lag(eegp); lag2eegp=lag2(eegp);



Solving Simultaneous Nonlinear Equation Systems F 1435

/ * -------- Estimate parameters --------- * /
instruments _EXOG_ lageegp lag2eegp;
fit supply demand / n3sls ;
solve eegp eec / out=equilib;

run;

As a second example, suppose you want to compute points of intersection between the square root function
and hyperbolas of the forma C b=x. That is, you want to solve the system:

(square root) y D
p

x

(hyperbola) y D a C
b
x

The following statements read parameters for several hyperbolas in the input data setTEST and solve the
nonlinear equations. The SOLVEPRINT option in the SOLVE statement prints the solution values. The ID
statement is used to include the values ofA andB in the output of the SOLVEPRINT option.

title1 �Solving a Simultaneous System�;
data test;

input a b @@;
datalines;

0 1 1 1 1 2
;

proc model data=test;
eq.sqrt = sqrt(x) - y;
eq.hyperbola = a + b / x - y;
solve x y / solveprint;
id a b;

run;

The printed output produced by this example consists of a model summary report, a listing of the solution
values for each observation, and a solution summary report. The model summary for this example is shown
in Figure 24.9.

Figure 24.9 Model Summary Report

The output produced by the SOLVEPRINT option is shown in Figure 24.10.
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Figure 24.10 Solution Values for Each Observation

For each observation, a heading line is printed that lists the values of the ID variables for the observation and
information about the iterative process used to compute the solution. The number of iterations required, and
the convergence measure (labeled CC) are printed. This convergence measure indicates the maximum error
by which solution values fail to satisfy the equations. When this error is small enough (as determined by the
CONVERGE= option), the iterations terminate. The equation with the largest error is indicated. For example,
for observation 3 the HYPERBOLA equation has an error of4:42� 10� 13 , while the error of the SQRT
equation is even smaller. Following the heading line for the observation, the solution values are printed.

The last part of the SOLVE statement output is the solution summary report shown in Figure 24.11. This
report summarizes the solution method used (Newton's method by default), the iteration history, and the
observations processed.

Figure 24.11 Solution Summary Report
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Figure 24.11 continued

Working with Model Files

Model �les enable you to save models that are speci�ed in a PROC MODEL step to a SAS library �le. Model
�les store the SAS programming statements and variable declarations that constitute a model, and they make
those statements and declarations available for use in subsequent PROC MODEL steps. Typically you specify
the OUTMODEL= option in one PROC MODEL step to save a model speci�cation to a model �le, and later
you specify the MODEL= option in one or more other PROC MODEL steps to read one or more model �les.
For more information, see the section “Storing Programs in Model Files” on page 1641.

Model �les can help organize modeling efforts when many statements are required to specify, estimate,
and simulate models. For example, in the supply and demand model analyzed previously, the following
statements specify the system of equations once and save them to the model �le SUPDEM:

proc model outmodel=supdem;
endogenous eegp eec;
exogenous exvus cciutc;
parameters a1 a2 b1 b2 b3 ;
label eegp = �Gasoline Retail Price�

eec = �Energy Consumption�
cciutc = �Consumer Debt�;

/ * -------- Supply equation ------------- * /
eq.supply = eec - (a1 + a2 * eegp );

/ * -------- Demand equation ------------- * /
eq.demand = eec - (b1 + b2 * eegp + b3 * cciutc);

quit;

When the model has been de�ned and saved, its parameters can be estimated in a separate PROC MODEL
step. The following estimation step de�nes the instruments LAGEEGP and LAG2EEGP (which do not
appear in the supply and demand model equations) and performs the three-stage least squares estimation:
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proc model data=sashelp.citimon model=supdem outmodel=supdem;
/ * -------- Instrumental variables ------ * /
lageegp = lag(eegp); lag2eegp=lag2(eegp);
/ * -------- Estimate parameters --------- * /
instruments _EXOG_ lageegp lag2eegp;
fit supply demand / n3sls;

quit;

Finally, the following statements use the supply and demand model together with its parameter estimates to
solve for equilibrium prices and quantities:

proc model data=sashelp.citimon(where=(eec ne .)) model=supdem;
solve eegp eec / out=equilib;

quit;

Monte Carlo Simulation

The RANDOM= option is used to request Monte Carlo (or stochastic) simulation to generate con�dence
intervals for a forecast. The con�dence intervals are implied by the model's relationship to implicit random
error term� and the parameters.

The Monte Carlo simulation generates a random set of additive error values, one for each observation and
each equation, and computes one set of perturbations of the parameters. These new parameters, along with
the additive error terms, are then used to compute a new forecast that satis�es this new simultaneous system.
Then a new set of additive error values and parameter perturbations is computed, and the process is repeated
the requested number of times.

Consider the following exchange rate model for the U.S. dollar with the German mark and the Japanese yen,

rate_jp D a1 C b1 im_jp C c1d i _jp I

rate_wg D a2 C b2 im_wg C c1d i _wgI

whererate_jp andrate_wg are the exchange rate of the Japanese yen and the German mark versus the U.S.
dollar, respectively;im_jp andim_wgare the imports from Japan and Germany in 1984 dollars, respectively;
anddi_jp anddi_wgare the differences in in�ation rate of Japan and the United States, and Germany and the
United States, respectively. The Monte Carlo capabilities of the MODEL procedure are used to generate
error bounds on a forecast by using this model.

proc model data=exchange;
endo im_jp im_wg;
exo di_jp di_wg;
parms a1 a2 b1 b2 c1 c2;
label rate_jp = �Exchange Rate of Yen/$�

rate_wg = �Exchange Rate of Gm/$�
im_jp = �Imports to US from Japan in 1984 $�
im_wg = �Imports to US from WG in 1984 $�
di_jp = �Difference in Inflation Rates US-JP�
di_wg = �Difference in Inflation Rates US-WG�;

rate_jp = a1 + b1 * im_jp + c1 * di_jp;
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rate_wg = a2 + b2 * im_wg + c2 * di_wg;

/ * Fit the EXCHANGE data * /
fit rate_jp rate_wg / sur outest=xch_est outcov outs=s;

/ * Solve using the WHATIF data set * /
solve rate_jp rate_wg / data=whatif estdata=xch_est sdata=s

random=100 seed=123 out=monte forecast;
id yr;
range yr=1986;

run;

Data for theEXCHANGE data set were obtained from the U.S. Department of Commerce and the yearly
“Economic Report of the President.”

First, the parameters are estimated using SUR selected by the SUR option in the FIT statement. The
OUTEST= option is used to create theXCH_EST data set, which contains the estimates of the parameters.
The OUTCOV option adds the covariance matrix of the parameters to theXCH_EST data set. The OUTS=
option is used to save the covariance of the equation error in the data setS.

Next, Monte Carlo simulation is requested by using the RANDOM= option in the SOLVE statement. The
data setWHATIF is used to drive the forecasts. The ESTDATA= option reads in theXCH_EST data set, which
contains the parameter estimates and covariance matrix. Because the parameter covariance matrix is included,
perturbations of the parameters are performed. The SDATA= option causes the Monte Carlo simulation to
use the equation error covariance in theS data set to perturb the equation errors. The SEED= option selects
the number 123 as a seed value for the random number generator. The output of the Monte Carlo simulation
is written to the data setMONTE selected by the OUT= option.

To generate a con�dence interval plot for the forecast, use PROC UNIVARIATE to generate percentile bounds
and use PROC SGPLOT to plot the graph. The following SAS statements produce the graph in Figure 24.12:

proc sort data=monte;
by yr;

run;

proc univariate data=monte noprint;
by yr;
var rate_jp rate_wg;
output out=bounds mean=mean p5=p5 p95=p95;

run;

title "Monte Carlo Generated Confidence Intervals on a Forecast";
proc sgplot data=bounds noautolegend;

series x=yr y=mean / markers;
series x=yr y=p5 / markers;
series x=yr y=p95 / markers;

run;
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Figure 24.12 Monte Carlo Con�dence Interval Plot
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Syntax: MODEL Procedure

The following statements can be used with the MODEL procedure:

PROC MODEL options ;
ABORT ;
ARRAY arrayname variable-list . . . ;
ATTRIB variable-list1 attribute-list1 < variable-list2 attribute-list2 . . . > ;
BOUNDS bound1 < , bound2 . . . > ;
BY variable-list ;
CALL name ;
CALL name(expression1 < , expression2 . . . > ) ;
CONTROL variable < value > . . . ;
DELETE ;
DO ;
DO variable = expression < TO expression > < BY expression > < , expression TO expression <

BY expression > . . . > < WHILE expression > < UNTIL expression > ;
END ;
DROP variable . . . ;
ENDOGENOUS variable < initial-values > . . . ;
ERRORMODEL equation-name Ï distribution < CDF=(CDF(options )) > ;
ESTIMATE item1 < , item2 . . . > < ,/ options > ;
EXOGENOUS variable < initial values > . . . ;
FIT equations < PARMS=(parameter values . . . ) > < START=(parameter values . . . ) >

< DROP=(parameters ) > < / options > ;
FORMAT variable-list < format > < DEFAULT= default-format > ;
GOTO statement-label ;
ID variable-list ;
IF expression ;
IF expression THEN programming-statement1 ; < ELSE programming-statement2 > ;
variable = expression ;
variable + expression ;
INCLUDE model-�le . . . ;
INSTRUMENTS < instruments > < _EXOG_ > < EXCLUDE=(parameters ) > < / options > ;
KEEP variable . . . ;
LABEL variable =�label� . . . ;
LENGTH variable-list < $ > length . . . < DEFAULT=length > ;
LINK statement-label ;
MOMENT variable-list = moment-speci�cation . . . ;
OUTVARS variable . . . ;
PARAMETERS variable1 < value1 > < variable2 < value2 . . . > > ;
PUT print-item . . . < @ > < @@ > ;
RANGE variable < = �rst > < TO last > ;
RENAME old-name1 = new-name1 < . . . old-name2 = new-name2 > ;
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RESET options ;
RESTRICT restriction1 < , restriction2 . . . > ;
RETAIN variable-list1 value1 < variable-list2 value2 . . . > ;
RETURN ;
SOLVE variable-list < SATISFY=(equations) > < / options > ;
SUBSTR (variable, index, length )= expression ;
SELECT < (expression ) > ;
OTHERWISE programming-statement ;
STOP ;
TEST < "name" > test1 < , test2 . . . > < ,/ options > ;
VAR variable < initial-values > . . . ;
WEIGHT variable ;
WHEN (expression )programming-statement ;

Functional Summary

The statements and options in the MODEL procedure are summarized in Table 24.1.

Table 24.1 Functional Summary

Description Statement Option

Data Set Options
Speci�es the input data set for the variables FIT, SOLVE DATA=
Speci�es the input data set for parameters FIT, SOLVE ESTDATA=
Speci�es the method for handling missing
values

FIT MISSING=

Speci�es the input data set for parameters MODEL PARMSDATA=
Requests that the procedure produce graphics
via the Output Delivery System

MODEL PLOTS=

Speci�es the output data set for residual,
predicted, or actual values

FIT OUT=

Speci�es the output data set for solution mode
results

SOLVE OUT=

Writes the actual values to OUT= data set FIT OUTACTUAL
Selects all output options FIT OUTALL
Writes the covariance matrix of the estimates FIT OUTCOV
Writes the parameter estimates to a data set FIT OUTEST=
Writes the parameter estimates to a data set MODEL OUTPARMS=
Writes the observations used to start the lags SOLVE OUTLAGS
Writes the predicted values to the OUT= data
set

FIT OUTPREDICT

Writes the residual values to the OUT= data setFIT OUTRESID
Writes the covariance matrix of the equation
errors to a data set

FIT OUTS=

Writes theS matrix used in the objective
function de�nition to a data set

FIT OUTSUSED=
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Table 24.1 continued

Description Statement Option

Writes the estimate of the variance matrix of
the moment generating function

FIT OUTV=

Reads the covariance matrix of the equation
errors

FIT, SOLVE SDATA=

Reads the covariance matrix for GMM and
ITGMM

FIT VDATA=

Speci�es the name of the time variable FIT, SOLVE, MODEL TIME=
Selects the estimation type to read FIT, SOLVE TYPE=

General ESTIMATE Statement Options
Speci�es the name of the data set in which the
estimate of the functions of the parameters are
to be written

ESTIMATE OUTEST=

Writes the covariance matrix of the functions
of the parameters to the OUTEST= data set

ESTIMATE OUTCOV

Prints the covariance matrix of the functions of
the parameters

ESTIMATE COVB

Prints the correlation matrix of the functions of
the parameters

ESTIMATE CORRB

Printing Options for FIT Tasks
Prints the modi�ed Breusch-Pagan test for
heteroscedasticity

FIT BREUSCH

Prints the Chow test for structural breaks FIT CHOW=
Prints collinearity diagnostics FIT COLLIN
Prints the correlation matrices FIT CORR
Prints the correlation matrix of the parameters FIT CORRB
Prints the correlation matrix of the residuals FIT CORRS
Prints the covariance matrices FIT COV
Prints the covariance matrix of the parameters FIT COVB
Prints the covariance matrix of the residuals FIT COVS
Prints Durbin-Watsond statistics FIT DW
Prints �rst-stageR2 statistics FIT FSRSQ
Prints Godfrey's tests for autocorrelated
residuals for each equation

FIT GODFREY

Prints Hausman's speci�cation test FIT HAUSMAN
Prints tests of normality of the model residualsFIT NORMAL
Prints the predictive Chow test for structural
breaks

FIT PCHOW=

Speci�es all the printing options FIT PRINTALL
Prints White's test for heteroscedasticity FIT WHITE



1444 F Chapter 24: The MODEL Procedure

Table 24.1 continued

Description Statement Option

Options to Control FIT Iteration Output
Prints the inverse of the crossproducts
Jacobian matrix

FIT I

Prints a summary iteration listing FIT ITPRINT
Prints a detailed iteration listing FIT ITDETAILS
Prints the crossproduct Jacobian matrix FIT XPX
Speci�es all the iteration printing-control
options

FIT ITALL

Options to Control the Minimization Process
Speci�es the convergence criteria FIT CONVERGE=
Selects the Hessian approximation used for
FIML

FIT HESSIAN=

Speci�es the local truncation error bound for
the integration

FIT, SOLVE, MODEL LTEBOUND=

Speci�es the maximum number of iterations
allowed

FIT MAXITER=

Speci�es the maximum number of
subiterations allowed

FIT MAXSUBITER=

Selects the iterative minimization method to
use

FIT METHOD=

Speci�es the smallest allowed time step to be
used in the integration

FIT, SOLVE, MODEL MINTIMESTEP=

Modify the iterations for estimation methods
that iterate theSmatrix or theV matrix

FIT NESTIT

Speci�es the smallest pivot value MODEL, FIT, SOLVE SINGULAR
Speci�es the number of minimization
iterations to perform at each grid point

FIT STARTITER=

Speci�es a weight variable WEIGHT

Options to Read and Write Model Files
Deletes a model from a model �le DELETEMODEL MODNAME=
Reads a model from one or more input model
�les

INCLUDE MODEL=

Suppresses the default output of the model �leMODEL, RESET NOSTORE
Speci�es the name of an output model �le MODEL, RESET OUTMODEL=
Deletes the current model RESET PURGE

Options to List or Analyze the Structure of the Model
Identi�es equations in a dependency analysis EQGROUP
Identi�es variables in a dependency analysis VARGROUP
Prints a dependency analysis of a simulation
model

SOLVE ANALYZEDEP=
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Table 24.1 continued

Description Statement Option

Prints a dependency structure of a normal form
model

MODEL BLOCK

Prints a graph of the dependency structure of a
normal form model

MODEL GRAPH

Prints the model program and variable lists MODEL LIST
Prints the derivative tables and compiled
model program code

MODEL LISTCODE

Prints a dependency list MODEL LISTDEP
Prints a table of derivatives MODEL LISTDER
Prints a cross-reference of the variables MODEL XREF

General Printing Control Options
Expands parts of the printed output FIT, SOLVE DETAILS
Prints a message for each statement as it is
executed

FIT, SOLVE FLOW

Selects the maximum number of execution
errors that can be printed

FIT, SOLVE MAXERRORS=

Requests a comprehensive memory usage
summary

FIT, SOLVE, MODEL,
RESET

MEMORYUSE

Selects the number of decimal places shown in
the printed output

FIT, SOLVE NDEC=

Suppresses the normal printed output FIT, SOLVE NOPRINT
Turns off the NOPRINT option RESET PRINT
Speci�es all the noniteration printing options FIT, SOLVE PRINTALL
Prints tables which summarize missing value
calculations

FIT, SOLVE, MODEL REPORTMISSINGS

Prints the result of each operation as it is
executed

FIT, SOLVE TRACE

Statements That Declare Variables
Associates a name with a list of variables and
constants

ARRAY

Declares a variable to have a �xed value CONTROL
Declares a variable to be a dependent or
endogenous variable

ENDOGENOUS

Declares a variable to be an independent or
exogenous variable

EXOGENOUS

Speci�es identifying variables ID
Assigns a label to a variable LABEL
Selects additional variables to be output OUTVARS
Declares a variable to be a parameter PARAMETERS
Forces a variable to hold its value from a
previous observation

RETAIN

Declares a model variable VAR



1446 F Chapter 24: The MODEL Procedure

Table 24.1 continued

Description Statement Option

Declares an instrumental variable INSTRUMENTS
Omits the default intercept term in the
instruments list

INSTRUMENTS NOINT

General FIT Statement Options
Omits parameters from the estimation FIT DROP=
Associates a variable with an initial value as a
parameter or a constant

FIT INITIAL=

Bypasses OLS to get initial parameter
estimates for GMM, ITGMM, or FIML

FIT NOOLS

Bypasses 2SLS to get initial parameter
estimates for GMM, ITGMM, or FIML

FIT NO2SLS

Speci�es the parameters to estimate FIT PARMS=
Requests con�dence intervals on estimated
parameters

FIT PRL=

Selects a grid search FIT START=

Options to Control the Estimation Method Used
Speci�es nonlinear ordinary least squares FIT OLS
Speci�es iterated nonlinear ordinary least
squares

FIT ITOLS

Speci�es seemingly unrelated regression FIT SUR
Speci�es iterated seemingly unrelated
regression

FIT ITSUR

Speci�es two-stage least squares FIT 2SLS
Speci�es iterated two-stage least squares FIT IT2SLS
Speci�es three-stage least squares FIT 3SLS
Speci�es iterated three-stage least squares FIT IT3SLS
Speci�es full information maximum likelihood FIT FIML
Speci�es simulated method of moments FIT NDRAW
Speci�es number of draws for the V matrix FIT NDRAWV
Speci�es number of initial observations for
SMM

FIT NPREOBS

Selects the variance-covariance estimator used
for FIML

FIT COVBEST=

Speci�es generalized method of moments FIT GMM
Speci�es the kernel for GMM and ITGMM FIT KERNEL=
Speci�es iterated generalized method of
moments

FIT ITGMM

Speci�es the type of generalized inverse used
for the covariance matrix

FIT GINV=

Speci�es the denominator for computing
variances and covariances

FIT VARDEF=
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Table 24.1 continued

Description Statement Option

Speci�es adding the variance adjustment for
SMM

FIT ADJSMMV

Speci�es variance correction for
heteroscedasticity

FIT HCCME=

Speci�es GMM variance under arbitrary
weighting matrix

FIT GENGMMV

Speci�es GMM variance under optimal
weighting matrix

FIT NOGENGMMV

Solution Mode Options
Selects a subset of the model equations SOLVE SATISFY=
Solves only for missing variables SOLVE FORECAST
Solves for all solution variables SOLVE SIMULATE

Solution Mode Options: Lag Processing
Uses solved values in the lag functions SOLVE DYNAMIC
Uses actual values in the lag functions SOLVE STATIC
Produces successive forecasts to a �xed
forecast horizon

SOLVE NAHEAD=

Selects the observation to start dynamic
solutions

SOLVE START=

Solution Mode Options: Numerical Methods
Speci�es the maximum number of iterations
allowed

SOLVE MAXITER=

Speci�es the maximum number of
subiterations allowed

SOLVE MAXSUBITER=

Speci�es the convergence criteria SOLVE CONVERGE=
Computes a simultaneous solution using a
Jacobi-like iteration

SOLVE JACOBI

Computes a simultaneous solution using a
Gauss-Seidel-like iteration

SOLVE SEIDEL

Computes a simultaneous solution using
Newton's method

SOLVE NEWTON

Computes a nonsimultaneous solution SOLVE SINGLE

Monte Carlo Simulation Options
Speci�es quasi-random number generator SOLVE QUASI=
Speci�es pseudo-random number generator SOLVE PSUEDO=
Repeats the solution multiple times SOLVE RANDOM=
Initializes the pseudo-random number
generator

SOLVE SEED=

Speci�es copula options SOLVE COPULA=
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Table 24.1 continued

Description Statement Option

Solution Mode Printing Options
Prints between data points integration values
for the DERT. variables and the auxiliary
variables

FIT, SOLVE, MODEL INTGPRINT

Prints the solution approximation and equation
errors

SOLVE ITPRINT

Prints the solution values and residuals at each
observation

SOLVE SOLVEPRINT

Prints various summary statistics SOLVE STATS
Prints tables of Theil inequality coef�cients SOLVE THEIL
Speci�es all printing control options SOLVE PRINTALL

General TEST Statement Options
Speci�es that a Wald test be computed TEST WALD
Speci�es that a Lagrange multiplier test be
computed

TEST LM

Speci�es that a likelihood ratio test be
computed

TEST LR

Request all three types of tests TEST ALL
Speci�es the name of an output SAS data set
that contains the test results

TEST OUT=

Miscellaneous Statements
Speci�es the range of observations to be used RANGE
Subsets the data set with BY variables BY

PROC MODEL Statement

PROC MODEL options ;

The following options can be speci�ed in the PROC MODEL statement. All of the nonassignment options
(the options that do not accept a value after an equal sign) can have NO pre�xed to the option name in the
RESET statement to turn the option off. The default case is not explicitly indicated in the discussion that
follows. Thus, for example, the option DETAILS is documented in the following, but NODETAILS is not
documented since it is the default. Also, the NOSTORE option is documented because STORE is the default.

Data Set Options

DATA=SAS-data-set
names the input data set. Variables in the model program are looked up in the DATA= data set and, if
found, their attributes (type, length, label, format) are set to be the same as those in the input data set
(if not previously de�ned otherwise). The values for the variables in the program are read from the
input data set when the model is estimated or simulated by FIT and SOLVE statements.



PROC MODEL Statement F 1449

OUTPARMS=SAS-data-set
writes the parameter estimates to a SAS data set. For more information, see the section “Output Data
Sets” on page 1586.

PARMSDATA= SAS-data-set
names the SAS data set that contains the parameter estimates. In PROC MODEL, you have several
options to specify starting values for the parameters to be estimated. When more than one option
is speci�ed, the options are implemented in the following order of precedence (from highest to
lowest): the START= option, the PARMS statement initialization value, the ESTDATA= option, and
the PARMSDATA= option. If no options are speci�ed for the starting value, the default value of 0.0001
is used. For more information, see the section “Input Data Sets” on page 1581.

PLOTS< (global-plot-options) > < =(plot-request . . . ) >
selects plots that the MODEL procedure produces via the Output Delivery System. For general
information about ODS Graphics, see Chapter 21, “Statistical Graphics Using ODS” (SAS/STAT User's
Guide). Theglobal-plot-options apply to all relevant plots generated by the MODEL procedure. The
global-plot-options and speci�cplot-request options supported by the MODEL procedure follow.

Global Plot Options

ONLY
suppresses the default plots. Only the plots speci�cally requested are produced.

UNPACKPANEL
displays each graph separately. (By default, some graphs can appear together in a single panel.)

Speci�c Plot Options

ALL
requests that all plots appropriate for the particular analysis be produced. This is the default.

ACF
produces the autocorrelation function plot.

DEPENDENCY< (OUTLINE=ON | OFF) >
produces the dependency analysis plots. Specifying the OUTLINE= option displays, or suppresses
outlines around the dependency cells.

IACF
produces the inverse autocorrelation function plot of residuals.

PACF
produces the partial autocorrelation function plot of residuals.

FITPLOT
plots the predicted and actual values.

COOKSD
produces the Cook'sD plot.
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QQ
produces a Q-Q plot of residuals.

RESIDUAL

RES
plots the residuals.

STUDENTRESIDUAL
plots the studentized residuals.

RESIDUALHISTOGRAM

RESIDHISTOGRAM
plots the histogram of residuals.

NONE
suppresses all plots.

Options to Read and Write Model Files

MODEL=model-name

MODEL=(model-list)
reads the model from one or more input model �les that were created by specifying the OUTMODEL=
option in previous PROC MODEL executions.

NOSTORE
suppresses the default output of the model �le. This option is applicable only when FIT or SOLVE
statements are not used, the MODEL= option is not used, and when a model is speci�ed.

OUTCAT=(outcat-name MODNAME=model-key < outcat-options >)

SLIST=(outcat-name MODNAME=model-key < outcat-options >)
speci�es the name andmodel-key for writing �tted model �les. Themodel-key is a SAS name. Files
written using the OUTCAT= option are used by SAS Risk Dimensions. The OUTCAT= option only
applies to FIT statements. You can specify the followingoutcat-options:

DIM=n
speci�es the dimensionality of the model.

GROUP=group

MODGROUP=group
speci�es a SAS name which is the group for the model.

INTERVAL=interval
speci�es the time interval between observations.

MODLABEL= label
speci�es a label for the model.

STARTDATE=date
speci�es the starting date of the model.
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OUTMODEL=model-name
speci�es the name of an output model �le to which the model is to be written. Starting with SAS 9.2,
model �les are being stored as XML-based SAS data sets instead of being stored as members of a
SAS catalog as in earlier releases. This makes MODEL �les more readily extendable in the future. To
change this behavior, use the SASglobal-CMPMODEL-options. You can choose the format in which
the output model �le is stored and read by using the CMPMODEL=global-CMPMODEL-options in an
OPTIONS statement as follows.

OPTIONS CMPMODEL=global-CMPMODEL-options;

You can specify the followingglobal-CMPMODEL-options:

CATALOG speci�es that model �les be written and read from SAS catalogs only.

XML speci�es that model �les be written and read from XML data sets only.

BOTH speci�es that model �les be written to both XML and CATALOG formats. When
BOTH is speci�ed, model �les are read from the data set �rst and read from the
SAS catalog only if the data set is not found. This is the default.

Options to List or Analyze the Structure of the Model

These options produce reports on the structure of the model or list the programming statements that de�ne
the models. These options are automatically reset (turned off) after the reports are printed. To turn these
options back on after a RUN statement has been entered, use the RESET statement or specify the options in a
FIT or SOLVE statement.

ANALYZEDEP=( dependency-plot1 < dependency-plot2 . . . >)
plots analyses of the dependencies among equations and solve variables. Eachdependency-plot is one
of the following:

BLOCK speci�es a block dependency matrix of the entire system.

BLOCK (eq-list,var-list) speci�es a block dependency matrix for a subset of equations and solve
variables.

DETAILS speci�es a dependency matrix of all equations and solve variables.

DETAILS (eq-list,var-list) speci�es a dependency matrix for a subset of equations and solve variables.

NOLISTBLOCK suppresses the listing of dependency blocks.

You can specify which equations and solve variables are included in the dependency analysis by
qualifying both the BLOCK and DETAILSdependency-plot options with a pair of lists. The �rst list
in the pair is theeq-list. It speci�es which equations to include in the dependency analysis. You can
specify a mix of equation names and equation group labels in theeq-list. The MODEL procedure
replaces each equation group label in theeq-list with the list of equations that are speci�ed in the
corresponding EQGROUP statement. The second list in the pair is thevar-list. It speci�es which
solve variables to include in the dependency analysis. You can specify a mix of variable names and
variable group labels in thevar-list. The MODEL procedure replaces each variable group label in
thevar-list with the list of variables that are speci�ed in the corresponding VARGROUP statement.
By default, when you specify a BLOCK option, a listing of the equations and solve variables that
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form each dependency block is generated. The NOLISTBLOCK option suppresses this listing. The
ANALYZEDEP= option applies only to SOLVE steps. For more information about the analyses
that are performed by the ANALYZEDEP= option, see the section “Diagnostics and Debugging” on
page 1643.

BLOCK
prints an analysis of the structure of the model given by the assignments to model variables that appear
in the model program. This analysis includes a classi�cation of model variables into endogenous
(dependent) and exogenous (independent) groups based on the presence of the variable on the left side
of an assignment statement. The endogenous variables are grouped into simultaneously determined
blocks. The dependency structure of the simultaneous blocks and exogenous variables is also printed.
The BLOCK option cannot analyze dependencies implied by general form equations.

GRAPH
prints the graph of the dependency structure of the model. The GRAPH option also invokes the
BLOCK option and produces a graphical display of the information listed by the BLOCK option.

LIST
prints the model program and variable lists, including the statements added by PROC MODEL and
macros.

LISTALL
selects the LIST, LISTDEP, LISTDER, and LISTCODE options.

LISTCODE
prints the derivative tables and compiled model program code. LISTCODE is a debugging feature and
is not normally needed.

LISTDEP
prints a report that lists for each variable in the model program the variables that depend on it and that
it depends on. These lists are given separately for current-period values and for lagged values of the
variables.

The information displayed is the same as that used to construct the BLOCK report but differs in that the
information is listed for all variables (including parameters, control variables, and program variables),
not just for the model variables. Classi�cation into endogenous and exogenous groups and analysis of
simultaneous structure is not done by the LISTDEP report.

LISTDER
prints a table of derivatives for FIT and SOLVE tasks. (The LISTDER option is applicable only for
the default NEWTON method for SOLVE tasks.) The derivatives table shows each nonzero derivative
computed for the problem. The derivative listed can be a constant, a variable in the model program,
or a special derivative variable created to hold the result of the derivative expression. This option is
turned on by the LISTCODE and PRINTALL options.

XREF
prints a cross-reference of the variables in the model program that shows where each variable was
referenced or given a value. The XREF option is normally used in conjunction with the LIST option.
For a more detailed description, see the section “Diagnostics and Debugging” on page 1643.
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General Printing Control Options

DETAILS
speci�es the detailed printout. Parts of the printed output are expanded when the DETAILS option is
speci�ed.

FLOW
prints a message for each statement in the model program as it is executed. This debugging option is
needed very rarely and produces voluminous output.

MAXERRORS=n
speci�es the maximum number of execution errors that can be printed. The default is MAXER-
RORS=50.

MEMORYUSE
prints a report of the memory required for the various parts of the analysis.

NDEC=n
speci�es the precision of the format that PROC MODEL uses when printing various numbers. The
default is NDEC=3, which means that PROC MODEL attempts to print values by using the D format
but ensures that at least three signi�cant digits are shown. If the NDEC= value is greater than nine, the
BEST. format is used. The smallest value allowed is NDEC=2.

The NDEC= option affects the format of most, but not all, of the �oating point numbers that PROC
MODEL can print. For some values (such as parameter estimates), a precision limit one or two digits
greater than the NDEC= value is used. This option does not apply to the precision of the variables in
the output data set.

NOPRINT
suppresses the normal printed output but does not suppress error listings. Using any other print option
turns the NOPRINT option off. The PRINT option can be used with the RESET statement to turn off
NOPRINT.

PRINTALL
turns on all the printing-control options. The options set by PRINTALL are DETAILS; the model
information options LIST, LISTDEP, LISTDER, XREF, BLOCK, and GRAPH; the FIT task printing
options FSRSQ, COVB, CORRB, COVS, CORRS, DW, and COLLIN; and the SOLVE task printing
options STATS, THEIL, SOLVEPRINT, and ITPRINT.

REPORTMISSINGS
prints tables that summarize missing values that are encountered during a SOLVE or FIT task. The
missing values that are summarized in these tabular reports can be produced by missing values in the
DATA= data set or by calculations in the model program that generate missing values. The number of
missing values that are reported can be limited by using the MAXERRORS= option.

TRACE
prints the result of each operation in each statement in the model program as it is executed, in addition
to the information printed by the FLOW option. This debugging option is needed very rarely and
produces voluminous output.
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FIT Task Options

The following options are used in the FIT statement (parameter estimation) and can also be used in the
PROC MODEL statement: COLLIN, CONVERGE=, CORR, CORRB, CORRS, COVB, COVBEST=,
COVS, DW, FIML, FSRSQ, GMM, HESSIAN=, I, INTGPRINT, ITALL, ITDETAILS, ITGMM, ITPRINT,
ITOLS, ITSUR, IT2SLS, IT3SLS, KERNEL=, LTEBOUND=, MAXITER=, MAXSUBITER=, METHOD=,
MINTIMESTEP=, NESTIT, N2SLS, N3SLS, OLS, OUTPREDICT, OUTRESID, OUTACTUAL, OUT-
LAGS, OUTALL, OUTCOV, SINGULAR=, STARTITER=, SUR, TIME=, VARDEF, and XPX. For descrip-
tions of these options, see the section “FIT Statement” on page 1464.

When used in the PROC MODEL or RESET statement, these are default options for subsequent FIT
statements. For example, the statement

proc model n2sls ... ;

makes two-stage least squares the default parameter estimation method for FIT statements that do not specify
an estimation method.

SOLVE Task Options

The following options for the SOLVE statement can also be used in the PROC MODEL statement: CON-
VERGE=, DYNAMIC, FORECAST, INTGPRINT, ITPRINT, JACOBI, LTEBOUND=, MAXITER=, MAX-
SUBITER=, MINTIMESTEP=, NAHEAD=, NEWTON, OUTPREDICT, OUTRESID, OUTACTUAL, OUT-
LAGS, OUTERRORS, OUTALL, SEED=, SEIDEL, SIMULATE, SINGLE, SINGULAR=, SOLVEPRINT,
START=, STATIC, STATS, THEIL, TIME=, and TYPE=. For more information about these options, see
section “SOLVE Statement” on page 1480.

When used in the PROC MODEL or RESET statement, these options provide default values for subsequent
SOLVE statements.

BOUNDS Statement

BOUNDS bound1 < , bound2 . . . > ;

The BOUNDS statement imposes simple boundary constraints either on the parameters in an estimation or
on the solution variables speci�ed in a solve operation. A BOUNDS statement that applies to parameters
constrains the parameters estimated in the preceding FIT statement or, in the absence of a preceding FIT
statement, in the following FIT statement. A BOUNDS statement that is applied to solution variables
constrains the solution of the preceding SOLVE statement or, in the absence of a preceding SOLVE statement,
of the following SOLVE statement. You can specify any number of BOUNDS statements.

Eachbound is composed of either parameters or solution variables, constants, and inequality operators:

item operator item < operator item < operator item . . . > >

For BOUNDS statements that apply to FIT statements, eachitem is a constant, the name of an estimated
parameter, or a list of parameter names. For BOUNDS statements that apply to SOLVE statements, eachitem
is a constant, the name of a solution variable, or a list of solution variables. Eachoperator is <, >, <=, or >=.

You can use either the BOUNDS statement or the RESTRICT statement to impose boundary constraints
when estimating parameters or solving for solution variables.
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The BOUNDS statement provides a simpler syntax for specifying boundary constraints than the RESTRICT
statement. For more information about the computational details of estimation and solutions with inequality
restrictions, see the section “RESTRICT Statement” on page 1478.

Parameter Estimates

Each active boundary constraint on estimated parameters is associated with a Lagrange multiplier. In the
printed output and in the OUTEST= data set, the Lagrange multiplier estimates are identi�ed with the names
BOUND0, BOUND1, and so forth. The probabilities of the Lagrange multipliers are computed by using
a beta distribution (LaMotte 1994). To give the constraints more descriptive names, use the RESTRICT
statement instead of the BOUNDS statement.

The following BOUNDS statement constrains the estimates of the parameters A and B and the ten parameters
P1 through P10 to be between 0 and 1. This example illustrates the use of parameter lists to specify boundary
constraints.

bounds 0 < a b p1-p10 < 1;

The following statements show how to use the BOUNDS statement, and they produce the output shown in
Figure 24.13:

title �Holzman Function (1969), Himmelblau No. 21, N=3�;
data zero;

do i = 1 to 99;
output;

end;
run;

proc model data=zero;
parms x1= 100 x2= 12.5 x3= 3;
bounds .1 <= x1 <= 100,

0 <= x2 <= 25.6,
0 <= x3 <= 5;

t = 2 / 3;
u = 25 + (-50 * log(0.01 * i )) ** t;
v = (u - x2) ** x3;
w = exp(-v / x1);
eq.foo = -.01 * i + w;

fit foo / method=marquardt;
run;
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Figure 24.13 Output from Bounded Estimation

Solution Variables

Boundary constraints on solution variables can be used to specify which solution is reported when an equation
has multiple solutions. The BOUNDS statement in the following example causes its associated SOLVE
statement to compute only the negative value of the solution variable shown in Figure 24.14:

data d;
date = 0;

run;

proc model data=d;
endo x;
bounds x < 0;

eq.sqrt = x ** 2 - 4;

solve / optimize out=o;
run;

proc print data = o; run;

Figure 24.14 Listing of OUT= Data Set Created by a Bounded SOLVE Statement

BY Statement

BY variables ;

A BY statement is used with the FIT statement to obtain separate estimates for observations in groups de�ned
by the BY variables. If an output model �le is written using the OUTMODEL= option, the parameter values
that are stored are those from the last BY group processed. To save parameter estimates for each BY group,
use the OUTEST= option in the FIT statement.
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A BY statement is used with the SOLVE statement to obtain solutions for observations in groups de�ned by
the BY variables. If the BY variables in the DATA= data set and the ESTDATA= data set are identical, then
the two data sets are synchronized and the calculations are performed by using the data and parameters for
each BY group. This holds for BY variables in the SDATA= data set as well. If the BY variables do not match,
BY-group processing is abandoned in either the ESTDATA= data set or the SDATA= data set, whichever has
the missing BY value. If the DATA= data set does not contain BY variables and the ESTDATA= data set
or the SDATA= data set does, then BY-group processing is performed for the ESTDATA= data set and the
SDATA= data set by reusing the data in the DATA= data set for each BY group.

If both FIT and SOLVE tasks require BY-group processing, then two separate BY statements are needed. If
parameters for each BY group in the OUTEST = data set that is obtained from the FIT task are to be used for
the corresponding BY group for the SOLVE task, then one of the two BY statements must appear after the
SOLVE statement.

The following linear regression example illustrates the use of BY-group processing. Both the data setsA and
D to be used for �tting and solving, respectively, have three groups.

/ * ------ data set for fit task------ * /
data a ;

do group = 1 to 3 ;
do i = 1 to 100 ;

x = normal(1);
y = 2 + 3 * x + rannor(1) ;
output ;

end ;
end ;

run ;

/ * ------ data set for solve task------ * /
data d ;

do group = 1 to 3 ;
x = normal(1) ;
output ;

end ;
run ;

/ * ------ 2 BY statements, one of them appear after SOLVE statement ------ * /
proc model data = a ;

by group ;
y = a0 + a1 * x ;
fit y / outest = b1 ;
solve y / data = d estdata = b1 out = c1 ;
by group ;

run;

proc print data = b1 ;run;
proc print data = c1 ; run;

Each of the parameter estimates obtained from the BY group processing in the FIT statement shown in
Figure 24.15 is used in the corresponding BY group variables in the SOLVE statement. The output data set is
shown in Figure 24.16.
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Figure 24.15 Listing of OUTEST= Data Set Created in the FIT Statement with Two BY Statements

Figure 24.16 Listing of OUT= Data Set Created in the SOLVE Statement with Two BY Statements

If only one BY statement is used and it appears before the SOLVE statement, then parameters for the last BY
group in the OUTEST = data set are used for all BY groups for the SOLVE task.

/ * ------ 1 BY statement that appears before SOLVE statement------ * /
proc model data = a ;

by group ;
y = a0 + a1 * x ;
fit y / outest = b2 ;
solve y / data = d estdata = b2 out = c2 ;

run;

proc print data = b2 ; run;
proc print data = c2 ; run;

The estimates of the parameters are shown in Figure 24.17, and the output data set of the SOLVE statement is
shown in Figure 24.18. Hence, the estimates and the predicted values obtained in the last BY group variable
of both DATA C1 and C2 are the same while the others do not match.

Figure 24.17 Listing of OUTEST= Data Set Created in the FIT Statement with One BY Statement That
Appears before the SOLVE Statement

Figure 24.18 Listing of OUT= Data Set Created in the SOLVE Statement with One BY Statement That
Appears before the SOLVE Statement
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If only one BY statement is used and it appears after the SOLVE statement, then BY group processing does
not apply to the FIT task. In this case, the OUTEST= data set does not contain the BY variable, and the single
set of parameter estimates obtained from the FIT task are used for all BY groups during the SOLVE task.

/ * ------ 1 BY statement that appears after SOLVE statement------ * /
proc model data = a ;

y = a0 + a1 * x ;
fit y / outest = b3 ;
solve y / data = d estdata = b3 out = c3 ;
by group ;

run;

proc print data = b3 ; run;
proc print data = c3 ; run;

The output data B3 and C3 are listed in Figure 24.19 and Figure 24.20, respectively.

Figure 24.19 Listing of OUTEST= Data Set Created in the FIT Statement with One BY Statement That
Appears after the SOLVE Statement

Figure 24.20 Listing of OUT= Data Set Created in the First SOLVE Statement with One BY Statement
That Appears after the SOLVE Statement

CONTROL Statement

CONTROL variable < value > . . . ;

The CONTROL statement declares control variables and speci�es their values. A control variable is like a
parameter except that it has a �xed value and is not estimated from the data. You can use control variables for
constants in model equations that you might want to change in different solution cases. You can use control
variables to vary the program logic. Unlike the retained variables, these values are �xed across iterations.

DELETEMODEL Statement

DELETEMODEL model < MODNAME=model-name > ;

The DELETEMODEL statement deletes a model created using the OUTMODEL= option in a previous
PROC MODEL execution. Themodel argument speci�es the catalog or XML-based data set containing the
model to be deleted, and themodel-name argument speci�es which model is to be deleted.
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ENDOGENOUS Statement

ENDOGENOUS variable < initial-values > . . . ;

The ENDOGENOUS statement declares model variables and identi�es them as endogenous. You can declare
model variables with an ENDOGENOUS statement instead of with a VAR statement to help document the
model or to indicate the default solution variables. The variables declared endogenous are solved when a
SOLVE statement does not indicate which variables to solve. Valid abbreviations for the ENDOGENOUS
statement are ENDOG and ENDO.

The DEPENDENT statement is equivalent to the ENDOGENOUS statement and is provided for the conve-
nience of noneconometric practitioners.

The ENDOGENOUS statement optionally provides initial values for lagged dependent variables. For more
information, see the section “Lag Logic” on page 1636.

EQGROUP Statement

EQGROUP label=equation. . . ;

The EQGROUP statement applies a group label to the speci�ed list of equations in the model program.
Equation groups identify sets of related equations. The equation groups can be used by the ANALYZEDEP=
option in a subsequent SOLVE statement to help specify and understand the role of groups of equations in a
SOLVE step. If an equation appears in more than one EQGROUP statement, the label that is speci�ed in the
last EQGROUP statement is applied to that equation.

ERRORMODEL Statement

ERRORMODEL equation-name � distribution < CDF= CDF(options) > ;

The ERRORMODEL statement is the mechanism for specifying the distribution of the residuals. You must
specify the dependent/endogenous variables or general form model name, a tilde (Ï ), and then adistribution
with its parameters. You can specify the following options:

Options to Specify the Distribution

CAUCHY( < location, scale > )
speci�es the Cauchy distribution. This option is supported only for simulation. The arguments
correspond to the arguments of the SAS CDF function that computes the cumulative distribution
function (ignoring the random variable argument).

CHISQUARED ( df < , nc > )
speci�es the� 2 distribution. This option is supported only for simulation. The arguments correspond
to the arguments of the SAS CDF function (ignoring the random variable argument).
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GENERAL( likelihood < , parm1, parm2, : : : parmn > )
speci�es the negative of a general log-likelihood function that you construct by using SAS pro-
gramming statements. The procedure minimizes the negative log-likelihood function speci�ed.
parm1; parm2; : : : parmn are optional parameters for this distribution and are used for documentation
purposes only.

F( ndf, ddf < , nc > )
speci�es theF distribution. This option is supported only for simulation. The arguments correspond to
the arguments of the SAS CDF function (ignoring the random variable argument).

NORMAL( v1v2 : : : vn )
speci�es a multivariate normal (Gaussian) distribution with mean 0 and variancesv1 throughvn .

POISSON( mean )
speci�es the Poisson distribution. This option is supported only for simulation. The arguments
correspond to the arguments of the SAS CDF function (ignoring the random variable argument).

T( v1v2 : : : vn , df )
speci�es a multivariatet distribution with noncentrality 0, variancev1 throughvn , and common degrees
of freedomdf .

UNIFORM( < left, right > )
speci�es the uniform distribution. This option is supported only for simulation. The arguments
correspond to the arguments of the SAS CDF function (ignoring the random variable argument).

Options to Specify the CDF for Simulation

CDF=( CDF(options) )
speci�es the univariate distribution that is used for simulation so that the estimation can be done for
one set of distributional assumptions and the simulation for another. TheCDF can be any of the
distributions from the previous section with the exception of the general likelihood. In addition, you
can specify the empirical distribution of the residuals.

EMPIRICAL= ( < TAILS=( options) > )
uses the sorted residual data to create an empirical CDF.

TAILS=( tail-options )
speci�es how to handle the tails in computing the inverse CDF from an empirical distribution, where
the tail-options are as follows:

NORMAL speci�es the normal distribution to extrapolate the tails.

T( df ) speci�es thet distribution to extrapolate the tails.

PERCENT=p speci�es the percentage of the observations to use in constructing each tail. The
default for the PERCENT= option is 10. A normal distribution or at distribution
is used to extrapolate the tails to in�nity. The variance for the tail distribution is
obtained from the data so that the empirical CDF is continuous.
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ESTIMATE Statement

ESTIMATE item < , item . . . > < ,/ options > ;

The ESTIMATE statement computes estimates of functions of the parameters.

The ESTIMATE statement refers to the parameters estimated by the associated FIT statement (that is, to
either the preceding FIT statement or, in the absence of a preceding FIT statement, to the following FIT
statement). You can use any number of ESTIMATE statements.

Let h.� / denote the function of parameters that needs to be estimated. LetO� denote the unconstrained
estimate of the parameter of interest,� . Let OV be the estimate of the covariance matrix of� . Denote

A.� / D @h.� /=@�j O�

Then the standard error of the parameter function estimate is computed by obtaining the square root of
A. O�/ OVA

0
. O�/ . This is the same as the variance needed for a Wald type test statistic with null hypothesis

h.� / D 0.

If the expression of the function in the ESTIMATE statement includes a variable, then the value used in
computing the function estimate is the last observation of the variable in the DATA= data set.

If you specify options in the ESTIMATE statement, a comma is required before the “/” character that separates
the test expressions from the options, since the “/” character can also be used within test expressions to
indicate division. Eachitem is written as an optional name followed by an expression,

< "name" > expression

where"name" is a string used to identify the estimate in the printed output and in the OUTEST= data set.

Expressions can be composed of parameter names, arithmetic operators, functions, and constants. Comparison
operators (such as = or <) and logical operators (such as &) cannot be used in ESTIMATE statement
expressions. Parameters named in ESTIMATE expressions must be among the parameters estimated by the
associated FIT statement.

You can use the following options in the ESTIMATE statement:

OUTEST=
speci�es the name of the data set in which the estimate of the functions of the parameters are to be
written. The format for this data set is identical to the OUTEST= data set for the FIT statement.

If you specify aname in the ESTIMATE statement, that name is used as the parameter name for the
estimate in the OUTEST= data set. If noname is provided and the expression is just a symbol, the
symbol name is used; otherwise, the string “_Estimate #” is used, where “#” is the variable number in
the OUTEST= data set.

OUTCOV
writes the covariance matrix of the functions of the parameters to the OUTEST= data set in addition to
the parameter estimates.

COVB
prints the covariance matrix of the functions of the parameters.
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CORRB
prints the correlation matrix of the functions of the parameters.

The following statements are an example of the use of the ESTIMATE statement in a segmented model and
produce the output shown in Figure 24.21:

data a;
input y x @@;

datalines;
.46 1 .47 2 .57 3 .61 4 .62 5 .68 6 .69 7
.78 8 .70 9 .74 10 .77 11 .78 12 .74 13 .80 13
.80 15 .78 16

;

title �Segmented Model -- Quadratic with Plateau�;
proc model data=a;

x0 = -.5 * b / c;

if x < x0 then y = a + b * x + c * x* x;
else y = a + b * x0 + c * x0 * x0;

fit y start=( a .45 b .5 c -.0025 );

estimate �Join point� x0 ,
�plateau� a + b * x0 + c * x0 ** 2 ;

run;

Figure 24.21 ESTIMATE Statement Output

EXOGENOUS Statement

EXOGENOUS variable < initial-values > . . . ;

The EXOGENOUS statement declares model variables and identi�es them as exogenous. You can declare
model variables with an EXOGENOUS statement instead of with a VAR statement to help document the
model or to indicate the default instrumental variables. The variables declared exogenous are used as
instruments when an instrumental variables estimation method is requested (such as N2SLS or N3SLS) and
an INSTRUMENTS statement is not used. Valid abbreviations for the EXOGENOUS statement are EXOG
and EXO.
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The INDEPENDENT statement is equivalent to the EXOGENOUS statement and is provided for the
convenience of non-econometric practitioners.

The EXOGENOUS statement optionally provides initial values for lagged exogenous variables. For more
information, see the section “Lag Logic” on page 1636.

FIT Statement

FIT < equations > < PARMS=(parameter < values > . . . ) > < START=(parameter values . . . ) > <
DROP=(parameter . . . ) > < INITIAL=(variable < = parameter | constant > . . . ) > < / options > ;

The FIT statement estimates model parameters by �tting the model equations to input data and optionally
selects the equations to be �t. If the list of equations is omitted, all model equations that contain parameters
are �tted.

The following options can be used in the FIT statement.

DROP= ( parameters . . . )
speci�es that the named parameters not be estimated. All the parameters in the equations �t are
estimated except those listed in the DROP= option. The dropped parameters retain their previous
values and are not changed by the estimation.

INITIAL= ( variable = < parameter | constant > . . . )
associates avariable with an initial value as aparameter or aconstant. This option applies only to
ordinary differential equations. For more information, see the section “Ordinary Differential Equations”
on page 1543.

PARMS= ( parameters [values] . . . )
selects a subset of the parameters for estimation. When the PARMS= option is used, only the named
parameters are estimated. Any parameters not speci�ed in the PARMS= list retain their previous values
and are not changed by the estimation.

In PROC MODEL, you have several options to specify starting values for the parameters to be
estimated. When more than one option is speci�ed, the options are implemented in the following order
of precedence (from highest to lowest): the START= option, the PARMS statement initialization value,
the ESTDATA= option, and the PARMSDATA= option. If no options are speci�ed for the starting
value, the default value of 0.0001 is used.

PRL= WALD | LR | BOTH
requests con�dence intervals on estimated parameters. By default, the PRL option produces 95%
likelihood ratio con�dence limits. The coverage of the con�dence interval is controlled by the ALPHA=
option in the FIT statement.

START= ( parameter values . . . )
supplies starting values for the parameter estimates. In PROC MODEL, you have several options to
specify starting values for the parameters to be estimated. When more than one option is speci�ed, the
options are implemented in the following order of precedence (from highest to lowest): the START=
option, the PARMS statement initialization value, the ESTDATA= option, and the PARMSDATA=
option. If no options are speci�ed for the starting value, the default value of 0.0001 is used. If the
START= option speci�es more than one starting value for one or more parameters, a grid search is



FIT Statement F 1465

performed over all combinations of the values, and the best combination is used to start the iterations.
For more information, see the STARTITER= option.

Options to Control the Estimation Method Used

ADJSMMV
speci�es adding the variance adjustment from simulating the moments to the variance-covariance
matrix of the parameter estimators. By default, no adjustment is made.

COVBEST=GLS | CROSS | FDA
speci�es the variance-covariance estimator used for FIML. COVBEST=GLS selects the generalized
least squares estimator. COVBEST=CROSS selects the crossproducts estimator. COVBEST=FDA
selects the inverse of the �nite difference approximation to the Hessian. The default is
COVBEST=CROSS.

DYNAMIC
speci�es dynamic estimation of ordinary differential equations. For more information, see the section
“Ordinary Differential Equations” on page 1543.

FIML
speci�es full information maximum likelihood estimation.

GINV=G2 | G4
speci�es the type of generalized inverse to be used when computing the covariance matrix. G4 selects
the Moore-Penrose generalized inverse. The default is GINV=G2.

Rather than deleting linearly related rows and columns of the covariance matrix, the Moore-Penrose
generalized inverse averages the variance effects between collinear rows. When the option GINV=G4
is used, the Moore-Penrose generalized inverse is used to calculate standard errors and the covariance
matrix of the parameters as well as the change vector for the optimization problem. For singular
systems, a normal G2 inverse is used to determine the singular rows so that the parameters can be
marked in the parameter estimates table. A G2 inverse is calculated by satisfying the �rst two properties
of the Moore-Penrose generalized inverse; that is,AAC A D A andAC AAC D AC . Whether or not
you use a G4 inverse, if the covariance matrix is singular, the parameter estimates are not unique. For
more information about generalized inverses, see Noble and Daniel (1977, pp. 337–340).

GENGMMV
specify GMM variance under arbitrary weighting matrix. For more information, see the section
“Estimation Methods” on page 1488.

This is the default method for GMM estimation.

GMM
speci�es generalized method of moments estimation.

HCCME=0 | 1 | 2 | 3 | NO
speci�es the type of heteroscedasticity-consistent covariance matrix estimator to use for OLS, 2SLS,
3SLS, SUR, and the iterated versions of these estimation methods. The number corresponds to the
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type of covariance matrix estimator to use as

HC0 W O� 2
t

HC1 W n
n� df O� 2

t

HC2 W O� 2
t =.1 � Oht /

HC3 W O� 2
t =.1 � Oht /2

The default is NO.

ITGMM
speci�es iterated generalized method of moments estimation.

ITOLS
speci�es iterated ordinary least squares estimation. This is the same as OLS unless there are cross-
equation parameter restrictions.

ITSUR
speci�es iterated seemingly unrelated regression estimation

IT2SLS
speci�es iterated two-stage least squares estimation. This is the same as 2SLS unless there are
cross-equation parameter restrictions.

IT3SLS
speci�es iterated three-stage least squares estimation.

KERNEL=(PARZEN | BART | QS, < c > , < e > )

KERNEL=PARZEN | BART | QS
speci�es the kernel to be used for GMM and ITGMM. PARZEN selects the Parzen kernel, BART
selects the Bartlett kernel, and QS selects the quadratic spectral kernel.e � 0 andc � 0 are used to
compute the bandwidth parameter. The default is KERNEL=(PARZEN, 1, 0.2). For more information,
see the section “Estimation Methods” on page 1488.

N2SLS | 2SLS
speci�es nonlinear two-stage least squares estimation. This is the default when an INSTRUMENTS
statement is used.

N3SLS | 3SLS
speci�es nonlinear three-stage least squares estimation.

NDRAW < =number-of-draws >
requests the simulation method for parameter estimation where the contribution of each observation
to the estimation is approximated by usingnumber-of-draws evaluations of the model program. If
number-of-draws is not speci�ed, the default value of 10 is used.

NOOLS

NO2SLS
speci�es bypassing OLS or 2SLS to get initial parameter estimates for GMM, ITGMM, or FIML. This
is important for certain models that are poorly de�ned in OLS or 2SLS, or if good initial parameter
values are already provided. Note that for GMM, theV matrix is created by using the initial values
speci�ed and this might not be consistently estimated.
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NO3SLS
speci�es not to use 3SLS automatically for FIML initial parameter starting values.

NOGENGMMV
speci�es not to use GMM variance under arbitrary weighting matrix. Use GMM variance under optimal
weighting matrix instead. For more information, see the section “Estimation Methods” on page 1488.

NPREOBS=number-of-obs-to-initialize
speci�es the initial number of observations to run the simulation before the simulated values are
compared to observed variables. This option is most useful in cases where the program statements
involve lag operations. Use this option to avoid the effect of the starting point on the simulation.

NVDRAW=number-of-draws-for-V-matrix
speci�esH 0, the number of draws for V matrix. If this option is not speci�ed, the defaultH 0 is set to
20.

OLS
speci�es ordinary least squares estimation. This is the default.

SUR
speci�es seemingly unrelated regression estimation.

VARDEF=N | WGT | DF | WDF
speci�es the denominator to be used in computing variances and covariances, MSE, root MSE measures,
and so on. VARDEF=N speci�es that the number of nonmissing observations be used. VARDEF=WGT
speci�es that the sum of the weights be used. VARDEF=DF speci�es that the number of nonmissing
observations minus the model degrees of freedom (number of parameters) be used. VARDEF=WDF
speci�es that the sum of the weights minus the model degrees of freedom be used. The default
is VARDEF=DF. For FIML estimation the VARDEF= option does not affect the calculation of the
parameter covariance matrix, which is determined by the COVBEST= option.

Data Set Options

DATA=SAS-data-set
speci�es the input data set. Values for the variables in the program are read from this data set. If the
DATA= option is not speci�ed in the FIT statement, the data set speci�ed by the DATA= option in the
PROC MODEL statement is used.

ESTDATA=SAS-data-set
speci�es a data set whose �rst observation provides initial values for some or all of the parameters.

MISSING=PAIRWISE | DELETE
speci�es how missing values are handled. MISSING=PAIRWISE speci�es that missing values are
tracked on an equation-by-equation basis. MISSING=DELETE speci�es that the entire observation is
omitted from the analysis when any equation has a missing predicted or actual value for the equation.
The default is MISSING=DELETE.

OUT=SAS-data-set
names the SAS data set to contain the residuals, predicted values, or actual values from each estimation.
The residual values written to the OUT= data set are de�ned as theactual � predicted, which is the
negative of RESID.variableas de�ned in the section “Equation Translations” on page 1631. Only the
residuals are output by default.
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OUTACTUAL
writes the actual values of the endogenous variables of the estimation to the OUT= data set. This
option is applicable only if the OUT= option is speci�ed.

OUTALL
selects the OUTACTUAL, OUTERRORS, OUTLAGS, OUTPREDICT, and OUTRESID options.

OUTCOV

COVOUT
writes the covariance matrix of the estimates to the OUTEST= data set in addition to the parameter
estimates. The OUTCOV option is applicable only if the OUTEST= option is also speci�ed.

OUTEST=SAS-data-set
names the SAS data set to contain the parameter estimates and optionally the covariance of the
estimates.

OUTLAGS
writes the observations used to start the lags to the OUT= data set. This option is applicable only if the
OUT= option is speci�ed.

OUTPREDICT
writes the predicted values to the OUT= data set. This option is applicable only if OUT= is speci�ed.

OUTRESID
writes the residual values computed from the parameter estimates to the OUT= data set. The OUT-
RESID option is the default if neither OUTPREDICT nor OUTACTUAL is speci�ed. This option is
applicable only if the OUT= option is speci�ed. If the h.var equation is speci�ed, the residual values
written to the OUT= data set are the normalized residuals, de�ned asactual � predicted, divided by
the square root of the h.var value. If the WEIGHT statement is used, the residual values are calculated
asactual � predicted multiplied by the square root of the WEIGHT variable.

OUTS=SAS-data-set
names the SAS data set to contain the estimated covariance matrix of the equation errors. This is the
covariance of the residuals computed from the parameter estimates.

OUTSN=SAS-data-set
names the SAS data set to contain the estimated normalized covariance matrix of the equation errors.
This is valid for multivariatet distribution estimation.

OUTSUSED=SAS-data-set
names the SAS data set to contain theS matrix used in the objective function de�nition. The
OUTSUSED= data set is the same as the OUTS= data set for the methods that iterate theS matrix.

OUTUNWGTRESID
writes the unweighted residual values computed from the parameter estimates to the OUT= data set.
These are residuals computed asactual � predicted with no accounting for the WEIGHT statement,
the_WEIGHT_ variable, or any variance expressions. This option is applicable only if the OUT=
option is speci�ed.
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OUTV=SAS-data-set
names the SAS data set to contain the estimate of the variance matrix for GMM and ITGMM.

SDATA=SAS-data-set
speci�es a data set that provides the covariance matrix of the equation errors. The matrix read from
the SDATA= data set is used for the equation covariance matrix (S matrix) in the estimation. (The
SDATA= S matrix is used to provide only the initial estimate ofS for the methods that iterate theS
matrix.)

TIME=name
speci�es the name of the time variable. This variable must be in the data set.

TYPE=name
speci�es the estimation type to read from the SDATA= and ESTDATA= data sets. The name speci�ed
in the TYPE= option is compared to the_TYPE_ variable in the ESTDATA= and SDATA= data sets to
select observations to use in constructing the covariance matrices. When the TYPE= option is omitted,
the last estimation type in the data set is used. Valid values are the estimation methods used in PROC
MODEL.

VDATA=SAS-data-set
speci�es a data set that contains a variance matrix for GMM and ITGMM estimation. For more
information, see the section “Output Data Sets” on page 1586.

Printing Options for FIT Tasks

BREUSCH=( variable-list )
speci�es the modi�ed Breusch-Pagan test, wherevariable-list is a list of variables used to model the
error variance.

CHOW=obs

CHOW=(obs1 obs2 . . . obsn)
prints the Chow test for break points or structural changes in a model. The argument is the �rst
observation in the second sample or a parenthesized list of the �rst observations in each of the second
samples. If the size of one of the two groups in which the sample is partitioned is less than the number
of parameters, then a predictive Chow test is automatically used. For more information, see the section
“Chow Tests” on page 1557.

COLLIN
prints collinearity diagnostics for the Jacobian crossproducts matrix (XPX) after the parameters have
converged. Collinearity diagnostics are also automatically printed if the estimation fails to converge.

CORR
prints the correlation matrices of the residuals and parameters. Using CORR is the same as using both
CORRB and CORRS.

CORRB
prints the correlation matrix of the parameter estimates.
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CORRS
prints the correlation matrix of the residuals.

COV
prints the covariance matrices of the residuals and parameters. Specifying COV is the same as
specifying both COVB and COVS.

COVB
prints the covariance matrix of the parameter estimates.

COVS
prints the covariance matrix of the residuals.

DW < = >
prints Durbin-Watsond statistics, which measure autocorrelation of the residuals. When the residual
series is interrupted by missing observations, the Durbin-Watson statistic calculated isd0as suggested
by Savin and White (1978). This is the usual Durbin-Watson computed by ignoring the gaps. Savin
and White show that it has the same null distribution as the DW with no gaps in the series and can be
used to test for autocorrelation using the standard tables. The Durbin-Watson statistic is not valid for
models that contain lagged endogenous variables.

You can use the DW= option to request higher-order Durbin-Watson statistics. Since the ordinary
Durbin-Watson statistic tests only for �rst-order autocorrelation, the Durbin-Watson statistics for
higher-order autocorrelation are calledgeneralized Durbin-Watsonstatistics.

DWPROB
prints the signi�cance level (p-values) for the Durbin-Watson tests. Since the Durbin-Watsonp-values
are computationally expensive, they are not reported by default. In the Durbin-Watson test, the null
hypothesis is that there is autocorrelation at a speci�c lag.

For limitations of the statistic, see the section “Generalized Durbin-Watson Tests” in Chapter 8, “The
AUTOREG Procedure.”

FSRSQ
prints the �rst-stageR2 statistics for instrumental estimation methods. TheseR2 statistics measure
the proportion of the variance retained when the Jacobian columns associated with the parameters are
projected through the instruments space.

GODFREY

GODFREY=n
performs Godfrey's tests for autocorrelated residuals for each equation, wheren is the maximum
autoregressive order, and speci�es that Godfrey's tests be computed for lags 1 throughn. The default
number of lags is one.

HAUSMAN
performs Hausman's speci�cation test, orm-statistics.

NORMAL
performs tests of normality of the model residuals.
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PCHOW=obs

PCHOW=(obs1 obs2 . . . obsn)
prints the predictive Chow test for break points or structural changes in a model. The argument is the
�rst observation in the second sample or a parenthesized list of the �rst observations in each of the
second samples. For more information, see the section “Chow Tests” on page 1557.

PRINTALL
speci�es the printing options COLLIN, CORRB, CORRS, COVB, COVS, DETAILS, DW, and FSRSQ.

WHITE
speci�es White's test.

Options to Control Iteration Output

For more information about the output produced, see the section “Iteration History” on page 1520.

I
prints the inverse of the crossproducts Jacobian matrix at each iteration.

ITALL
speci�es all iteration printing-control options (I, ITDETAILS, ITPRINT, and XPX). ITALL also prints
the crossproducts matrix (labeled CROSS), the parameter change vector, and the estimate of the
cross-equation covariance of residuals matrix at each iteration.

ITDETAILS
prints a detailed iteration listing. This includes the ITPRINT information and additional statistics.

ITPRINT
prints the parameter estimates, objective function value, and convergence criteria at each iteration.

XPX
prints the crossproducts Jacobian matrix at each iteration.

Options to Control the Minimization Process

The following options can be helpful when you experience a convergence problem:

CONVERGE=value1

CONVERGE=(value1, value2)
speci�es the convergence criteria. The convergence measure must be less thanvalue1 before conver-
gence is assumed.value2 is the convergence criterion for theS andV matrices forS andV iterated
methods.value2 defaults tovalue1. For more information, see the section “Convergence Criteria” on
page 1508. The default value is CONVERGE=0.001.

HESSIAN=CROSS | GLS | FDA
speci�es the Hessian approximation used for FIML. HESSIAN=CROSS selects the crossproducts
approximation to the Hessian, HESSIAN=GLS selects the generalized least squares approximation
to the Hessian, and HESSIAN=FDA selects the �nite difference approximation to the Hessian. HES-
SIAN=GLS is the default.
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LTEBOUND=n
speci�es the local truncation error bound for the integration. This option is ignored if no ordinary
differential equations (ODEs) are speci�ed.

EPSILON=value
speci�es the tolerance value used to transform strict inequalities into inequalities when restrictions
on parameters are imposed. By default, EPSILON=1E–8. For more information, see the section
“Restrictions and Bounds on Parameters” on page 1553.

MAXITER=n
speci�es the maximum number of iterations allowed. The default is MAXITER=100.

MAXSUBITER=n
speci�es the maximum number of subiterations allowed for an iteration. For the GAUSS method, the
MAXSUBITER= option limits the number of step halvings. For the MARQUARDT method, the MAX-
SUBITER= option limits the number of times� can be increased. The default is MAXSUBITER=30.
For more information, see the section “Minimization Methods” on page 1507.

METHOD=GAUSS | MARQUARDT
speci�es the iterative minimization method to use. METHOD=GAUSS speci�es the Gauss-Newton
method, and METHOD=MARQUARDT speci�es the Marquardt-Levenberg method. The default is
METHOD=GAUSS. If the default GAUSS method fails to converge, the procedure switches to the
MARQUARDT method. For more information, see the section “Minimization Methods” on page 1507.

MINTIMESTEP=n
speci�es the smallest allowed time step to be used in the integration. This option is ignored if no ODEs
are speci�ed.

NESTIT
changes the way the iterations are performed for estimation methods that iterate the estimate of the
equation covariance (S matrix). The NESTIT option is relevant only for the methods that iterate
the estimate of the covariance matrix (ITGMM, ITOLS, ITSUR, IT2SLS, and IT3SLS). For more
information about NESTIT, see the section “Details about the Covariance of Equation Errors” on
page 1505.

SINGULAR=value
speci�es the smallest pivot value allowed. The default is 1.0E–12.

STARTITER=n
speci�es the number of minimization iterations to perform at each grid point. The default is STAR-
TITER=0, which implies that no minimization is performed at the grid points. For more information,
see the section “Using the STARTITER Option” on page 1514.

Other Options

Other options that can be used in the FIT statement include the following that list and analyze the model:
BLOCK, GRAPH, LIST, LISTCODE, LISTDEP, LISTDER, and XREF. The following printing control
options are also available: DETAILS, FLOW, INTGPRINT, MAXERRORS=, NOPRINT, PRINTALL, and
TRACE. For complete descriptions of these options, see the discussion of the PROC MODEL statement
options earlier in this chapter.
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ID Statement

ID variables ;

The ID statement speci�es variables to identify observations in error messages or other listings and in the
OUT= data set. The ID variables are normally SAS date or datetime variables. If more than one ID variable
is used, the �rst variable is used to identify the observations; the remaining variables are added to the OUT=
data set.

INCLUDE Statement

INCLUDE model-names . . . ;

The INCLUDE statement reads model �les and inserts their contents into the current model. However, instead
of replacing the current model as the RESET MODEL= option does, the contents of included model �les are
inserted into the model program at the position that the INCLUDE statement appears.

INSTRUMENTS Statement

INSTRUMENTS variables < _EXOG_ > ;

INSTRUMENTS < variables-list > < _EXOG_ > < EXCLUDE=(parameters ) > < / options > ;

INSTRUMENTS (equation, variables)(equation, variables). . . ;

The INSTRUMENTS statement speci�es the instrumental variables to be used in the N2SLS, N3SLS,
IT2SLS, IT3SLS, GMM, and ITGMM estimation methods.

There are three ways of specifying the INSTRUMENTS statement. The �rst form of the INSTRUMENTS
statement is declared before a FIT statement and de�nes the default instruments list. The items speci�ed as
instruments can be variables or the special keyword _EXOG_. The keyword _EXOG_ indicates that all the
model variables declared EXOGENOUS are to be added to the instruments list. If a single INSTRUMENTS
statement of the �rst form is declared before multiple FIT statements, then it serves as the default instruments
list for each of the FIT statements. However, if any of these FIT statements are followed by separate
INSTRUMENTS statement, then the latter take precedence over the default list. Hence, in the case of
multiple FIT statements, the INSTRUMENTS statement for a particular FIT statement is written below the
FIT statement if instruments other than the default are required. For a single FIT statement, you can declare
the INSTRUMENTS statement of the �rst form either preceding or following the FIT statement.

The second form of the INSTRUMENTS statement is used only after the FIT statement and before the
next RUN statement. The items speci�ed as instruments for the second form can be variables, names of
parameters to be estimated, or the special keyword _EXOG_. If you specify the name of a parameter in the
instruments list, the partial derivatives of the equations with respect to the parameter (that is, the columns of
the Jacobian matrix associated with the parameter) are used as instruments. The parameter itself is not used
as an instrument. These partial derivatives should not depend on any of the parameters to be estimated. Only
the names of parameters to be estimated can be speci�ed.
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Note that an INSTRUMENTS statement of only the �rst form declared before multiple FIT statements serves
as the default instruments list. Hence, in the cases of multiple as well as single FIT statements, you can
declare the second form of INSTRUMENTS statements only following the FIT statements.

In the case where a FIT statement is preceded by an INSTRUMENTS statement of the second form in error
and not followed by any INSTRUMENTS statement, then the default list is used. This default list is given
by the INSTRUMENTS statement of the �rst form as explained above. If such a list is not declared, all the
model variables declared EXOGENOUS comprise the default.

A third form of the INSTRUMENTS statement is used to specify instruments for each equation. No explicit
intercept is added, parameters cannot be speci�ed to represent instruments, and the _EXOG_ keyword is
not allowed. Equations not explicitly assigned instruments use all the instruments speci�ed for the other
equations as well as instruments not assigned speci�c equations. In the following statements,z1, z2, andz3
are instruments used with equationy1, andz2, z3, andz4 are instruments used with equationy2.

proc model data=data_sim;
exogenous x1 x2;
parms a b c d e f;

y1 =a * x1 ** 2 + b* x2 ** 2 + c * x1 * x2 ;
y2 =d * x1 ** 2 + e* x2 ** 2 + f * x1 * x2 ** 2;

fit y1 y2 / 3sls ;
instruments (y1, z1 z2 z3) (y2,z2 z3 z4);

run;

EXCLUDE=(parameters)
speci�es that the derivatives of the equations with respect to all of the parameters to be estimated
(except the parameters listed in the EXCLUDE list) be used as instruments, in addition to the other
instruments speci�ed. If you use the EXCLUDE= option, you should be sure that the derivatives with
respect to the nonexcluded parameters in the estimation are independent of the endogenous variables
and not functions of the parameters estimated.

The following options can be speci�ed in the INSTRUMENTS statement following a slash (/):

NOINTERCEPT

NOINT
excludes the constant of 1.0 (intercept) from the instruments list. An intercept is included as an instru-
ment while using the �rst or second form of the INSTRUMENTS statement unless NOINTERCEPT is
speci�ed.

When a FIT statement speci�es an instrumental variables estimation method and no INSTRUMENTS
statement accompanies the FIT statement, the default instruments are used. If no default instruments
list has been speci�ed, all the model variables declared EXOGENOUS are used as instruments. For
more information, see the section “Choice of Instruments” on page 1561.

INTONLY
speci�es that only the intercept be used as an instrument. This option is used for GMM estimation
where the moments have been speci�ed explicitly.
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LABEL Statement

LABEL variable=�label� . . . ;

The LABEL statement speci�es a label of up to 255 characters for parameters and other variables used in the
model program. Labels are used to identify parts of the printout of FIT and SOLVE tasks. The labels are
displayed in the output if the LINESIZE= option is large enough.

MOMENT Statement

MOMENT variables=moment-speci�cation ;

In many scenarios, endogenous variables are observed from data. From the models, you can simulate these
endogenous variables based on a �xed set of parameters. The goal of simulated method of moments (SMM)
is to �nd a set of parameters such that the moments of the simulated data match the moments of the observed
variables. If there are many moments to match, the code might be tedious. The following MOMENT
statement provides a way to generate some commonly used moments automatically. Multiple MOMENT
statements can be used.

variables can be one or more endogenous variables.

moment-speci�cation can have the following four types:

� ( number-list ) speci�es that the endogenous variable is raised to the power speci�ed by each number
in number-list. For example,

moment y = (2 3);

adds the following two equations to be estimated:

eq._moment_1 = y ** 2 - pred.y ** 2;
eq._moment_2 = y ** 3 - pred.y ** 3;

� ABS( number-list ) speci�es that the absolute value of the endogenous variable is raised to the power
speci�ed by each number innumber-list. For example,

moment y = ABS(3);

adds the following equation to be estimated:

eq._moment_2 = abs(y) ** 3 - abs(pred.y) ** 3;

� LAGn ( number-list ) speci�es that the endogenous variable is multiplied by thenth lag of the
endogenous variable, and this product is raised to the power speci�ed by each number innumber-list.
For example,
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moment y = LAG4(3);

adds the following equation to be estimated:

eq._moment_3 = (y * lag4(y)) ** 3 - (pred.y * lag4(pred.y)) ** 3;

� ABS_LAGn ( number-list ) speci�es that the endogenous variable is multiplied by thenth lag of the
endogenous variable, and the absolute value of this product is raised to the power speci�ed by each
number innumber-list. For example,

moment y = ABS_LAG4(3);

adds the following equation to be estimated:

eq._moment_4 = abs(y * lag4(y)) ** 3 - abs(pred.y * lag4(pred.y)) ** 3;

The following PROC MODEL statements use the MOMENT statement to generate 24 moments and �t these
moments using SMM:

proc model data=_tmpdata list;
parms a b .5 s 1;
instrument _exog_ / intonly;

u = rannor( 10091 );
z = rannor( 97631 );

lsigmasq = xlag(sigmasq,exp(a));

lnsigmasq = a + b * log(lsigmasq) + s * u;
sigmasq = exp( lnsigmasq );

y = sqrt(sigmasq) * z;

moment y = (2 4) abs(1 3) abs_lag1(1 2) abs_lag2(1 2);
moment y = abs_lag3(1 2) abs_lag4(1 2)

abs_lag5(1 2) abs_lag6(1 2)
abs_lag7(1 2) abs_lag8(1 2)
abs_lag9(1 2) abs_lag10(1 2);

fit y / gmm npreobs=20 ndraw=10;
bound s > 0, 1>b>0;

run;

OUTVARS Statement

OUTVARS variables ;
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The OUTVARS statement speci�es additional variables de�ned in the model program to be output to the
OUT= data sets. The OUTVARS statement is not needed unless the variables to be added to the output data
set are not referred to by the model, or unless you want to include parameters or other special variables in
the OUT= data set. The OUTVARS statement includes additional variables, whereas the KEEP statement
excludes variables.

PARAMETERS Statement

PARAMETERS variable < value > < variable < value > > . . . ;

The PARAMETERS statement declares the parameters of a model and optionally sets their initial values.
Valid abbreviations are PARMS and PARM.

Each parameter has a single value associated with it, which is the same for all observations. Lagging is not
relevant for parameters. If a value is not speci�ed in the PARMS statement (or by the PARMS= option of a
FIT statement), the value defaults to 0.0001 for FIT tasks and to a missing value for SOLVE tasks.

Programming Statements

To de�ne the model, you can use most of the programming statements that are allowed in the SAS DATA
step. For more information, see theSAS Language Reference: Dictionary.

RANGE Statement

RANGE variable < = �rst > < TO last > ;

The RANGE statement speci�es the range of observations to be read from the DATA= data set. For FIT tasks,
the RANGE statement controls the period of �t for the estimation. For SOLVE tasks, the RANGE statement
controls the simulation period or forecast horizon.

The RANGE variable must be a numeric variable in the DATA= data set that identi�es the observations, and
the data set must be sorted by the RANGE variable. The �rst observation in the range is identi�ed by�rst ,
and the last observation is identi�ed bylast.

PROC MODEL uses the �rstl observations prior to�rst to initialize the lags, wherel is the maximum number
of lags needed to evaluate any of the equations to be �t or solved, or the maximum number of lags needed to
compute any of the instruments when an instrumental variables estimation method is used. There should
be at leastl observations in the data set before�rst . If last is not speci�ed, all the nonmissing observations
starting with�rst are used.

If �rst is omitted, the �rstl observations are used to initialize the lags, and the rest of the data, untillast, is
used. If a RANGE statement is used but both�rst andlast are omitted, the RANGE statement variable is
used to report the range of observations processed.

The RANGE variable should be nonmissing for all observations. Observations that contain missing RANGE
values are deleted.

The following are examples of RANGE statements:
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range year = 1971 to 1988; / * yearly data * /
range date = �1feb73�d to �1nov82�d; / * monthly data * /
range time = 60.5; / * time in years * /
range year to 1977; / * use all years through 1977 * /
range date; / * use values of date to report period of fit * /

If no RANGE statements follow multiple FIT statements and if a single RANGE statement is declared before
all the FIT statements, estimation in each of the multiple FIT statements is based on the data speci�ed in the
single RANGE statement. A single RANGE statement that follows multiple FIT statements affects only the
�t immediately preceding it.

If the FIT statement is both followed by and preceded by RANGE statements, the following RANGE
statement takes precedence over the preceding RANGE statement.

In the case where a range of data is to be used for a particular SOLVE task, the RANGE statement should be
speci�ed following the SOLVE statement in the case of either single or multiple SOLVE statements.

RESET Statement

RESET options ;

All the options of the PROC MODEL statement can be reset by the RESET statement. In addition, the
RESET statement supports one additional option:

PURGE
deletes the current model so that a new model can be de�ned.

When the MODEL= option is used in the RESET statement, the current model is deleted before the
new model is read.

RESTRICT Statement

RESTRICT restriction1 < , restriction2 . . . > ;

The RESTRICT statement is used to impose linear and nonlinear restrictions either on the parameters in an
estimation or on the solution variables that are speci�ed in a solve operation.

Eachrestriction is written as an optional name, followed by an expression, followed by an equality operator
(=) or an inequality operator (<, >, <=, >=), followed by a second expression:

< "name" > expression operator expression

The optional"name" is a string used to identify the restriction. Theoperator can be =, <, >, <= , or >=.
Theoperator and secondexpression are optional. When they are omitted, the defaultoperator is > and the
default secondexpression is 0.

Each RESTRICT statement is associated with the preceding FIT statement or SOLVE statement. When there
is no preceding FIT or SOLVE statement, the RESTRICT statement is associated with the following FIT or
SOLVE statement. You can specify any number of RESTRICT statements.
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Parameter Estimates

Expressions in RESTRICT statements that apply to the parameters estimated by a FIT statement can be
composed of parameter names, arithmetic operators, functions, and constants. Comparison operators (such
as = or <) and logical operators (such as &) cannot be used in RESTRICT statement expressions; however,
comparison operators are used to compare the expressions within a RESTRICT statement. Parameters that
are named in restriction expressions must be among the parameters estimated by the associated FIT statement.
Expressions can refer to variables de�ned in the program.

The restriction expressions can be linear or nonlinear functions of the parameters.

The optional"name" is a string used to identify the restriction in the printed output and in the OUTEST=
data set.

The following example shows how to use the RESTRICT statement:

proc model data=one;
endogenous y1 y2;
exogenous x1 x2;
parms a b c;
restrict b * (b+c) <= a;

eq.one = -y1/c + a/x2 + b * x1 ** 2 + c * x2 ** 2;
eq.two = -y2 * y1 + b * x2 ** 2 - c/(2 * x1);

fit one two / fiml;
run;

Solution Variables

Expressions in RESTRICT statements that apply to the solution variables in a SOLVE statement can be
composed of any variables in the model. Unlike restriction expressions that are used in parameter estimation,
exogenous model variables can be used in restriction expressions that involve solution variables because
each observation is solved independently in a SOLVE statement. To include constraints that are imposed by
RESTRICT inequalities in a solution, you must specify the OPTIMIZE option in the SOLVE statement.

The following example illustrates how multiple solutions to a nonlinear system of equations can be found by
using a RESTRICT expression that depends on exogenous variables. Two of the four possible solutions are
presented in Figure 24.22.

data d;
do i = 0 to 1;

date=i;
if i = 0 then r = -1;
else r = +1;
output;

end;
run;

proc model data=d ;
endo x y;

eq.a = x * x - 4;
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eq.b = y * y - 9;

restrict x * y* r > 1;

solve / optimize out=o outall;
quit;

proc print data = o; run;

Figure 24.22 Listing of OUT= Data Set Created by a Nonlinear Restriction

SOLVE Statement

SOLVE variables < SATISFY= equations > < /options > ;

The SOLVE statement speci�es that the model be simulated or forecast for input data values and, optionally,
selects the variables to be solved. If the list of variables is omitted, all of the model variables declared
ENDOGENOUS are solved. If no model variables are declared ENDOGENOUS, then all model variables
are solved.

The following speci�cation can be used in the SOLVE statement:

SATISFY=equation

SATISFY=( equations )
speci�es a subset of the model equations that the solution values are to satisfy. If the SATISFY=
option is not used, the solution is computed to satisfy all the model equations. Note that the number of
equations must equal the number of variables solved.

Data Set Options

DATA=SAS-data-set
names the input data set. The model is solved for each observation read from the DATA= data set. If
the DATA= option is not speci�ed in the SOLVE statement, the data set speci�ed by the DATA= option
in the PROC MODEL statement is used.
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ESTDATA=SAS-data-set
names a data set whose �rst observation provides values for some or all of the parameters and whose
additional observations (if any) give the covariance matrix of the parameter estimates. The covariance
matrix read from the ESTDATA= data set is used to generate multivariate normal pseudo-random
shocks to the model parameters when the RANDOM= option requests Monte Carlo simulation.

OUT=SAS-data-set
outputs the predicted (solution) values, residual values, actual values, or equation errors from the
solution to a data set. The residual values are theactual � predicted values, which is the negative of
RESID.variableas de�ned in the section “Equation Translations” on page 1631. Only the solution
values are output by default.

OUTACTUAL
outputs the actual values of the solved variables read from the input data set to the OUT= data set. This
option is applicable only if the OUT= option is speci�ed.

OUTALL
speci�es the OUTACTUAL, OUTERRORS, OUTLAGS, OUTPREDICT, and OUTRESID options.

OUTERRORS
writes the equation errors to the OUT= data set. These values are normally very close to 0 when a
simultaneous solution is computed; they can be used to double-check the accuracy of the solution
process. This option applies only if the OUT= option is speci�ed.

OUTLAGS
writes the observations that are used to start the lags to the OUT= data set. This option applies only if
the OUT= option is speci�ed.

OUTOBJVALS
writes the objective function value to the OBJVALS variable in the OUT= data set. The objective
function value is computed only when the OPTIMIZE solution method is speci�ed. This value is close
to 0 when an unbounded simultaneous solution is computed and can be greater than 0 when bounds are
active in the solution. This option applies only if the OUT= option is speci�ed.

OUTPREDICT
writes the solution values to the OUT= data set. This option applies only if the OUT= option is
speci�ed.

The OUTPREDICT option is the default unless one of the other output options is speci�ed.

OUTRESID
writes the residual values that are computed as theactual � predicted values and is not the same as
the RESID.variablevalues. This option applies only if the OUT= option is speci�ed.

OUTVIOLATIONS
writes the equation violations to the OUT= data set. The equation violations are computed only when
the OPTIMIZE solution method is speci�ed. The violations provide information about how much each
equation contributes to the objective function value when bounds are active in the solution. This option
applies only if the OUT= option is speci�ed.
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PARMSDATA= SAS-data-set
speci�es a data set that contains the parameter estimates. For more information, see the section “Input
Data Sets” on page 1581.

RESIDDATA=SAS-data-set
speci�es a data set that contains the residuals to be used in the empirical distribution. This data set can
be created using the OUT= option in the FIT statement.

SDATA=SAS-data-set
speci�es a data set that provides the covariance matrix of the equation errors. The covariance matrix
that is read from the SDATA= data set is used to generate multivariate normal pseudo-random shocks
to the equations when the RANDOM= option requests Monte Carlo simulation.

TIME=name
speci�es the name of the time variable. This variable must be in the data set.

TYPE=name
speci�es the estimation type. The name that is speci�ed in the TYPE= option is compared to the
_TYPE_ variable in the ESTDATA= and SDATA= data sets to select observations to use in constructing
the covariance matrices. When TYPE= is omitted, the last estimation type in the data set is used.

Solution Mode Options: Lag Processing

DYNAMIC
speci�es a dynamic solution. In the dynamic solution mode, solved values are used by the lagging
functions. DYNAMIC is the default.

NAHEAD=n
speci�es a simulation ofn-period-ahead dynamic forecasting. The NAHEAD= option is used to
simulate the process of using the model to produce successive forecasts to a �xed forecast horizon, in
which each forecast uses the historical data available at the time the forecast is made.

Note that NAHEAD=1 produces a static (one-step-ahead) solution. NAHEAD=2 produces a solution
that uses one-step-ahead solutions for the �rst lag (LAG1 functions return static predicted values) and
actual values for longer lags. NAHEAD=3 produces a solution that uses NAHEAD=2 solutions for
the �rst lags, NAHEAD=1 solutions for the second lags, and actual values for longer lags. In general,
NAHEAD=n solutions use NAHEAD=n–1 solutions for LAG1, NAHEAD=n–2 solutions for LAG2,
and so forth.

START=s
speci�es static solutions until thesth observation and then changes to dynamic solutions. If the
START=s option is speci�ed, the �rst observation in the range in which LAGn delivers solved
predicted values iss+n, while LAGn returns actual values for earlier observations.

STATIC
speci�es a static solution. In static solution mode, actual values of the solved variables from the input
data set are used by the lagging functions.
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Solution Mode Options: Use of Available Data

FORECAST
speci�es that the actual value of a solved variable is used as the solution value (instead of the predicted
value from the model equations) whenever nonmissing data are available in the input data set. That is,
in FORECAST mode, PROC MODEL solves only for those variables that are missing in the input data
set.

SIMULATE
speci�es that PROC MODEL always solves for all solution variables as a function of the input values
of the other variables, even when actual data for some of the solution variables are available in the
input data set. SIMULATE is the default.

Solution Mode Options: Numerical Solution Method

JACOBI
computes a simultaneous solution using a Jacobi iteration.

NEWTON
computes a simultaneous solution by using Newton's method. When the NEWTON option is selected,
the analytic derivatives of the equation errors with respect to the solution variables are computed, and
memory-ef�cient sparse matrix techniques are used for factoring the Jacobian matrix.

The NEWTON option can be used to solve both normalized-form and general-form equations and can
compute goal-seeking solutions. NEWTON is the default.

OPTIMIZE
computes a simultaneous solution by minimizing a norm of the equation errors with respect to the
solution variables. The OPTIMIZE method obeys constraints on the solution variables that are imposed
by the BOUNDS and RESTRICT statements.

SEIDEL
computes a simultaneous solution by using a Gauss-Seidel method.

SINGLE

ONEPASS
speci�es a single-equation (nonsimultaneous) solution. The model is executed once to compute
predicted values for the variables from the actual values of the other endogenous variables. The
SINGLE option can be used only for normalized-form equations and cannot be used for goal-seeking
solutions.

For more information about these options, see the section “Solution Modes” on page 1593.

Monte Carlo Simulation Options

COPULA=(copula-options)
speci�es the copula to be used in the simulation. You can specify the followingcopula-options:

� CLAYTON(� ), where� is the Clayton copula parameter

� FRANK(� ), where� is the Frank copula parameter
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� GUMBEL(� ), where� is the Gumbel copula parameter

� NORMAL

� NORMALMIX( n, p1 : : : pn , v1 : : : vn ), wherepi are the probabilities andv i are the variances

� T(df ) < ASYM >, wheredf is the degrees-of-freedom parameter

The normal (Gaussian) copula is the default. The copula applies to covariance of equation errors.

PSEUDO=DEFAULT | TWISTER
speci�es which pseudo-number generator to use in generating draws for Monte Carlo simulation. The
two pseudo-random number generators that are supported by the MODEL procedure are a default
congruential generator that has period231 � 1 and a Mersenne twister pseudo-random number generator
that has an extraordinarily long period219937 � 1.

QUASI=NONE | SOBOL | FAURE
speci�es a pseudo- or quasi-random number generator. Two quasi-random number generators are
supported by the MODEL procedure: the Sobol sequence (QUASI=SOBOL) and the Faure sequence
(QUASI=FAURE). The default is QUASI=NONE, which is the pseudo-random number generator.

RANDOM=n
repeats the solutionn times for each BY group, with different random perturbations of the equation
errors if the SDATA= option is speci�ed; with different random perturbations of the parameters if the
ESTDATA= option is speci�ed and the ESTDATA= data set contains a parameter covariance matrix;
and with different values returned from the random number generator functions, if any are used in the
model program. If RANDOM=0, the random number generator functions always return zero. For more
information, see the section “Monte Carlo Simulation” on page 1596. The default is RANDOM=0.

SEED=n
speci�es an integer to use as the seed in generating pseudo-random numbers to shock the parameters
and equations when the ESTDATA= or SDATA= option is speci�ed. Ifn is negative or 0, the time
of day from the computer's clock is used as the seed. The SEED= option is relevant only if the
RANDOM= option is speci�ed. The default is SEED=0.

WISHART=df
speci�es that a Wishart distribution with degrees of freedomdf be used in place of the normal error
covariance matrix. This option is used to model the variance of the error covariance matrix when
Monte Carlo simulation is selected.

Options for Controlling the Numerical Solution Process

The following options are useful when you have dif�culty converging to the simultaneous solution:

CONVERGE=value
speci�es the convergence criterion for the simultaneous solution. Convergence of the solution is judged
by comparing the CONVERGE= value to the maximum over the equations of

j� i j
jy i j C 1E � 6

if they are computable; otherwise

j� i j
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where� i represents the equation error andy i represents the solution variable that corresponds to the
ith equation for normalized-form equations. The default is CONVERGE=1E–8.

MAXITER=n
speci�es the maximum number of iterations allowed for computing the simultaneous solution for any
observation. The default is MAXITER=50.

MAXSUBITER=n
speci�es the maximum number of damping subiterations that are performed in solving a nonlinear
system when using the NEWTON solution method. Damping is disabled by setting MAXSUBITER=0.
The default is MAXSUBITER=10.

Printing Options

INTGPRINT
prints between data points integration values for the DERT. variables and the auxiliary variables. If
you specify the DETAILS option, the integrated derivative variables are printed as well.

ITPRINT
prints the solution approximation and equation errors at each iteration for each observation. This
option can produce voluminous output.

PRINTALL
speci�es the printing control options DETAILS, ITPRINT, SOLVEPRINT, STATS, and THEIL.

SOLVEPRINT
prints the solution values and residuals at each observation.

STATS
prints various summary statistics for the solution values.

THEIL
prints tables of Theil inequality coef�cients and Theil relative change forecast error measures for the
solution values. For more information, see the section “Summary Statistics” on page 1611.

Other Options

Other options that can be used in the SOLVE statement include the following that list and analyze the
model: BLOCK, GRAPH, LIST, LISTCODE, LISTDEP, LISTDER, and XREF. The LTEBOUND= and
MINTIMESTEP= options can be used to control the integration process. The following printing-control
options are also available: DETAILS, FLOW, MAXERRORS=, NOPRINT, and TRACE. For complete
descriptions of these options, see the PROC MODEL and FIT statement options described earlier in this
chapter.

TEST Statement

TEST < "name" > test1 < , test2 . . . > < ,/ options > ;

The TEST statement performs tests of nonlinear hypotheses on the model parameters.
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Each TEST statement applies to the parameters estimated by one FIT statement. TEST statements that
appear before or after the �rst FIT statement are associated with the �rst FIT statement. Subsequent TEST
statements are associated with the FIT statement that precedes them. TEST statements that are separated
from a FIT statement by an intervening RUN, SOLVE, or RESET statement are ignored. You can specify any
number of TEST statements.

If you specify options in the TEST statement, a comma is required before the “/” character that separates
the test expressions from the options, because the “/” character can also be used within test expressions to
indicate division.

The label lengths for tests and estimate statements are 256 characters. If the labels exceed this length, the
label is truncated to 256 characters with a note printed to the log.

Each test is written as an expression optionally followed by an equal sign (=) and a second expression:

< expression > < = expression >

Test expressions can be composed of parameter names, arithmetic operators, functions, and constants.
Comparison operators (such as =) and logical operators (such as &) cannot be used in TEST statement
expressions. Parameters named in test expressions must be among the parameters estimated by the associated
FIT statement.

If you specify only one expression in a test, that expression is tested against zero. For example, the following
two TEST statements are equivalent:

test a + b;

test a + b = 0;

When you specify multiple tests in the same TEST statement, a joint test is performed. For example, the
following TEST statement tests the joint hypothesis that both A and B are equal to zero:

test a, b;

To perform separate tests rather than a joint test, use separate TEST statements. For example, the following
TEST statements test the two separate hypotheses that A is equal to zero and that B is equal to zero:

test a;
test b;

You can use the following options in the TEST statement:

WALD
speci�es that a Wald test be computed. By default, the Wald test is computed.

LM

RAO

LAGRANGE
speci�es that a Lagrange multiplier test be computed.

LR

LIKE
speci�es that a likelihood ratio test be computed.
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ALL
requests all three types of tests.

OUT=SAS-data-set
speci�es the name of an output SAS data set that contains the test results. The format of the OUT=
data set that is produced by the TEST statement is similar to that of the OUTEST= data set produced
by the FIT statement.

VAR Statement

VAR variables < initial-values > . . . ;

The VAR statement declares model variables and optionally provides initial values for the lags of the variables.
For more information, see the section “Lag Logic” on page 1636.

VARGROUP Statement

VARGROUP label=variable. . . ;

The VARGROUP statement applies a group label to the speci�ed list of variables in the model program.
Variable groups are used to identify sets of related solve variables. The variable groups can be used by the
ANALYZEDEP= option in a subsequent SOLVE statement to help specify and understand the role of groups
of solve variables in a SOLVE step. If a variable appears in more than one VARGROUP statement, the label
that is speci�ed in the last VARGROUP statement is applied to that variable.

WEIGHT Statement

WEIGHT variable ;

The WEIGHT statement speci�es a variable to supply weighting values to use for each observation in
estimating parameters.

If the weight of an observation is nonpositive, that observation is not used for the estimation. Thevariable
must be a numeric variable in the input data set.

An alternative weighting method is to use an assignment statement to give values to the special variable
_WEIGHT_. The_WEIGHT_ variable must not depend on the parameters being estimated. If both weighting
speci�cations are given, the weights are multiplied together.
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Details: Estimation by the MODEL Procedure

Estimation Methods

Consider the general nonlinear model:

� t D q.yt ; xt ; � /

zt D Z. xt /

whereq 2Rg is a real vector valued function ofyt 2 Rg , xt 2 Rl , � 2Rp , whereg is the number of
equations,l is the number of exogenous variables (lagged endogenous variables are considered exogenous
here),p is the number of parameters, andt ranges from 1 ton. zt 2 Rk is a vector of instruments.� t is an
unobservable disturbance vector with the following properties:

E. � t / D 0

E. � t �
0

t / D †

All of the methods implemented in PROC MODEL aim to minimize anobjective function. Table 24.2 sum-
marizes the objective functions that de�ne the estimators and the corresponding estimator of the covariance
of the parameter estimates for each method.

Table 24.2 Summary of PROC MODEL Estimation Methods

Method Instruments Objective Function Covariance of�

OLS No r0r=n .X0.diag.S/ � 1
 I /X/ � 1

ITOLS No r0.diag.S/ � 1
 I / r=n .X0.diag.S/ � 1
 I /X/ � 1

SUR No r0.S� 1
OLS 
 I / r=n .X0.S� 1
 I /X/ � 1

ITSUR No r0.S� 1
 I / r=n .X0.S� 1
 I /X/ � 1

N2SLS Yes r0. I 
 W/r=n .X0.diag.S/ � 1
 W/X/ � 1

IT2SLS Yes r0.diag.S/ � 1
 W/r=n .X0.diag.S/ � 1
 W/X/ � 1

N3SLS Yes r0.S� 1
N2SLS
 W/r=n .X0.S� 1
 W/X/ � 1

IT3SLS Yes r0.S� 1
 W/r=n .X0.S� 1
 W/X/ � 1

GMM Yes Œnmn .� /• 0OV � 1
N2SLSŒnmn .� /•=n Œ.YX /0OV � 1.YX /•� 1

ITGMM Yes Œnmn .� /• 0OV � 1Œnmn .� /•=n Œ.YX /0OV � 1.YX /•� 1

FIML No constant C n
2 ln.det.S// ŒOZ0.S� 1
 I / OZ•� 1

�
P n

1 lnj.Jt / j

The Instruments column identi�es the estimation methods that require instruments. The variables used in this
table and the remainder of this chapter are de�ned as follows:

n is the number of nonmissing observations.

g is the number of equations.

k is the number of instrumental variables.
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r D

2

6
6
6
4

r1

r2
:::

rg

3

7
7
7
5

is theng � 1 vector of residuals for theg equations stacked together.

r i D

2

6
6
6
4

qi .y1; x1; � /
qi .y2; x2; � /

:::
qi .yn ; xn ; � /

3

7
7
7
5

is then � 1 column vector of residuals for theith equation.

S is ag � g matrix that estimates† , the covariances of the errors across equations (referred
to as theSmatrix).

X is anng � p matrix of partial derivatives of the residual with respect to the parameters.

W is ann � n matrix,Z.Z0Z/ � 1Z0.

Z is ann � k matrix of instruments.

Y is agk � ng matrix of instruments.Y D Ig 
 Z0.

OZ OZ D . OZ 1; OZ 2; : : : ; OZ p / is anng� p matrix. OZ i is ang� 1 column vector obtained from
stacking the columns of

U
1
n

nX

t D 1

�
@q.yt ; xt ; � /0

@yt

� � 1 @2q.yt ; xt ; � /0

@yt @�i
� Qi

U is ann� g matrix of residual errors.U D � 1; � 2; : : : ; � n
0.

Q is then� g matrixq.y1; x1; � /; q.y2; x2; � /; : : : ; q.yn ; xn ; � / .

Q i is ann� g matrix @Q
@�i

.

I is ann � n identity matrix.

J t is @q.yt ;xt ;� /
@y

0
t

, which is ag � g Jacobian matrix.

mn is �rst moment of the crossproductq.yt ; xt ; � / 
 zt ,

mn D 1
n

P n
t D 1 q.yt ; xt ; � / 
 zt

z t is ak column vector of instruments for observationt . z0
t is also thet th row ofZ.

OV is thegk � gk matrix that represents the variance of the moment functions.

k is the number of instrumental variables used.

constant is the constantng
2 .1 C ln.2�// .


 is the notation for a Kronecker product.

All vectors are column vectors unless otherwise noted. Other estimates of the covariance matrix for FIML
are also available.
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Dependent Regressors and Two-Stage Least Squares

Ordinary regression analysis is based on several assumptions. A key assumption is that the independent
variables are in fact statistically independent of the unobserved error component of the model. If this
assumption is not true (if the regressor varies systematically with the error), then ordinary regression produces
inconsistent results. The parameter estimates arebiased.

Regressors might fail to be independent variables because they are dependent variables in a larger simultane-
ous system. For this reason, the problem of dependent regressors is often calledsimultaneous equation bias.
For example, consider the following two-equation system:

y1 D a1 C b1y2 C c1x1 C � 1

y2 D a2 C b2y1 C c2x2 C � 2

In the �rst equation,y2 is a dependent, orendogenous, variable. As shown by the second equation,y2 is a
function ofy1, which by the �rst equation is a function of� 1, and thereforey2 depends on� 1. Likewise,y1

depends on� 2 and is a dependent regressor in the second equation. This is an example of asimultaneous
equationsystem;y1 andy2 are a function of all the variables in the system.

Using the ordinary least squares (OLS) estimation method to estimate these equations produces biased
estimates. One solution to this problem is to replacey1 andy2 on the right-hand side of the equations with
predicted values, thus changing the regression problem to the following:

y1 D a1 C b1 Oy2 C c1x1 C � 1

y2 D a2 C b2 Oy1 C c2x2 C � 2

This method requires estimating the predicted valuesOy1 and Oy2 through a preliminary, or “�rst stage,”
instrumental regression. An instrumental regression is a regression of the dependent regressors on a set of
instrumental variables, which can be any independent variables useful for predicting the dependent regressors.
In this example, the equations are linear and the exogenous variables for the whole system are known. Thus,
the best choice for instruments (of the variables in the model) are the variablesx1 andx2.

This method is known astwo-stage least squaresor 2SLS, or more generally as theinstrumental variables
method. The 2SLS method for linear models is discussed in Pindyck and Rubinfeld (1981, pp. 191–192). For
nonlinear models this situation is more complex, but the idea is the same. In nonlinear 2SLS, the derivatives
of the model with respect to the parameters are replaced with predicted values. For further discussion of the
use of instrumental variables in nonlinear regression, see the section “Choice of Instruments” on page 1561.

To perform nonlinear 2SLS estimation with PROC MODEL, specify the instrumental variables with an
INSTRUMENTS statement and specify the 2SLS or N2SLS option in the FIT statement. The following
statements show how to estimate the �rst equation in the preceding example with PROC MODEL:

proc model data=in;
y1 = a1 + b1 * y2 + c1 * x1;
fit y1 / 2sls;
instruments x1 x2;

run;

The 2SLS or instrumental variables estimator can be computed by using a �rst-stage regression on the
instrumental variables as described previously. However, PROC MODEL actually uses the equivalent but
computationally more appropriate technique of projecting the regression problem into the linear space de�ned
by the instruments. Thus, PROC MODEL does not produce any “�rst stage” results when you use 2SLS. If
you specify the FSRSQ option in the FIT statement, PROC MODEL prints “First-StageR2” statistic for each
parameter estimate.
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Formally, theO� that minimizes

OSn D
1
n

 
nX

t D 1

.q.yt ; xt ; � / 
 zt /

! 0 
nX

t D 1

I 
 zt z0
t

! � 1  
nX

t D 1

.q.yt ; xt ; � / 
 zt /

!

is the N2SLS estimator of the parameters. The estimate of† at the �nal iteration is used in the covariance of
the parameters given in Table 24.2. For more information about the properties of nonlinear two-stage least
squares, see Amemiya (1985, p. 250).

Seemingly Unrelated Regression

If the regression equations are not simultaneous (so there are no dependent regressors),seemingly unrelated
regression(SUR) can be used to estimate systems of equations with correlated random errors. The large-
sample ef�ciency of an estimation can be improved if these cross-equation correlations are taken into account.
SUR is also known asjoint generalized least squaresor Zellner regression. Formally, theO� that minimizes

OSn D
1
n

nX

t D 1

q.yt ; xt ; � /0O† � 1q.yt ; xt ; � /

is the SUR estimator of the parameters.

The SUR method requires an estimate of the cross-equation covariance matrix,† . PROC MODEL �rst
performs an OLS estimation, computes an estimate,O† , from the OLS residuals, and then performs the SUR
estimation based onO† . The OLS results are not printed unless you specify the OLS option in addition to the
SUR option.

You can specify theO† to use for SUR by storing the matrix in a SAS data set and naming that data set in the
SDATA= option. You can also feed theO† computed from the SUR residuals back into the SUR estimation
process by specifying the ITSUR option. You can print the estimated covariance matrixO† by using the
COVS option in the FIT statement.

The SUR method requires estimation of the† matrix, and this increases the sampling variability of the
estimator for small sample sizes. The ef�ciency gain that SUR has over OLS is a large sample property, and
you must have a reasonable amount of data to realize this gain. For a more detailed discussion of SUR, see
Pindyck and Rubinfeld (1981, pp. 331–333).

Three-Stage Least Squares Estimation

If the equation system is simultaneous, you can combine the 2SLS and SUR methods to take into account
both dependent regressors and cross-equation correlation of the errors. This is calledthree-stage least squares
(3SLS).

Formally, theO� that minimizes

OSn D
1
n

 
nX

t D 1

.q.yt ; xt ; � / 
 zt /

! 0  
nX

t D 1

. O† 
 zt z0
t /

! � 1  
nX

t D 1

.q.yt ; xt ; � / 
 zt /

!

is the 3SLS estimator of the parameters. For more information about 3SLS, see Gallant (1987, p. 435).
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Residuals from the 2SLS method are used to estimate the† matrix required for 3SLS. The results of the
preliminary 2SLS step are not printed unless the 2SLS option is also speci�ed.

To use the three-stage least squares method, specify an INSTRUMENTS statement and use the 3SLS or
N3SLS option in either the PROC MODEL statement or a FIT statement.

Generalized Method of Moments (GMM)

For systems of equations with heteroscedastic errors, generalized method of moments (GMM) can be used to
obtain ef�cient estimates of the parameters. For alternatives to GMM, see the section “Heteroscedasticity”
on page 1529.

Consider the nonlinear model

� t D q.yt ; xt ; � /

zt D Z. xt /

wherezt is a vector of instruments and� t is an unobservable disturbance vector that can be serially correlated
and nonstationary.

In general, the following orthogonality condition is desired:

E. � t 
 zt / D 0

This condition states that the expected crossproducts of the unobservable disturbances,� t , and functions of
the observable variables are set to 0. The �rst moment of the crossproducts is

mn D
1
n

nX

t D 1

m.yt ; xt ; � /

m.yt ; xt ; � / D q.yt ; xt ; � / 
 zt

wherem.yt ; xt ; � /2Rgk .

The case wheregk > p is considered here, wherep is the number of parameters.

Estimate the true parameter vector� 0 by the value ofO� that minimizes

S.�; V/ D Œnmn .� /• 0V � 1Œnmn .� /•=n

where

V D Cov
�
Œnmn .� 0/•; Œnmn .� 0/•0�

The parameter vector that minimizes this objective function is the GMM estimator. GMM estimation is
requested in the FIT statement with the GMM option.



Estimation Methods F 1493

The variance of the moment functions,V, can be expressed as

V D E

 
nX

t D 1

� t 
 zt

!  
nX

sD 1

� s
 zs

! 0

D
nX

t D 1

nX

sD 1

E
�
. � t 
 zt /. � s
 zs/0�

D nS0
n

whereS0
n is estimated as

OSn D
1
n

nX

t D 1

nX

sD 1

.q.yt ; xt ; � / 
 zt /. q.ys; xs; � / 
 zs/0

Note thatOSn is a gk � gk matrix. Because Var. OSn / does not decrease with increasingn, you consider
estimators ofS0

n of the form

OSn .l.n// D
n� 1X

� D� nC 1

Ow.
�

l.n/
/DOSn;� D

OSn;� D

8
<̂

:̂

nP

t D 1C �
Œq.yt ; xt ; � # / 
 zt •Œq.yt � � ; xt � � ; � # / 
 zt � � •0 � � 0

. OSn; � � /0 � < 0

Ow.
�

l.n/
/ D

(
w. �

l.n/ / l.n/ > 0

� �;0 l.n/ D 0

wherel.n/ is a scalar function that computes the bandwidth parameter,w. �/ is a scalar valued kernel, and
the Kronecker delta function,� i;j , is 1 if i D j and 0 otherwise. The diagonal matrixD is used for a small
sample degrees of freedom correction (Gallant 1987). The initial� # used for the estimation ofOSn is obtained
from a 2SLS estimation of the system. The degrees of freedom correction is handled by the VARDEF=
option as it is for theS matrix estimation.

The following kernels are supported by PROC MODEL. They are listed with their default bandwidth
functions.

Bartlett: KERNEL=BART

w.x/ D

(
1 � j x j j x j � 1

0 otherwise

l.n/ D
1
2

n1=3
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Parzen: KERNEL=PARZEN

w.x/ D

8
<̂

:̂

1 � 6jx j2 C 6jxj3 0 � j x j � 1
2

2.1 � j x j/3 1
2 � j x j � 1

0 otherwise

l.n/ D n1=5

Quadratic spectral: KERNEL=QS

w.x/ D
25

12� 2x2

�
sin.6�x=5/

6�x=5
� cos.6�x=5/

�

l.n/ D
1
2

n1=5

Figure 24.23 Kernels for Smoothing

For more information about the properties of these and other kernels, see Andrews (1991). Kernels are
selected with the KERNEL= option; KERNEL=PARZEN is the default. The general form of the KERNEL=
option is



Estimation Methods F 1495

KERNEL=( PARZEN | QS | BART, c, e )

where thee � 0 andc � 0 are used to compute the bandwidth parameter as

l.n/ D cne

The bias of the standard error estimates increases for large bandwidth parameters. A warning message is
produced for bandwidth parameters greater thann

1
3 . For a discussion of the computation of the optimall.n/ ,

see Andrews (1991).

The “Newey-West” kernel (Newey and West 1987) corresponds to the Bartlett kernel with bandwidth
parameterl.n/ D L C 1. That is, if the “lag length” for the Newey-West kernel isL , then the corresponding
MODEL procedure syntax is KERNEL=(bart, L+1, 0).

Andrews and Monahan (1992) show that using prewhitening in combination with GMM can improve
con�dence interval coverage and reduce over rejection oft statistics at the cost of in�ating the variance and
MSE of the estimator. Prewhitening can be performed by using the %AR macros.

For the special case that the errors are not serially correlated—that is,

E.e t 
 zt /.es
 zs/ D 0 t¤ s

the estimate forS0
n reduces to

OSn D
1
n

nX

t D 1

Œq.yt ; xt ; � / 
 zt •Œq.yt ; xt ; � / 
 zt •0

The option KERNEL=(kernel,0,) is used to select this type of estimation when using GMM.

Covariance of GMM estimators
The covariance of GMM estimators, given a general weighting matrixV � 1

G , is

Œ.YX /0V � 1
G .YX /•� 1.YX /0V � 1

G
OVV � 1

G .YX /Œ.YX /0V � 1
G .YX /•� 1

By default or when GENGMMV is speci�ed, this is the covariance of GMM estimators.

If the weighting matrix is the same asOV, then the covariance of GMM estimators becomes

Œ.YX /0OV � 1.YX /•� 1

If NOGENGMMV is speci�ed, this is used as the covariance estimators.

Testing Overidentifying Restrictions
Let r be the number of unique instruments times the number of equations. The valuer represents the
number of orthogonality conditions imposed by the GMM method. Under the assumptions of the GMM
method,r � p linearly independent combinations of the orthogonality should be close to zero. The GMM
estimates are computed by setting these combinations to zero. Whenr exceeds the number of parameters to
be estimated, the OBJECTIVE*N, reported at the end of the estimation, is an asymptotically valid statistic to
test the null hypothesis that the overidentifying restrictions of the model are valid. The OBJECTIVE*N is
distributed as a chi-square withr � p degrees of freedom (Hansen 1982, p. 1049). When the GMM method
is selected, the value of the overidentifying restrictions test statistic, also known as Hansen's J test statistic,
and its associated number of degrees of freedom are reported together with the probability under the null
hypothesis.
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Iterated Generalized Method of Moments (ITGMM)

Iterated generalized method of moments is similar to the iterated versions of 2SLS, SUR, and 3SLS. The
variance matrix for GMM estimation is reestimated at each iteration with the parameters determined by the
GMM estimation. The iteration terminates when the variance matrix for the equation errors change less
than the CONVERGE= value. Iterated generalized method of moments is selected by the ITGMM option in
the FIT statement. For some indication of the small sample properties of ITGMM, see Ferson and Foerster
(1993).

Simulated Method of Moments (SMM)

The SMM method uses simulation techniques in model inference and estimation. It is appropriate for
estimating models in which integrals appear in the objective function, and these integrals can be approximated
by simulation. There might be various reasons for integrals to appear in an objective function (for example,
transformation of a latent model into an observable model, missing data, random coef�cients, heterogeneity,
and so on).

This simulation method can be used with all the estimation methods except full information maximum
likelihood (FIML) in PROC MODEL. SMM, also known as simulated generalized method of moments
(SGMM), is the default estimation method because of its nice properties.

Estimation Details
A general nonlinear model can be described as

� t D q.yt ; xt ; � /

whereq 2 Rg is a real vector valued function ofyt 2 Rg , xt 2 Rl , � 2 Rp ; g is the number of equations;l
is the number of exogenous variables (lagged endogenous variables are considered exogenous here);p is the
number of parameters; andt ranges from 1 ton. � t is an unobservable disturbance vector with the following
properties:

E. � t / D 0

E. � t �
0

t / D †

In many cases, it is not possible to writeq.yt ; xt ; � / in a closed form. Insteadq is expressed as an integral of
a functionf ; that is,

q.yt ; xt ; � / D
Z

f .yt ; xt ; � ; ut /dP. u/

wheref2Rg is a real vector valued function ofyt 2 Rg , xt 2 Rl , � 2 Rp , andut 2 Rm , m is the number of
stochastic variables with a known distributionP.u/. Since the distribution ofu is completely known, it is
possible to simulate arti�cial draws from this distribution. Using such independent drawsuht , h D 1; : : : ; H ,
and the strong law of large numbers,q can be approximated by

1
H

HX

hD 1

f .yt ; xt ; � ; uht /:
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Simulated Generalized Method of Moments (SGMM)
Generalized method of moments (GMM) is widely used to obtain ef�cient estimates for general model
systems. When the moment conditions are not readily available in closed forms but can be approximated by
simulation, simulated generalized method of moments (SGMM) can be used. The SGMM estimators have
the nice property of being asymptotically consistent and normally distributed even if the number of drawsH
is �xed (see McFadden 1989; Pakes and Pollard 1989).

Consider the nonlinear model

� t D q.yt ; xt ; � / D
1
H

HX

hD 1

f.yt ; xt ; � ; uht /

zt D Z. xt /

wherezt 2Rk is a vector ofk instruments and� t is an unobservable disturbance vector that can be serially
correlated and nonstationary. In the case of no instrumental variables,zt is 1. q.yt ; xt ; � / is the vector of
moment conditions, and it is approximated by simulation.

In general, theory suggests the following orthogonality condition,

E. � t 
 zt / D 0

which states that the expected crossproducts of the unobservable disturbances,� t , and functions of the
observable variables are set to 0. The sample means of the crossproducts are

mn D
1
n

nX

t D 1

m.yt ; xt ; � /

m.yt ; xt ; � / D q.yt ; xt ; � / 
 zt

wherem.yt ; xt ; � /2Rgk . The case wheregk > p , wherep is the number of parameters, is considered here.
An estimate of the true parameter vector� 0 is the value ofO� that minimizes

S.�; V / D Œnmn .� /• 0V � 1Œnmn .� /•=n

where

V D Cov
�
m.� 0/; m.� 0/0� :

The steps for SGMM are as follows:

1. Start with a positive de�niteOV matrix. This OV matrix can be estimated from a consistent estimator of� .
If O� is a consistent estimator, thenut for t D 1; : : : ; n can be simulatedH 0number of times. A consistent
estimator ofV is obtained as

OV D
1
n

nX

t D 1

Œ
1

H 0

H 0X

hD 1

f .yt ; xt ; O� ; uht / 
 zt •Œ
1

H 0

H 0X

hD 1

f .yt ; xt ; O� ; uht / 
 zt •0

H 0must be large so that this is an consistent estimator ofV.

2. SimulateH number ofut for t D 1; : : : ; n. As shown by Gourieroux and Monfort (1993), the number
of simulationsH does not need to be very large. ForH D 10, the SGMM estimator achieves 90% of the
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ef�ciency of the corresponding GMM estimator. FindO� that minimizes the quadratic product of the moment

conditions again with the weight matrix beingOV
� 1

.

min
�

Œnmn .� /• 0OV
� 1

Œnmn .� /•=n

3. The covariance matrix of
p

n� is given as (Gourieroux and Monfort 1993)

† � 1
1 D OV

� 1
V. O�/ OV

� 1
D0† � 1

1 C
1
H

† � 1
1 D OV

� 1
EŒz
 Var.f jx/ 
 z•OV

� 1
D0† � 1

1

where† 1 D D OV
� 1

D, D is the matrix of partial derivatives of the residuals with respect to the parameters,
V. O�/ is the covariance of moments from estimated parametersO� , andVar.f jx/ is the covariance of moments
for each observation from simulation. The �rst term is the variance-covariance matrix of the exact GMM
estimator, and the second term accounts for the variation contributed by simulating the moments.

Implementation in PROC MODEL
In PROC MODEL, if the user speci�es the GMM and NDRAW options in the FIT statement, PROC MODEL
�rst �ts the model by using N2SLS and computesOV by using the estimates from N2SLS andH 0simulation.
If NO2SLS is speci�ed in the FIT statement,OV is read from the VDATA= data set. If the user does not
provide aOV matrix, the initial starting value of� is used as the estimator for computing theOV matrix in step
1. If ITGMM option is speci�ed instead of GMM, then PROC MODEL iterates from step 1 to step 3 until the
V matrix converges.

The consistency of the parameter estimates is not affected by the variance correction shown in the second
term in step 3. The correction on the variance of parameter estimates is not computed by default. To add
the adjustment, use the ADJSMMV option in the FIT statement. This correction is of the order of1

H and is
small even for moderateH.

The following example illustrates how to use SMM to estimate a simple regression model. Suppose the
model is

y D a C bx C u; u � i id N.0; s 2/:

First, consider the problem in a GMM context. The �rst two moments ofy are easily derived:

E.y/ D a C bx

E.y 2/ D .a C bx/2 C s2

Rewrite the moment conditions in the form similar to the preceding discussion:

� 1t D yt � .a C bxt /

� 2t D y2
t � .a C bxt /2 � s2

Then you can estimate this model by using GMM with the following statements:
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proc model data=a;
parms a b s;
instrument x;
eq.m1 = y-(a+b * x);
eq.m2 = y * y - (a+b * x) ** 2 - s * s;
bound s > 0;
fit m1 m2 / gmm;

run;

Now suppose you do not have the closed form for the moment conditions. Instead you can simulate the
moment conditions by generatingH number of simulated samples based on the parameters. Then the
simulated moment conditions are

� 1t D
1
H

HX

hD 1

f yt � .a C bxt C sut;h /g

� 2t D
1
H

HX

hD 1

f y2
t � .a C bxt C sut;h /2g

This model can be estimated by using SGMM with the following statements:

proc model data=_tmpdata;
parms a b s;
instrument x;
ysim = (a+b * x) + s * rannor( 98711 );
eq.m1 = y-ysim;
eq.m2 = y * y - ysim * ysim;
bound s > 0;
fit m1 m2 / gmm ndraw=10;

run;

You can use the following MOMENT statement instead of specifying the two moment equations shown
earlier:

moment ysim=(1, 2);

In cases where you require a large number of moment equations, using the MOMENT statement to specify
them is more ef�cient.

Note that the NDRAW= option tells PROC MODEL that this is a simulation-based estimation. Thus, the
random number function RANNOR returns random numbers in estimation process. During the simulation,
10 draws ofm1 andm2 are generated for each observation, and the averages enter the objective functions
just as the equations speci�ed previously.

Other Estimation Methods
The simulation method can be used not only with GMM and ITGMM, but also with OLS, ITOLS, SUR,
ITSUR, N2SLS, IT2SLS, N3SLS, and IT3SLS. These simulation-based methods are similar to the corre-
sponding methods in PROC MODEL; the only difference is that the objective functions include the average
of theH simulations.
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Full Information Maximum Likelihood Estimation (FIML)

A different approach to the simultaneous equation bias problem is the full information maximum likelihood
(FIML) estimation method (Amemiya 1977).

Compared to the instrumental variables methods (2SLS and 3SLS), the FIML method has these advantages
and disadvantages:

� FIML does not require instrumental variables.

� FIML requires that the model include the full equation system, with as many equations as there are
endogenous variables. With 2SLS or 3SLS, you can estimate some of the equations without specifying
the complete system.

� FIML assumes that the equations errors have a multivariate normal distribution. If the errors are not
normally distributed, the FIML method might produce poor results. 2SLS and 3SLS do not assume a
speci�c distribution for the errors.

� The FIML method is computationally expensive.

The full information maximum likelihood estimators of� and� are theO� and O� that minimize the negative
log-likelihood function:
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The option FIML requests full information maximum likelihood estimation. If the errors are distributed
normally, FIML produces ef�cient estimators of the parameters. If instrumental variables are not provided,
the starting values for the estimation are obtained from a SUR estimation. If instrumental variables are
provided, then the starting values are obtained from a 3SLS estimation. The log-likelihood value and the l2

norm of the gradient of the negative log-likelihood function are shown in the estimation summary.

FIML Details
To compute the minimum ofln . � ; � / , this function isconcentratedusing the relation
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This results in the concentrated negative log-likelihood function discussed in Davidson and MacKinnon
(1993):
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The gradient of the negative log-likelihood function is
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The estimator of the variance-covariance ofO� (COVB) for FIML can be selected with the COVBEST= option
with the following arguments:

CROSS selects the crossproducts estimator of the covariance matrix (Gallant 1987, p. 473),
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GLS selects the generalized least squares estimator of the covariance matrix. This is computed
as (Dagenais 1978)

C D ŒOZ
0
.† .� / � 1
 I / OZ•� 1

where OZ D . OZ 1; OZ 2; : : : ; OZ p / is ng � p and eachOZ i column vector is obtained from
stacking the columns of

U
1
n

nX

t D 1

�
@q.yt ; xt ; � /0

@y

� � 1 @2q.yt ; xt ; � /0

@y0
n@�i

� Q i

U is ann � g matrix of residuals andqi is ann � g matrix @Q
@�i

.

FDA selects the inverse of concentrated likelihood Hessian as an estimator of the covariance ma-
trix. The Hessian is computed numerically, so for a large problem this is computationally
expensive.

The HESSIAN= option controls which approximation to the Hessian is used in the minimization procedure.
Alternate approximations are used to improve convergence and execution time. The choices are as follows:
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CROSS The crossproducts approximation is used.

GLS The generalized least squares approximation is used (default).

FDA The Hessian is computed numerically by �nite differences.

HESSIAN=GLS has better convergence properties in general, but COVBEST=CROSS produces the most
pessimistic standard error bounds. When the HESSIAN= option is used, the default estimator of the
variance-covariance ofO� is the inverse of the Hessian selected.

Multivariate t Distribution Estimation

The multivariatet distribution is speci�ed by using the ERRORMODEL statement with the T option. Other
method speci�cations (FIML and OLS, for example ) are ignored when the ERRORMODEL statement is
used for a distribution other than normal.

The probability density function for the multivariatet distribution is
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wherem is the number of equations anddf is the degrees of freedom.

The maximum likelihood estimators of� and� are theO� and O� that minimize the negative log-likelihood
function:
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The ERRORMODEL statement is used to request thet distribution maximum likelihood estimation. An OLS
estimation is done to obtain initial parameter estimates and MSE.var estimates. Use NOOLS to turn off this
initial estimation. If the errors are distributed normally,t distribution estimation produces results similar to
FIML.

The multivariate model has a single shared degrees-of-freedom parameter, which is estimated. The degrees-
of-freedom parameter can also be set to a �xed value. The log-likelihood value and the l2 norm of the
gradient of the negative log-likelihood function are shown in the estimation summary.

t Distribution Details

Since a variance term is explicitly speci�ed by using the ERRORMODEL statement,† .� / is estimated as a
correlation matrix andq.yt ; xt ; � / is normalized by the variance. The gradient of the negative log-likelihood
function with respect to the degrees of freedom is
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The gradient of the negative log-likelihood function with respect to the parameters is
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The estimator of the variance-covariance ofO� (COVB) for thet distribution is the inverse of the likelihood
Hessian. The gradient is computed analytically, and the Hessian is computed numerically.

Empirical Distribution Estimation and Simulation

The following SAS statements �t a model that uses least squares as the likelihood function, but represent
the distribution of the residuals with an empirical cumulative distribution function (CDF). The plot of the
empirical probability distribution is shown in Figure 24.24.

data t; / * Sum of two normals * /
format date monyy.;
do t = 0 to 9.9 by 0.1;

date = intnx( �month�, �1jun90�d, (t * 10)-1 );
y = 0.1 * (rannor(123)-10) +

.5 * (rannor(123)+10);
output;

end;
run;

ods select Model.Liklhood.ResidSummary
Model.Liklhood.ParameterEstimates;

proc model data=t time=t itprint;
dependent y;
parm a 5;

y = a;
obj = resid.y * resid.y;
errormodel y ~ general( obj )
cdf=(empirical=(tails=( normal percent=10)));

fit y / outsn=s out=r;
id date;

solve y / data=t(where=(date=�1aug98�d))
residdata=r sdata=s
random=200 seed=6789 out=monte ;

run;

proc kde data=monte;
univar y / plots=density;

run;
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Figure 24.24 Empirical PDF Plot

For simulation, if the CDF for the model is not built in to the procedure, you can use the CDF=EMPIRICAL()
option. This uses the sorted residual data to create an empirical CDF. For computing the inverse CDF, the
program needs to know how to handle the tails. For continuous data, the tail distribution is generally poorly
determined. To counter this, the PERCENT= option speci�es the percentage of the observations to use in
constructing each tail. The default for the PERCENT= option is 10.

A normal distribution or at distribution is used to extrapolate the tails to in�nity. The standard errors for this
extrapolation are obtained from the data so that the empirical CDF is continuous.

Properties of the Estimates

All of the methods are consistent. Small sample properties might not be good for nonlinear models. The tests
and standard errors reported are based on the convergence of the distribution of the estimates to a normal
distribution in large samples.

These nonlinear estimation methods reduce to the corresponding linear systems regression methods if the
model is linear. If this is the case, PROC MODEL produces the same estimates as PROC SYSLIN.

Except for GMM, the estimation methods assume that the equation errors for each observation are identically
and independently distributed with a 0 mean vector and positive de�nite covariance matrix† consistently
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estimated byS. For FIML, the errors need to be normally distributed. There are no other assumptions
concerning the distribution of the errors for the other estimation methods.

The consistency of the parameter estimates relies on the assumption that theS matrix is a consistent estimate
of † . These standard error estimates are asymptotically valid, but for nonlinear models they might not be
reliable for small samples.

The S matrix used for the calculation of the covariance of the parameter estimates is the best estimate
available for the estimation method selected. ForS-iterated methods, this is the most recent estimation of
† . For OLS and 2SLS, an estimate of theSmatrix is computed from OLS or 2SLS residuals and used for
the calculation of the covariance matrix. For a complete list of theSmatrix used for the calculation of the
covariance of the parameter estimates, see Table 24.2.

Missing Values

An observation is excluded from the estimation if any variable used for FIT tasks is missing, if the weight for
the observation is not greater than 0 when weights are used, or if a DELETE statement is executed by the
model program. Variables used for FIT tasks include the equation errors for each equation, the instruments,
if any, and the derivatives of the equation errors with respect to the parameters estimated. Note that variables
can become missing as a result of computational errors or calculations with missing values.

The number of usable observations can change when different parameter values are used; some parameter
values can be invalid and cause execution errors for some observations. PROC MODEL keeps track of the
number of usable and missing observations at each pass through the data, and if the number of missing
observations counted during a pass exceeds the number that was obtained using the previous parameter vector,
the pass is terminated and the new parameter vector is considered infeasible. PROC MODEL never takes a
step that produces more missing observations than the current estimate does.

The values used to compute the Durbin-Watson,R2, and other statistics of �t are from the observations used
in calculating the objective function and do not include any observation for which any needed variable was
missing (residuals, derivatives, and instruments).

Details about the Covariance of Equation Errors

There are severalS matrices that can be involved in the various estimation methods and in forming the
estimate of the covariance of parameter estimates. TheseSmatrices are estimates of† , the true covariance of
the equation errors. Apart from the choice of instrumental or noninstrumental methods, many of the methods
provided by PROC MODEL differ in the way the variousS matrices are formed and used.

All of the estimation methods result in a �nal estimate of† , which is included in the output if the COVS
option is speci�ed. The �nalS matrix of each method provides the initialS matrix for any subsequent
estimation.

This estimate of the covariance of equation errors is de�ned as

S D D.R0R/D

whereR D .r1; : : : ; rg / is composed of the equation residuals computed from the current parameter estimates
in ann � g matrix andD is a diagonal matrix that depends on the VARDEF= option.

For VARDEF=N, the diagonal elements ofD are1=
p

n, wheren is the number of nonmissing observations.
For VARDEF=WGT,n is replaced with the sum of the weights. For VARDEF=WDF,n is replaced with the
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sum of the weights minus the model degrees of freedom. For the default VARDEF=DF, theith diagonal
element ofD is 1=

p
n � df i , wheredf i is the degrees of freedom (number of parameters) for theith equation.

Binkley and Nelson (1984) show the importance of using a degrees-of-freedom correction in estimating† .
Their results indicate that the DF method produces more accurate con�dence intervals for N3SLS parameter
estimates in the linear case than the alternative approach they tested. VARDEF=N is always used for the
computation of the FIML estimates.

For the �xedS methods, the OUTSUSED= option writes theS matrix used in the estimation to a data set.
This S matrix is either the estimate of the covariance of equation errors matrix from the preceding estimation,
or a prior† estimate read in from a data set when the SDATA= option is speci�ed. For the diagonalS
methods, all of the off-diagonal elements of theS matrix are set to 0 for the estimation of the parameters
and for the OUTSUSED= data set, but the output data set produced by the OUTS= option contains the
off-diagonal elements. For the OLS and N2SLS methods, there is no previous estimate of the covariance of
equation errors matrix, and the option OUTSUSED= saves an identity matrix unless a prior† estimate is
supplied by the SDATA= option. For FIML, the OUTSUSED= data set contains theS matrix computed with
VARDEF=N. The OUTS= data set contains theSmatrix computed with the selected VARDEF= option. Both
versions of theS matrix appear in the printed output for FIML.

If the COVS option is used, the method is notS-iterated,S is not an identity, and the OUTSUSED= matrix is
included in the printed output.

For the methods that iterate the covariance of equation errors matrix, theS matrix is iteratively re-estimated
from the residuals produced by the current parameter estimates. ThisSmatrix estimate iteratively replaces
the previous estimate until both the parameter estimates and the estimate of the covariance of equation errors
matrix converge. The �nal OUTS= matrix and OUTSUSED= matrix are thus identical for theS-iterated
methods.

Nested Iterations

By default, forS-iterated methods, theSmatrix is held constant until the parameters converge once. Then the
Smatrix is reestimated. One iteration of the parameter estimation algorithm is performed, and theSmatrix is
again reestimated. This latter process is repeated until convergence of both the parameters and theS matrix.
Since the objective of the minimization depends on theS matrix, this has the effect of chasing a moving
target.

When the NESTIT option is speci�ed, iterations are performed to convergence for the structural parameters
with a �xed S matrix. TheS matrix is then reestimated, the parameter iterations are repeated to convergence,
and so on until both the parameters and theS matrix converge. This has the effect of �xing the objective
function for the inner parameter iterations. It is more reliable, but usually more expensive, to nest the
iterations.

R-Square Statistic

For unrestricted linear models with an intercept successfully estimated by OLS,R2 is always between 0 and
1. However, nonlinear models do not necessarily encompass the dependent mean as a special case and can
produce negativeR2 statistics. NegativeR2 statistics can also be produced even for linear models when an
estimation method other than OLS is used and no intercept term is in the model.

R2 is de�ned for normalized equations as

R2 D 1 �
SSE

SSA� Ny2 � n
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where SSA is the sum of the squares of the actualy 's and Ny are the actual means.R2 cannot be computed
for models in general form because of the need for an actual Y.

Minimization Methods

PROC MODEL currently supports two methods for minimizing the objective function. These methods are
described in the following sections.

GAUSS

The Gauss-Newton parameter-change vector for a system withg equations,n nonmissing observations, andp
unknown parameters is

• D .X0X/ � 1X0r

where• is the change vector,X is the stackedng � p Jacobian matrix of partial derivatives of the residuals
with respect to the parameters, andr is anng � 1vector of the stacked residuals. The components ofX andr
are weighted by theS � 1 matrix. When instrumental methods are used,X andr are the projections of the
Jacobian matrix and residuals vector in the instruments space and not the Jacobian and residuals themselves.
In the preceding formula,S andW are suppressed. If instrumental variables are used, then the change vector
becomes

• D .X0.S� 1
 W/X/ � 1X0.S� 1
 W/r

This vector is computed at the end of each iteration. The objective function is then computed at the changed
parameter values at the start of the next iteration. If the objective function is not improved by the change, the
• vector is reduced by one-half and the objective function is reevaluated. The change vector will be halved
up to MAXSUBITER= times until the objective function is improved. If the objective function cannot be
improved after MAXSUBITER= times, the procedure switches to the MARQUARDT method described in
the next section to further improve the objective function.

For FIML, theX0X matrix is substituted with one of three choices for approximations to the Hessian. (See
the section “Full Information Maximum Likelihood Estimation (FIML)” on page 1500.)

MARQUARDT

The Marquardt-Levenberg parameter change vector is

• D .X0X C � diag.X0X// � 1X0r

where• is the change vector, andX andr are the same as for the Gauss-Newton method, described in
the preceding section. Before the iterations start,� is set to a small value (1E–6). At each iteration, the
objective function is evaluated at the parameters changed by• . If the objective function is not improved,� is
increased to 10� and the step is tried again.� can be increased up to MAXSUBITER= times to a maximum
of 1E15 (whichever comes �rst) until the objective function is improved. For the start of the next iteration,�
is reduced to max(� /10,1E–10).
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Convergence Criteria

There are a number of measures that could be used as convergence or stopping criteria. PROC MODEL
computes �ve convergence measures labeled R, S, PPC, RPC, and OBJECT.

When an estimation technique that iterates estimates of† is used (that is, IT3SLS), two convergence criteria
are used. The termination values can be speci�ed with the CONVERGE=(p,s) option in the FIT statement. If
the second value,s, is not speci�ed, it defaults top. The criterion labeled S (described later in the section)
controls the convergence of theSmatrix. When S is less thans, theSmatrix has converged. The criterion
labeled R is compared to thep-value to test convergence of the parameters.

The R convergence measure cannot be computed accurately in the special case of singular residuals (when
all the residuals are close to 0) or in the case of a 0 objective value. When either the trace of theS matrix
computed from the current residuals (trace(S)) or the objective value is less than the value of the SINGULAR=
option, convergence is assumed.

The various convergence measures are explained in the following:

R is the primary convergence measure for the parameters. It measures the degree to which
the residuals are orthogonal to the Jacobian columns, and it approaches 0 as the gradient
of the objective function becomes small. R is de�ned as the square root of

.r 0.S� 1
 W/X.X0.S� 1
 W/X/ � 1X0.S� 1
 W/r/

.r 0.S� 1
 W/r/

whereX is the Jacobian matrix andr is the residuals vector. R is similar to the relative
offset orthogonality convergence criterion proposed by Bates and Watts (1981).

In the univariate case, the R measure has several equivalent interpretations:

� the cosine of the angle between the residuals vector and the column space of the
Jacobian matrix. When this cosine is 0, the residuals are orthogonal to the partial
derivatives of the predicted values with respect to the parameters, and the gradient
of the objective function is 0.

� the square root of theR2 for the current linear pseudo-model in the residuals

� a norm of the gradient of the objective function, where the normalizing matrix is
proportional to the current estimate of the covariance of the parameter estimates.
Thus, using R, convergence is judged when the gradient becomes small in this norm.

� the prospective relative change in the objective function value expected from the
next GAUSS step, assuming that the current linearization of the model is a good
local approximation.

In the multivariate case, R is somewhat more complicated but is designed to go to 0 as the
gradient of the objective becomes small and can still be given the previous interpretations
for the aggregation of the equations weighted byS � 1.

PPC is the prospective parameter change measure. PPC measures the maximum relative change
in the parameters implied by the parameter-change vector computed for the next iteration.
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At thekth iteration, PPC is the maximum over the parameters
�
�
�� k C 1

i � � k
i

�
�
�

�
�
� � k

i

�
�
� C 10� 6

where� k
i is the current value of theith parameter and� k C 1

i is the prospective value of this
parameter after adding the change vector computed for the next iteration. The parameter
with the maximum prospective relative change is printed with the value of PPC, unless
the PPC is nearly 0.

RPC is the retrospective parameter change measure. RPC measures the maximum relative
change in the parameters from the previous iteration. At thekth iteration, RPC is the
maximum overi of

�
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�� k
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i

�
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i
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where� k
i is the current value of theith parameter and� k � 1

i is the previous value of this
parameter. The name of the parameter with the maximum retrospective relative change is
printed with the value of RPC, unless the RPC is nearly 0.

OBJECT measures the relative change in the objective function value between iterations,
�
�
�Ok � Ok � 1

�
�
�

�
�Ok � 1

�
� C 10� 6

whereOk � 1 is the value of the objective function (Ok ) from the previous iteration.

S measures the relative change in theS matrix. S is computed as the maximum overi, j of
�
�
�Sk

ij � Sk � 1
ij

�
�
�

�
�
�Sk � 1

ij

�
�
� C 10� 6

whereSk � 1 is the previousS matrix. The S measure is relevant only for estimation
methods that iterate theSmatrix.

An example of the convergence criteria output is shown in Figure 24.25.

Figure 24.25 Convergence Criteria Output
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The Trace(S) is the trace (the sum of the diagonal elements) of theS matrix computed from the current
residuals. This row is labeled MSE if there is only one equation.

Troubleshooting Convergence Problems

As with any nonlinear estimation routine, there is no guarantee that the estimation will be successful for a
given model and data. If the equations are linear with respect to the parameters, the parameter estimates
always converge in one iteration. The methods that iterate theS matrix must iterate further for theS matrix
to converge. Nonlinear models might not necessarily converge.

Convergence can be expected only with fully identi�ed parameters, adequate data, and starting values
suf�ciently close to solution estimates.

Convergence and the rate of convergence might depend primarily on the choice of starting values for the
estimates. This does not mean that a great deal of effort should be invested in choosing starting values. First,
try the default values. If the estimation fails with these starting values, examine the model and data and rerun
the estimation using reasonable starting values. It is usually not necessary that the starting values be very
good, just that they not be very bad; choose values that seem plausible for the model and data.

An Example of Requiring Starting Values

Suppose you want to regress a variableY on a variableX, assuming that the variables are related by the
following nonlinear equation:

y D a C bxc C �

In this equation,Y is linearly related to a power transformation ofX. The unknown parameters area, b, andc.
� is an unobserved random error. The following SAS statements generate simulated data. In this simulation,
a D 10, b D 2, and the use of the SQRT function corresponds toc D :5.

data test;
do i = 1 to 20;

x = 5 * ranuni(1234);
y = 10 + 2 * sqrt(x) + .5 * rannor(1234);
output;
end;

run;
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The following statements specify the model and give descriptive labels to the model parameters. Then the
FIT statement attempts to estimatea, b, andc by using the default starting value 0.0001.

proc model data=test;
y = a + b * x ** c;
label a = "Intercept"

b = "Coefficient of Transformed X"
c = "Power Transformation Parameter";

fit y;
run;

PROC MODEL prints model summary and estimation problem summary reports and then prints the output
shown in Figure 24.26.

Figure 24.26 Diagnostics for Convergence Failure

By using the default starting values, PROC MODEL is unable to take even the �rst step in iterating to the
solution. The change in the parameters that the Gauss-Newton method computes is very extreme and makes
the objective values worse instead of better. Even when this step is shortened by a factor of a million, the
objective function is still worse, and PROC MODEL is unable to estimate the model parameters.

The problem is caused by the starting value of C. Using the default starting value C=0.0001, the �rst iteration
attempts to compute better values of A and B by what is, in effect, a linear regression of Y on the 10,000th
root of X, which is almost the same as the constant 1. Thus the matrix that is inverted to compute the changes
is nearly singular and affects the accuracy of the computed parameter changes.

This is also illustrated by the next part of the output, which displays collinearity diagnostics for the crossprod-
ucts matrix of the partial derivatives with respect to the parameters, shown in Figure 24.27.
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Figure 24.27 Collinearity Diagnostics

This output shows that the matrix is singular and that the partials of A, B, and C with respect to the residual
are collinear at the point.0:0001; 0:0001; 0:0001/in the parameter space. For a full explanation of the
collinearity diagnostics, see the section “Linear Dependencies” on page 1519.

The MODEL procedure next prints the note shown in Figure 24.28, which suggests that you try different
starting values.

Figure 24.28 Estimation Failure Note

PROC MODEL then produces the usual printout of results for the nonconverged parameter values. The
estimation summary is shown in Figure 24.29. The heading includes the reminder “(Not Converged).”

Figure 24.29 Nonconverged Estimation Summary
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Figure 24.29 continued

The nonconverged estimation results are shown in Figure 24.30.

Figure 24.30 Nonconverged Results

Note that theR2 statistic is negative. AnR2 < 0 results when the residual mean squared error for the model
is larger than the variance of the dependent variable. NegativeR2 statistics might be produced either when
the parameter estimates fail to converge correctly, as in this case, or when the correctly estimated model �ts
the data very poorly.

Controlling Starting Values

To �t the preceding model you must specify a better starting value for C. Avoid starting values of C that are
either very large or close to 0. For starting values of A and B, you can specify values, use the default, or have
PROC MODEL �t starting values for them conditional on the starting value for C.

Starting values are speci�ed with the START= option of the FIT statement or in a PARMS statement. In
PROC MODEL, you have several options to specify starting values for the parameters to be estimated. When
more than one option is speci�ed, the options are implemented in the following order of precedence (from
highest to lowest): the START= option, the PARMS statement initialization value, the ESTDATA= option,
and the PARMSDATA= option. When no starting values for the parameter estimates are speci�ed with BY
group processing, the default start value 0.0001 is used for each by group. Again, when no starting values
are speci�ed, and a model with a FIT statement is stored by the OUTMODEL=outmodel-�lename option in
a previous step, theoutmodel-�lename can be invoked in a subsequent PROC MODEL step by using the
MODEL=outmodel-�lename option with multiple estimation methods in the second step. In such a case,
the parameter estimates from theoutmodel-�lename are used directly as starting values for OLS, and OLS
results from the second step provide starting values for the subsequent estimation method such as 2SLS or
SUR, provided that NOOLS is not speci�ed.

For example, the following statements estimate the model parameters by using the starting values A=0.0001,
B=0.0001, and C=5.

proc model data=test;
y = a + b * x ** c;
label a = "Intercept"

b = "Coefficient of Transformed X"
c = "Power Transformation Parameter";

fit y start=(c=5);
run;
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Using these starting values, the estimates converge in 16 iterations. The results are shown in Figure 24.31.
Note that since the START= option explicitly declares parameters, the parameter C is placed �rst in the table.

Figure 24.31 Converged Results

Using the STARTITER Option

PROC MODEL can compute starting values for some parameters conditional on starting values you specify
for the other parameters. You supply starting values for some parameters and specify the STARTITER option
in the FIT statement.

For example, the following statements set C to 1 and compute starting values for A and B by estimating these
parameters conditional on the �xed value of C. With C=1, this is equivalent to computing A and B by linear
regression on X. A PARMS statement is used to declare the parameters in alphabetical order. The ITPRINT
option is used to print the parameter values at each iteration.

proc model data=test;
parms a b c;
y = a + b * x ** c;
label a = "Intercept"

b = "Coefficient of Transformed X"
c = "Power Transformation Parameter";

fit y start=(c=1) / startiter itprint;
run;

With better starting values, the estimates converge in only 8 iterations. Counting the iteration required
to compute the starting values for A and B, this is 7 fewer than the 16 iterations required without the
STARTITER option. The iteration history listing is shown in Figure 24.32.

Figure 24.32 ITPRINT Listing
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Figure 24.32 continued

The results produced in this case are almost the same as the results shown in Figure 24.31, except that the
PARMS statement causes the parameter estimates table to be ordered A, B, C instead of C, A, B. They are not
exactly the same because the different starting values caused the iterations to converge at a slightly different
place. This effect is controlled by changing the convergence criterion with the CONVERGE= option.

By default, the STARTITER option performs one iteration to �nd starting values for the parameters that are
not given values. In this case, the model is linear in A and B, so only one iteration is needed. If A or B
were nonlinear, you could specify more than one “starting values” iteration by specifying a number for the
STARTITER= option.

Finding Starting Values by Grid Search

PROC MODEL can try various combinations of parameter values and use the combination that produces the
smallest objective function value as starting values. (For OLS the objective function is the residual mean
square.) This is known as a preliminarygrid search. You can combine the STARTITER option with a grid
search.

For example, the following statements try �ve different starting values for C: 1, 0.7, 0.5, 0.3, and 0. For
each value of C, values for A and B are estimated. The combination of A, B, and C values that produce the
smallest residual mean square is then used to start the iterative process.

proc model data=test;
parms a b c;
y = a + b * x ** c;
label a = "Intercept"

b = "Coefficient of Transformed X"
c = "Power Transformation Parameter";

fit y start=(c=1 .7 .5 .3 0) / startiter itprint;
run;

The iteration history listing is shown in Figure 24.33. Using the best starting values found by the grid search,
the OLS estimation only requires 2 iterations. However, since the grid search required 9 iterations, the total
iterations in this case is 11.
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Figure 24.33 ITPRINT Listing

Because no initial values for A or B were provided in the PARAMETERS statement or were read in with a
PARMSDATA= or ESTDATA= option, A and B were given the default value of 0.0001 for the �rst iteration.
At the second grid point, C=5, the values of A and B obtained from the previous iterations are used for the
initial iteration. If initial values are provided for parameters, the parameters start at those initial values at
each grid point.

Guessing Starting Values from the Logic of the Model

Example 24.1, which uses a logistic growth curve model of the U.S. population, illustrates the need for
reasonable starting values. This model can be written

pop D
a

1 C exp.b � c.t � 1790//

wheret is time in years. The model is estimated by using decennial census data of the U.S. population in
millions. If this simple but highly nonlinear model is estimated by using the default starting values, the
estimation fails to converge.

To �nd reasonable starting values, �rst consider the meaning ofa andc. Taking the limit as time increases,a
is the limiting or maximum possible population. So, as a starting value fora, several times the most recent
population known can be used—for example, one billion (1,000 million).
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Dividing the time derivative by the function to �nd the growth rate and taking the limit ast moves into the
past, you can determine thatc is the initial growth rate. You can examine the data and compute an estimate of
the growth rate for the �rst few decades, or you can pick a number that sounds like a plausible population
growth rate �gure, such as 2%.

To �nd a starting value forb, let t equal the base year used, 1790, which causesc to drop out of the formula
for that year, and then solve for the value ofb that is consistent with the known population in 1790 and with
the starting value ofa. This yieldsb D ln.a=3:9� 1/ or about 5.5, wherea is 1,000 and 3.9 is roughly the
population for 1790 given in the data. The estimates converge using these starting values.

Convergence Problems

When estimating nonlinear models, you might encounter some of the following convergence problems.

Unable to Improve
The optimization algorithm might be unable to �nd a step that improves the objective function. If this
happens in the Gauss-Newton method, the step size is halved to �nd a change vector for which the objective
improves. In the Marquardt method,� is increased to �nd a change vector for which the objective improves.
If, after MAXSUBITER= step-size halvings or increases in� , the change vector still does not produce a
better objective value, the iterations are stopped and an error message is printed.

Failure of the algorithm to improve the objective value can be caused by a CONVERGE= value that is
too small. Look at the convergence measures reported at the point of failure. If the estimates appear to be
approximately converged, you can accept the NOT CONVERGED results reported, or you can try rerunning
the FIT task with a larger CONVERGE= value.

If the procedure fails to converge because it is unable to �nd a change vector that improves the objective
value, check your model and data to ensure that all parameters are identi�ed and data values are reasonably
scaled. Then, rerun the model with different starting values. Also, consider using the Marquardt method if the
Gauss-Newton method fails; the Gauss-Newton method can get into trouble if the Jacobian matrix is nearly
singular or ill-conditioned. Keep in mind that a nonlinear model may be well-identi�ed and well-conditioned
for parameter values close to the solution values but unidenti�ed or numerically ill-conditioned for other
parameter values. The choice of starting values can make a big difference.

Nonconvergence
The estimates might diverge into areas where the program over�ows or the estimates might go into areas
where function values are illegal or too badly scaled for accurate calculation. The estimation might also take
steps that are too small or that make only marginal improvement in the objective function and thus fail to
converge within the iteration limit.

When the estimates fail to converge, collinearity diagnostics for the Jacobian crossproducts matrix are printed
if there are 20 or fewer parameters estimated. For an explanation of these diagnostics, see the section “Linear
Dependencies” on page 1519.
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Inadequate Convergence Criterion
If convergence is obtained, the resulting estimates approximate only a minimum point of the objective
function. The statistical validity of the results is based on the exact minimization of the objective function,
and for nonlinear models the quality of the results depends on the accuracy of the approximation of the
minimum. This is controlled by the convergence criterion used.

There are many nonlinear functions for which the objective function is quite �at in a large region around the
minimum point so that many quite different parameter vectors might satisfy a weak convergence criterion.
By using different starting values, different convergence criteria, or different minimization methods, you can
produce very different estimates for such models.

You can guard against this by running the estimation with different starting values and different convergence
criteria and checking that the estimates produced are essentially the same. If they are not, use a smaller
CONVERGE= value.

Local Minimum
You might have converged to a local minimum rather than a global one. This problem is dif�cult to detect
because the procedure appears to have succeeded. You can guard against this by running the estimation with
different starting values or with a different minimization technique. The START= option can be used to
automatically perform a grid search to aid in the search for a global minimum.

Discontinuities
The computational methods assume that the model is a continuous and smooth function of the parameters. If
this is not the case, the methods might not work.

If the model equations or their derivatives contain discontinuities, the estimation usually succeeds, provided
that the �nal parameter estimates lie in a continuous interval and that the iterations do not produce parameter
values at points of discontinuity or parameter values that try to cross asymptotes.

One common case of discontinuities causing estimation failure is that of an asymptotic discontinuity between
the �nal estimates and the initial values. For example, consider the following model, which is basically linear
but is written with one parameter in reciprocal form:

y = a + b * x1 + x2 / c;

By placing the parameter C in the denominator, a singularity is introduced into the parameter space at C=0.
This is not necessarily a problem, but if the correct estimate of C is negative while the starting value is
positive (or vice versa), the asymptotic discontinuity at 0 will lie between the estimate and the starting value.
This means that the iterations have to pass through the singularity to get to the correct estimates. The situation
is shown in Figure 24.34.
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Figure 24.34 Asymptotic Discontinuity

Because of the incorrect sign of the starting value, the C estimate goes off towards positive in�nity in a vain
effort to get past the asymptote and onto the correct arm of the hyperbola. As the computer is required to work
with ever closer approximations to in�nity, the numerical calculations break down and an “objective function
was not improved” convergence failure message is printed. At this point, the iterations terminate with an
extremely large positive value for C. When the sign of the starting value for C is changed, the estimates
converge quickly to the correct values.

Linear Dependencies

In some cases, the Jacobian matrix might not be of full rank; parameters might not be fully identi�ed for the
current parameter values with the current data. When linear dependencies occur among the derivatives of the
model, some parameters appear with a standard error of 0 and with the word BIASED printed in place of the
t statistic. When this happens, collinearity diagnostics for the Jacobian crossproducts matrix are printed if the
DETAILS option is speci�ed and there are twenty or fewer parameters estimated. Collinearity diagnostics are
also printed out automatically when a minimization method fails, or when the COLLIN option is speci�ed.
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For each parameter, the proportion of the variance of the estimate accounted for by eachprincipal component
is printed. The principal components are constructed from the eigenvalues and eigenvectors of the correlation
matrix (scaled covariance matrix). When collinearity exists, a principal component is associated with
proportion of the variance of more than one parameter. The numbers reported are proportions so they
remain between 0 and 1. If two or more parameters have large proportion values associated with the same
principal component, then two problems can occur: the computation of the parameter estimates are slow
or nonconvergent; and the parameter estimates have in�ated variances (Belsley, Kuh, and Welsch 1980, pp.
105–117).

For example, the following cubic model is �t to a quadratic data set:

proc model data=test3;
exogenous x1;
parms b1 a1 c1 ;
y1 = a1 * x1 + b1 * x1 * x1 + c1 * x1 * x1 * x1;
fit y1 / collin;

run;

The collinearity diagnostics are shown in Figure 24.35.

Figure 24.35 Collinearity Diagnostics

Notice that the proportions associated with the smallest eigenvalue are almost 1. For this model, removing
any of the parameters decreases the variances of the remaining parameters.

In many models, the collinearity might not be clear cut. Collinearity is not necessarily something you remove.
A model might need to be reformulated to remove the redundant parameterization, or the limitations on the
estimability of the model can be accepted. The GINV=G4 option can be helpful to avoid problems with
convergence for models containing collinearities.

Collinearity diagnostics are also useful when an estimation does not converge. The diagnostics provide
insight into the numerical problems and can suggest which parameters need better starting values. These
diagnostics are based on the approach of Belsley, Kuh, and Welsch (1980).

Iteration History

The options ITPRINT, ITDETAILS, XPX, I, and ITALL specify a detailed listing of each iteration of the
minimization process.
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ITPRINT Option

The ITPRINT information is selected whenever any iteration information is requested.

The following information is displayed for each iteration:

N is the number of usable observations.

Objective is the corrected objective function value.

Trace(S) is the trace of theS matrix.

subit is the number of subiterations required to �nd a� or a damping factor that reduces the
objective function.

R is the R convergence measure.

The estimates for the parameters at each iteration are also printed.

ITDETAILS Option

The additional values printed for the ITDETAILS option are as follows:

Theta is the angle in degrees between• , the parameter change vector, and the negative gradient
of the objective function.

Phi is the directional derivative of the objective function in the• direction scaled by the
objective function.

Stepsize is the value of the damping factor used to reduce• if the Gauss-Newton method is used.

Lambda is the value of� if the Marquardt method is used.

Rank(XPX) is the rank of theX0X matrix (output if the projected Jacobian crossproducts matrix is
singular).

The de�nitions of PPC and R are explained in the section “Convergence Criteria” on page 1508. When the
values of PPC are large, the parameter associated with the criteria is displayed in parentheses after the value.

XPX and I Options

The XPX and the I options select the printing of the augmentedX0X matrix and the augmentedX0X matrix
after asweepoperation (Goodnight 1979) has been performed on it. An example of the output from the
following statements is shown in Figure 24.36:

proc model data=test2;
y1 = a1 * x2 * x2 - exp( d1 * x1);
y2 = a2 * x1 * x1 + b2 * exp( d2 * x2);
fit y1 y2 / itall XPX I ;

run;
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Figure 24.36 XPX and I Options Output

The �rst matrix, labeled “Cross Products,” for OLS estimation is

�
X0X X0r
r0X r 0r

�

The column labeled Residual in the output is the vectorX0r, which is the gradient of the objective function.
The diagonal scalar valuer0r is the objective function uncorrected for degrees of freedom. The second matrix,
labeled “XPX Inverse,” is created through a sweep operation on the augmentedX0X matrix to get

�
.X0X/ � 1 .X0X/ � 1X0r

.X0r /0.X0X/ � 1 r0r � .X0r /0.X0X/ � 1X0r

�

Note that the residual column is the change vector used to update the parameter estimates at each iteration.
The corner scalar element is used to compute the R convergence criteria.

ITALL Option

The ITALL option, in addition to causing the output of all of the preceding options, outputs theS matrix, the
inverse of theSmatrix, the CROSS matrix, and the swept CROSS matrix. An example of a portion of the
CROSS matrix for the preceding example is shown in Figure 24.37.
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Figure 24.37 ITALL Option Crossproducts Matrix Output

Computer Resource Requirements

If you are estimating large systems, you need to be aware of how PROC MODEL uses computer resources
(such as memory and the CPU) so they can be used most ef�ciently.

Saving Time with Large Data Sets

If your input data set has many observations, the FIT statement performs a large number of model program
executions. A pass through the data is made at least once for each iteration and the model program is executed
once for each observation in each pass. If you re�ne the starting estimates by using a smaller data set, the
�nal estimation with the full data set might require fewer iterations.

For example, you could use

proc model;
/ * Model goes here * /
fit / data=a(obs=25);
fit / data=a;

where OBS=25 selects the �rst 25 observations in A. The second FIT statement produces the �nal estimates
using the full data set and starting values from the �rst run.
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Fitting the Model in Sections to Save Space and Time

If you have a very large model (with several hundred parameters, for example), the procedure uses consider-
able space and time. You might be able to save resources by breaking the estimation process into several
steps and estimating the parameters in subsets.

You can use the FIT statement to select for estimation only the parameters for selected equations. Do not break
the estimation into too many small steps; the total computer time required is minimized by compromising
between the number of FIT statements that are executed and the size of the crossproducts matrices that must
be processed.

When the parameters are estimated for selected equations, the entire model program must be executed
even though only a part of the model program might be needed to compute the residuals for the equations
selected for estimation. If the model itself can be broken into sections for estimation (and later combined for
simulation and forecasting), then more resources can be saved.

For example, to estimate the following four-equation model in two steps, you could use these statements:

proc model data=a outmodel=part1;
parms a0-a2 b0-b2 c0-c3 d0-d3;
y1 = a0 + a1 * y2 + a2 * x1;
y2 = b0 + b1 * y1 + b2 * x2;
y3 = c0 + c1 * y1 + c2 * y4 + c3 * x3;
y4 = d0 + d1 * y1 + d2 * y3 + d3 * x4;
fit y1 y2;
fit y3 y4;
fit y1 y2 y3 y4;

run;

You should try estimating the model in pieces to save time only if there are more than 14 parameters; the
preceding example takes more time, not less, and the difference in memory required is trivial.

Memory Requirements for Parameter Estimation

PROC MODEL is a large program, and it requires much memory. Memory is also required for the SAS
System, various data areas, the model program and associated tables and data vectors, and a few crossproducts
matrices. For most models, the memory required for PROC MODEL itself is much larger than that required
for the model program, and the memory required for the model program is larger than that required for the
crossproducts matrices.

The number of bytes needed for two crossproducts matrices, fourS matrices, and three parameter covariance
matrices is

8 � .2 C k C m C g/2 C 16� g2 C 12� .p C 1/2

plus lower-order terms, wherem is the number of unique nonzero derivatives of each residual with respect
to each parameter,g is the number of equations,k is the number of instruments, andp is the number of
parameters. This formula is for the memory required for 3SLS. If you are using OLS, a reasonable estimate
of the memory required for large problems (greater than 100 parameters) is to divide the value obtained from
the formula in half.
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Consider the following model program:

proc model data=test2 details;
exogenous x1 x2;
parms b1 100 a1 a2 b2 2.5 c2 55;
y1 = a1 * y2 + b1 * x1 * x1;
y2 = a2 * y1 + b2 * x2 * x2 + c2 / x2;
fit y1 y2 / n3sls memoryuse;
inst b1 b2 c2 x1 ;

run;

The DETAILS option prints the storage requirements information shown in Figure 24.38.

Figure 24.38 Storage Requirements Information

The matrixX0X augmented by the residual vector is called the XPX matrix in the output, and it has the size
m C 1. The order of theS matrix, 2 for this example, is the value ofg. The CROSS matrix is made up of
thek unique instruments, a constant column that represents the intercept terms, followed by themunique
Jacobian variables plus a constant column that represents the parameters with constant derivatives, followed
by theg residuals.

The size of two CROSS matrices in bytes is

8 � .2 C k C m C g/2 C 2 C k C m C g

Note that the CROSS matrix is symmetric, so only the diagonal and the upper triangular part of the matrix is
stored. For examples of the CROSS and XPX matrices, see the section “Iteration History” on page 1520.

The MEMORYUSE Option

The MEMORYUSE option in the FIT, SOLVE, MODEL, or RESET statement can be used to request a
comprehensive memory usage summary.

Figure 24.39 shows an example of the output produced by the MEMORYUSE option.
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Figure 24.39 MEMORYUSE Option Output for FIT Task

De�nitions of the memory components follow:

symbols memory used to store information about variables in the model
strings memory used to store the variable names and labels
lists space used to hold lists of variables
arrays memory used by ARRAY statements
statements memory used for the list of programming statements in the model
opcodes memory used to store the code compiled to evaluate the

expression in the model program
parsing memory used in parsing the SAS statements
executable the compiled model program size
block option memory used by the BLOCK option
cross ref. memory used by the XREF option
�ow analysis memory used to compute the interdependencies of the variables
derivatives memory used to compute and store the analytical derivatives
data vector memory used for the program data vector
cross matrix memory used for one or more copies of the CROSS matrix
X0X matrix memory used for one or more copies of theX0X matrix
Smatrix memory used for the covariance matrix
GMM memory additional memory used for the GMM and ITGMM methods
Jacobian memory used for the Jacobian matrix for SOLVE and FIML
work vectors memory used for miscellaneous work vectors
overhead other miscellaneous memory
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Testing for Normality

The NORMAL option in the FIT statement performs multivariate and univariate tests of normality.

The three multivariate tests provided are Mardia's skewness test and kurtosis test (Mardia 1970) and the
Henze-ZirklerTn;� test (Henze and Zirkler 1990). The two univariate tests provided are the Shapiro-Wilk W
test and the Kolmogorov-Smirnov test. (For more information about the univariate tests, see the “Goodness-
of-Fit Tests” section of the “The UNIVARIATE Procedure” chapter in theBase SAS Procedures Guide.) The
null hypothesis for all these tests is that the residuals are normally distributed.

For a random sampleX1; : : : ; Xn , X i 2Rd , whered is the dimension ofX i andn is the number of observa-
tions, a measure of multivariate skewness is

b1;d D
1
n2

nX

i D 1

nX

j D 1

Œ.Xi � �/ 0S� 1.X j � �/• 3

whereS is the sample covariance matrix ofX. For weighted regression, bothS and.X i � �/ are computed
by using the weights supplied by the WEIGHT statement or the_WEIGHT_ variable.

Mardia showed that under the null hypothesisn
6 b1;d is asymptotically distributed as� 2.d.d C 1/.d C 2/=6/.

For small samples, Mardia's skewness test statistic is calculated with a small sample correction formula, given
by nk

6 b1;d where the correction factork is given byk D .d C 1/.n C 1/.n C 3/=n...n C 1/.d C 1// � 6/.
Mardia's skewness test statistic in PROC MODEL uses this small sample corrected formula.

A measure of multivariate kurtosis is given by

b2;d D
1
n

nX

i D 1

Œ.Xi � �/
0
S� 1.X i � �/• 2

Mardia showed that under the null hypothesis,b2;d is asymptotically normally distributed with mean
d.d C 2/ and variance8d.d C 2/=n.

The Henze-Zirkler test is based on a nonnegative functionalD.:; :/ that measures the distance between two
distribution functions and has the property that

D. Nd .0; I d /; Q/ D 0

if and only if

Q D Nd .0; I d /

whereNd .�; † d / is ad-dimensional normal distribution.

The distance measureD.:; :/ can be written as

D � .P; Q/ D
Z

Rd
j OP .t / � OQ.t / j2 ' � .t /dt

where OP .t / and OQ.t / are the Fourier transforms of P and Q, and' � .t / is a weight or a kernel function. The
density of the normal distributionNd .0; � 2I d / is used as' � .t /
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' � .t / D .2�� 2/
� d

2 exp.
�j t j2

2� 2 /; t 2 Rd

wherejt j D .t
0
t /0:5 .

The parameter� depends onn as

� d .n/ D
1

p
2

.
2d C 1

4
/1=.d C 4/ n1=.d C 4/

The test statistic computed is calledT� .d / and is approximately distributed as a lognormal. The lognormal
distribution is used to compute the null hypothesis probability,

T� .d / D 1
n

nX

j D 1

nX

k D 1

exp.�
� 2

2
jYj � Yk j2/

� 2.1 C � 2/ � d=2
nX

j D 1

exp.�
� 2

2.1 C � 2/
jYj j2/ C n.1 C 2� 2/ � d=2

where

jYj � Yk j2 D .X j � Xk /0S� 1.X j � Xk /

jYj j2 D .X j � NX/ 0S� 1.X j � NX/

Monte Carlo simulations suggest thatT� .d / has good power against distributions with heavy tails.

The Shapiro-Wilk W test is computed only when the number of observations (n) is less than 2,000, while
computation of the Kolmogorov-Smirnov test statistic requires at least 2,000 observations.

The following is an example of the output produced by the NORMAL option:

proc model data=test2;
y1 = a1 * x2 * x2 - exp( d1 * x1);
y2 = a2 * x1 * x1 + b2 * exp( d2 * x2);
fit y1 y2 / normal ;

run;

Figure 24.40 Normality Test Output
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Heteroscedasticity

One of the key assumptions of regression is that the variance of the errors is constant across observations.
If the errors have constant variance, the errors are calledhomoscedastic. Typically, residuals are plotted to
assess this assumption. Standard estimation methods are inef�cient when the errors areheteroscedasticor
have nonconstant variance.

Heteroscedasticity Tests

The MODEL procedure provides two tests for heteroscedasticity of the errors: White's test and the modi�ed
Breusch-Pagan test.

Both White's test and the Breusch-Pagan are based on the residuals of the �tted model. For systems of
equations, these tests are computed separately for the residuals of each equation.

The residuals of an estimation are used to investigate the heteroscedasticity of the true disturbances.

The WHITE option tests the null hypothesis

H 0 W� 2
i D � 2 for all i

White's test is general because it makes no assumptions about the form of the heteroscedasticity (White
1980). Because of its generality, White's test might identify speci�cation errors other than heteroscedasticity
(Thursby 1982). Thus, White's test might be signi�cant when the errors are homoscedastic but the model is
misspeci�ed in other ways.

White's test is equivalent to obtaining the error sum of squares for the regression of squared residuals on a
constant and all the unique variables inJ
 J, where the matrixJ is composed of the partial derivatives of the
equation residual with respect to the estimated parameters. White's test statisticW is computed as

W D nR2

whereR2 is the correlation coef�cient obtained from the preceding regression. The statistic is asymptotically
distributed as chi-squared withP � 1 degrees of freedom, whereP is the number of regressors in the regression,
including the constant, andn is the total number of observations. In the example that follows, the regressors
are constant, income, income*income, income*income*income, and income*income*income*income. The
regressor income*income occurs twice, and one is dropped. Hence,P D 5 with degrees of freedom
P � 1 D 4.

Note that White's test in the MODEL procedure is different from White's test in the REG procedure requested
by the SPEC option. The SPEC option produces the test from Theorem 2 on page 823 of White (1980). The
WHITE option, on the other hand, produces the statistic discussed in Greene (1993).

The null hypothesis for the modi�ed Breusch-Pagan test is homoscedasticity. The alternate hypothesis is that
the error variance varies with a set of regressors, which are listed in the BREUSCH= option.

De�ne the matrixZ to be composed of the values of the variables listed in the BREUSCH= option, such that
zi;j is the value of thejth variable in the BREUSCH= option for theith observation. The null hypothesis of
the Breusch-Pagan test is

� 2
i D � 2.� 0 C �

0
zi / H 0 W� D 0
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where� 2
i is the error variance for theith observation and� 0 and� are regression coef�cients.

The test statistic for the Breusch-Pagan test is

bp D
1
v

.u � Nui/
0
Z.Z

0
Z/ � 1Z

0
.u � Nui/

whereu D .e2
1 ; e2

2 ; : : : ; e2
n / , i is ann � 1 vector of ones, and

v D
1
n

nX

i D 1

.e2
i �

e
0
e

n
/2

This is a modi�ed version of the Breusch-Pagan test, which is less sensitive to the assumption of normality
than the original test (Greene 1993, p. 395).

The statements in the following example produce the output in Figure 24.41:

proc model data=schools;
parms const inc inc2;

exp = const + inc * income + inc2 * income * income;
incsq = income * income;

fit exp / white breusch=(1 income incsq);
run;

Figure 24.41 Output for Heteroscedasticity Tests

Correcting for Heteroscedasticity

There are two methods for improving the ef�ciency of the parameter estimation in the presence of het-
eroscedastic errors. If the error variance relationships are known, weighted regression can be used or an
error model can be estimated. For more information about error model estimation, see the section “Error
Covariance Structure Speci�cation” on page 1540. If the error variance relationship is unknown, GMM
estimation can be used.

Weighted Regression
The WEIGHT statement can be used to correct for the heteroscedasticity. Consider the following model,
which has a heteroscedastic error term:

yt D 250.e� 0:2t � e� 0:8t / C
p

.9=t/� t
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The data for this model are generated with the following SAS statements:

data test;
do t=1 to 25;

y = 250 * (exp( -0.2 * t ) - exp( -0.8 * t )) +
sqrt( 9 / t ) * rannor(1);

output;
end;

run;

If this model is estimated with OLS, as shown in the following statements, the estimates shown in Figure 24.42
are obtained for the parameters:

proc model data=test;
parms b1 0.1 b2 0.9;
y = 250 * ( exp( -b1 * t ) - exp( -b2 * t ) );
fit y;

run;

Figure 24.42 Unweighted OLS Estimates

If both sides of the model equation are multiplied by
p

t , the model has a homoscedastic error term. This
multiplication or weighting is done through the WEIGHT statement. The WEIGHT statement variable
operates on the squared residuals as

�
0

t � t D weight � q
0

t qt

so that the WEIGHT statement variable represents the square of the model multiplier. The following PROC
MODEL statements corrects the heteroscedasticity with a WEIGHT statement:

proc model data=test;
parms b1 0.1 b2 0.9;
y = 250 * ( exp( -b1 * t ) - exp( -b2 * t ) );
fit y;
weight t;

run;

Note that the WEIGHT statement follows the FIT statement. The weighted estimates are shown in Fig-
ure 24.43.
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Figure 24.43 Weighted OLS Estimates

The weighted OLS estimates are identical to the output produced by the following PROC MODEL example:

proc model data=test;
parms b1 0.1 b2 0.9;
y = 250 * ( exp( -b1 * t ) - exp( -b2 * t ) );

_weight_ = t;
fit y;

run;

If the WEIGHT statement is used in conjunction with the_WEIGHT_ variable, the two values are multiplied
together to obtain the weight used.

The WEIGHT statement and the_WEIGHT_ variable operate on all the residuals in a system of equations. If
a subset of the equations needs to be weighted, the residuals for each equation can be modi�ed through the
RESID. variable for each equation. The following example demonstrates the use of the RESID. variable to
make a homoscedastic error term:

proc model data=test;
parms b1 0.1 b2 0.9;
y = 250 * ( exp( -b1 * t ) - exp( -b2 * t ) );
resid.y = resid.y * sqrt(t);
fit y;

run;

These statements produce estimates of the parameters and standard errors that are identical to the weighted
OLS estimates. The reassignment of the RESID.Y variable must be done after Y is assigned; otherwise it
would have no effect. Also, note that the residual (RESID.Y) is multiplied by

p
t . Here the multiplier is

acting on the residual before it is squared.

GMM Estimation
If the form of the heteroscedasticity is unknown, generalized method of moments estimation (GMM) can
be used. The following PROC MODEL statements use GMM to estimate the example model used in the
preceding section:

proc model data=test;
parms b1 0.1 b2 0.9;
y = 250 * ( exp( -b1 * t ) - exp( -b2 * t ) );
fit y / gmm;
instruments b1 b2;

run;

GMM is an instrumental method, so instrument variables must be provided.

GMM estimation generates estimates for the parameters shown in Figure 24.44.
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Figure 24.44 GMM Estimation for Heteroscedasticity

Heteroscedasticity-Consistent Covariance Matrix Estimation

Homoscedasticity is required for ordinary least squares regression estimates to be ef�cient. A nonconstant
error variance, heteroscedasticity, causes the OLS estimates to be inef�cient, and the usual OLS covariance
matrix, O† , is generally invalid:

O† D � 2.X0X/ � 1

When the variance of the errors of a classical linear model

Y D X� C �

is not constant across observations (heteroscedastic), so that� 2
i ¤ � 2

j for somej > 1 , the OLS estimator

O� OLS D .X0X/ � 1X0Y

is unbiased but it is inef�cient. Models that take into account the changing variance can make more ef�cient
use of the data. When the variances,� 2

t , are known, generalized least squares (GLS) can be used and the
estimator

O� GLS D .X0• X/ � 1X0• � 1Y

where

• D

2

6
6
6
4

� 2
1 0 0 0
0 � 2

2 0 0

0 0
:: : 0

0 0 0 � 2
T

3

7
7
7
5

is unbiased and ef�cient. However, GLS is unavailable when the variances,� 2
t , are unknown.
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