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Overview: SSM Procedure

State space models (SSMs) are used for analyzing continuous response variables that are recorded sequentially
according to a numeric indexing variable. In many cases, the indexing variable is time and the observations
are collected at regular time intervals—for example, hourly, weekly, or monthly. In such cases, the resulting
data are called time series data. In other cases, the indexing variable might not be time or the observations
might not be equally spaced according to the indexing variable. These more general types of sequential data
are called longitudinal data. Because of their sequential nature, these types of data exhibit some characteristic
features. For example, chronologically closer measurements tend to be highly correlated while measurements
farther apart are essentially uncorrelated. Data can be trending in a particular direction and can have seasonal
or other periodic patterns. SSMs are specially designed to model such sequential data. They apply to both
univariate and multivariate response situations and can easily incorporate predictor (independent variable)
information when it is available.

The SSM procedure performs state space modeling of univariate and multivariate time series and longitudinal
data. You can do the following with the SSM procedure:

analyze quite general linear state space models

use an expressive language to specify an SSM. An SSM speci cation consists of specifying a variety
of matrices—for example, the state transition matrix and the covariance matrices of the state and
observation disturbances. The SSM procedure provides language similar to a DATA step for specifying
the elements of these matrices. The matrix elements can be user-de ned functions of data variables
and unknown parameters.

easily specify several commonly needed univariate and multivariate SSMs by using only a few
keywords. These SSMs include the principal univariate and multivariate structural models for regularly
spaced data and a variety of trend and cycle models for the longitudinal data.

estimate unknown model parameters by (restricted) maximum likelihood. The likelihood function is
computed by using the (diffuse) Kalman Iter algorithm.

print, or output to a data set, the series forecasts, residuals, and the full-sample estimates of any linear
combination of the underlying state variables. These estimates are obtained by using the (diffuse)
Kalman lter and smoother algorithm.

generate residual diagnostic plots and plots useful for detecting structural breaks

Background

State space models are widely used in a variety of elds such as engineering, statistics, econometrics, and
agriculture. There are numerous references that deal with state space modeling, particularly with the state
space modeling of time series data. State space modeling of longitudinal data has received a little less
attention. The primary reference for the modeling techniques implemented in the SSM procedure is Harvey
(1989). It contains treatment of both the time series and longitudinal data. Other useful books about this
subject are Pelagatti (2015); Durbin and Koopman (2012); Jones (1993); Anderson and Moore (1979). In
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addition, informative articles about state space modeling of longitudinal data include Wecker and Ansley
(1983); Kohn and Ansley (1991); De Jong and Mazzi (2001); Eubank, Huang, and Wang (2003); Selukar
(2015). For the implementation details of the diffuse Kalman Iter and smoother (the main computational
tool used by the SSM procedure), the main references are a series of articles (De Jong 1989, 1991; De Jong
and Chu-Chun-Lin 2003) and the references therein.

Getting Started: SSM Procedure

This example illustrates how you can use the SSM procedure to analyze a panel of time series. The following
data setCigar, contains information about yearly per capita cigarette sales for 46 geographic regions in
the United States over the period 1963-1992. The varidddé&s, Iprice, Indi, andlpimin denote the per

capita cigarette sales, price per pack of cigarettes, per capita disposable income, and minimum price in
adjoining regions per pack of cigarettes, respectively (all in the natural log scale). The vgemttentains

the observation year, and the varialdgion contains an integer between 1 to 46 that serves as the unique
identi er for the region. For additional data description see Baltagi and Levin (1992); Baltagi (1995). The
data are sorted byear.

data cigar;
input year region lIsales Iprice Indi Ipimin;
label Isales = Log cigarette sales in packs per capita;
label Iprice = Log price per pack of cigarettes;
label Indi = Log per capita disposable income;
label Ipimin = Log minimum price in adjoining regions
per pack of cigarettes;
year = intnx( year, 1jan63d, year-63 );
format year year.;
datalines;
63 1 4.54223 3.35341 7.3514 3.26194
63 2 4.82831 3.17388 7.5729 3.21487
63 3 4.63860 3.29584 7.3000 3.25037
63 4 4.95583 3.23080 7.9288 3.17388
63 5 5.05114 3.28840 7.9772 3.26576

. more lines ...

The goal of the analysis is to study the impact of the regressors on the smoking behavior and to understand
the changes in the smoking patterns in different regions over the years. Consider the following model for
Isales:

Isalest D it Clprice 1ClIndi »Clpimin 3C it

This model representsales in a regioni and in a yeat as a sum of region-speci c trend componenis,

the regression effects duelfwice, Indi, andipimin, and the observation noise; . Different variations of this

model are obtained by considering different models for the trend componenProper modeling of the

trend component is important because it captures differences between the regions because of unrecorded
factors such as demographic changes over time, results of anti-smoking campaigns, and so on. The following
statements specify and t one such model:
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proc ssm data=Cigar plots=residual;
id year interval=year;
array RegionArray{46} regionl-region46;

do i=1 to 46;
RegionArray[i] = (region=i);
end,
trend IrwTrend(ll) cross(matchparm)=(RegionArray) levelvar=0;
irregular wn;

model Isales = Iprice Indi Ipimin IrwTrend wn;
eval TrendPlusReg = IrwTrend + lIprice + Indi + Ipimin;
output out=forCigar pdv press;

run;

The PROC SSM statement speci es the input dataGgtr, which contains analysis variables such as the
response variablésales, and the predictor variablelgyice, Indi, andlpimin. The PLOTS=RESIDUAL option

in the PROC SSM statement produces residual diagnostic plots. The optional ID statement speci es a numeric
index variable (often a SAS date or datetime variable), whigleas in this case. The INTERVAL=YEAR

option in the ID statement indicates that the measurements are collected on a yearly basis. The next few
statements de ne a 46-dimensional array of dummy varialegionArray, such thaRegionArray]i] is 1 if

region isi and is O otherwise. The next three statements, TREND, IRREGULAR, and MODEL, constitute
the model speci cation part of the program:

trend IrwTrend(ll) cross(matchparm)=(RegionArray) levelvar=0; denes a trend,
namedrwTrend, of local linear type (which is signi ed by the keywottdused within the parenthesis

after the name). A local linear trend—a trend with time-varying level and time-varying slope—depends
on two parameters: the disturbance variance of the level equation and the disturbance variance
of the slope equation (see the section “Local Linear Trend” on page 2484 for more information).
The LEVELVAR=0 speci cation xes the disturbance variance of the level equation to 0, which
results in a trend model called artegrated random walklRW). An IRW model tends to produce

a smoother trend than a general local linear trend. In the limiting case, if the disturbance variance
of the slope equation is also 0, the IRW trend reduces to a straight line (with a xed intercept and
slope). In addition, because of the use of the 46-dimensional &eayonArray, in the CROSS=
option (cross(matchparm)=(RegionArray) ), this trend speci cation amounts to tting a separate
IRW trend for each region. This is because, as a result of the CROSS= dpiidmend is treated

as a linear combination of 46 (the number of variableRégionArray) stochastically independent,
integrated random walks,

w6
IrwTrend D RegionArrayEi-«
iD1

where each ;1 is an integrated random walk. Note that sifEgionArray[i] is a binary variable,
IrwTrend equals i1 whenregion isi. Lastly, the use of MATCHPARM option speci es that the
different IRW trends ;.1 use the same disturbance variance parameter for their slope equation. This is
done mainly for parsimony. Based on the model diagnostics shown later, this appears to be a reasonable
model simpli cation.

irregular wn; de nes the observation noisg; , namedvn, as a sequence of independent, identically
distributed, zero-mean, Gaussian variables—a white noise sequence.
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model Isales = Iprice Indi Ipimin IrwTrend wn; de nes the model forsales as a sum of
regression effects that involygrice, Indi, andlpimin, a trend termirwTrend, and the observation noise
wn.

The last two statements, EVAL and OUTPUT, control certain aspects of the procedure output. The following
EVAL statement de nes a linear combination, nankendPlusReg, of selected terms in the MODEL
statement:

eval TrendPlusReg = IrwTrend + Iprice + Indi + Ipimin;

This EVAL statement causes the SSM procedure to produce an estimiagadflusReg (and its standard

error), which can then be printed or output to a dataBehdPlusReg contains all the terms in the model
except for the observation noise and thus can be regarded asgglanatorypart of the model. In the
OUTPUT statement, you can specify an output data set that stores all the component estimates that are
produced by the procedure. The following OUTPUT statement speftr€igar as the output data set:

output out=forCigar pdv press;

The PDV option causes variables suchexgonl-region46, which are de ned by the DATA step statements

within the SSM procedure, also to be included in the output data set. The PRESS option causes the printing
of t measures that are based on the delete-one cross validation errors (see the section “Delete-One Cross
Validation and Structural Breaks” on page 2481 for more information).

All the models that are speci ed in the SSM procedure possess a state space representation. For more
information, see the section “State Space Model and Notation” on page 2469. The SSM procedure output

begins with a table (not shown here) of the input data set that provides the name and other information. Next,

the “Model Summary” table, shown in Figure 34.1, provides basic model information, such as the following:

the dimension of the underlying state equation, 92 (because each of the 46 IRW trerastributes
two elements to the state)

the diffuse dimension of the model, 95 (which is equal to the three regressors plus the 92 diffuse initial
states of )

the number of model parameters, 2 (which is the common disturbance variance of the slope equation
in Ir'wTrend and the variance of the noise term)

This information is very useful in determining the computational complexity of the model (the larger state
size, 92, explains the relatively long computing time—as much as two minutes on some desktops—for this
example).

Figure 34.1 Summary of the Underlying State Space Model
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The index variable information is shown in Figure 34.2. Among other things, it categorizes the data to be of
the typeRegular with Replicatiorwhich implies that the data are regularly spaced with respect to the ID
variable and at least some observations have the same ID value. This is clearly true in this example: the data
are yearly without any gaps, and there are 46 observations in each year—one per region.

Figure 34.2 Index Variable Information

Figure 34.3 provides simple summary information about the response variable. It sholwsléisdtas no
missing values and no induced missing values because the predictors in thelpiegelndi, andlpimin, do
not have any missing values either.

Figure 34.3 Response Variable Summary

The regression coef cients dfrice, Indi, andlpimin are shown in Figure 34.4. As expected, the coef cient of

Iprice is negative and the coef cients tfdi andlpimin are positive, all being statistically signi cant. This is
consistent with the expectation that the cigarette sales are adversely affected by the price and are positively
correlated with the disposable income. The estimated effdpinaifi, called the bootlegging effect by Baltagi

and Levin (1992), is statistically signi cant but smaller than the effectgride andindi.

Figure 34.4 Estimated Regression Coef cients

Figure 34.5 Estimated Model Parameters

Figure 34.5 shows the estimates of the disturbance variance of the slope equatidreind and the variance
of the noise ternwn.
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Figure 34.6 shows a panel of residual normality diagnostic plots. These plots show that the residuals are
symmetrically distributed but contain slightly larger than expected number of extreme residuals. Figure 34.7
shows the plot of residuals versus time. There the residuals do not exhibit any obvious pattern; however, the
plot does show that more extreme residuals appear before 1970 and after 1989. On the whole, however, these
plots do not exhibit serious violations of model assumptions.

Figure 34.6 Residual Normality Check
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Figure 34.7 Standardized Residuals Plotted against Time

Figure 34.8 shows the details of the likelihood computations such as the number of nonmissing response
values used and the likelihood of the tted model. For more information, see the section “Likelihood
Computation and Model Fitting Phase” on page 2478. Figure 34.8 shows the likelihood-based information
criteria in lower-is-better format, which are useful for model comparison.

Figure 34.8 Likelihood Computation Details
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Figure 34.9 Information Criteria

In addition to the regression estimates, it is useful to analyze the estimates of different model components such
as the trend componemtvTrend and the linear combinatiofrendPlusReg. These estimates can be printed

by using the PRINT= option provided in the TREND and EVAL statements, or they can be output to a data
set (as it is done in this illustration). This latter option is particularly useful for graphical exploration of these
components by standard graphical procedures such as SGPLOT and SGPANEL procedures. The following
statements produce a panel of plots that shows how well the proposed model ts the observed cigarette
sales in the rst three regions, which correspond to Alabama, Arizona, and Arkansas. The output data set,
forCigar, contains all the needed informatioBmoothed TrendPlusReg contains the smoothed (full-sample)
estimate offrendPlusReg, and Smoothed_Lower_TrendPlusReg and Smoothed_Upper_TrendPlusReg

contain its 95% lower and upper con dence limits. In addition, for easy readability, a user-de ned format
(RegionFormat), which is created by using the FORMAT procedure (not shown), is used to associate the
region names to region values.

proc sgpanel data=forCigar noautolegend;
where region <= 3;
format region RegionFormat.;
title Region-Specific Sales Patterns with 95% Confidence Band;
panelby region / columns=3;
band x=year lower=Smoothed_Lower_TrendPlusReg
upper=Smoothed_Upper_TrendPlusReg;
scatter x=year y=lsales;
series x=year y= Smoothed_TrendPlusReg;
run;
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Figure 34.10 Cigarette Sales Patterns for the First Three Regions

Figure 34.10 seems to indicate that the model ts the data reasonably well. It also shows that Arizona differs
markedly from Alabama and Arkansas in its cigarette sales pattern over the years. The following statements
produce a similar panel of plots that show the estimate of trend without the regression effects:

proc sgpanel data=forCigar noautolegend;
where region <= 3;
format region RegionFormat.;
titte Region-Specific Trend Estimates;
panelby region / columns=3;
series x=year y= smoothed_IrwTrend;
run;
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Figure 34.11 Estimate of IrwTrend for the First Three Regions

The trend patterns, shown in Figure 34.11, seem to suggest that after accounting for the regression effects,
per capita cigarette sales were on the rise in Alabama and Arkansas while they were declining in Arizona.
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Syntax: SSM Procedure

The following statements are available in the SSM procedure:

PROC SSM <options > ;
BY variables ;
COMPONENT name = (variables)* state </ options > ;
DEPLAG name(response-variable) lag-terml <lag-term2 ... > ;
EVAL name = expression </ options > ;
ID variable <option>;
IRREGULAR name <options> ;
MODEL response = variables </ options > ;
OUTPUT <options>;
PARMS variables </ options > ;
Programming statements ;
STATE name(dim)< options> ;
TREND name(type)< options > ;

You can specify all statements except the BY, ID, and the OUTPUT statements multiple times. The PROC
SSM statement and at least one MODEL statement are required. In addition to these statements, you can use
most DATA step programming statements to de ne new variables that are needed for specifying different
parts of the state space model.

NOTE: In the statement options described throughout this section, whenever you use a list to specify the
elements of the system matrices, the list elements must all be of the same type: either all of them must
be variables or all of them must be numbers. In addition, if the list contains more than one variable, then

they cannot be of the array type. These are not serious restrictions. When the list contains mix of variables
and numbers, you can rede ne the numbers as constant variables. Similarly, you can reformulate a list that
contains a mix of variables of array and non-array types as just one array by combining all its elements in a
new array.

Functional Summary

Table 34.1 summarizes the statements and options that control the SSM procedure. Most commonly needed
scenarios are listed; for more information, see the individual statements.

Table 34.1 Functional Summary

Description Statement Option
Data Set Options

Speci es the input data set PROC SSM DATA=
Writes series and component forecasts to anOUTPUT OouT=

output data set

Model Speci cation Options
Speci es the index variable ID
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Table 34.1 continued

Description Statement Option
De nes variables as model parameters PARMS

Speci es a response variable and the MODEL

associated observation equation

Speci es a state subsection STATE

Speci es the transition matrix of a state STATE T
subsection

Speci es the disturbance covariance matrix o6 TATE cov

a state subsection

Speci es the size of the diffuse initial STATE Al
condition of a state subsection

Speci es the initial covariance matrix ofa  STATE Covi
state subsection

Speci es a state subsection for a prede ned STATE TYPE=
structural model

Speci es the regressors in a state equation STATE W
Speci es the input vector in a state equation STATE SINPUT=
Speci es a component COMPONENT

Speci es a prede ned trend component TREND

Likelihood Optimization Process Control Options

Speci es the optimization technique PROC SSM OPTIMIZER(TECH=)
Limits the number of iterations PROC SSM OPTIMIZER(MAXITER=)
Outlier and Structural Break Detection Options

Turns on the search for additive outliers (AO) Default

Turns on the search for structural breaks in aSTATE CHECKBREAK

state subsection

Turns on the search for structural breaks in aTREND CHECKBREAK

state subsection associated with a trend

Speci es the signi cance level for additve ~ OUTPUT AO(ALPHA=)

outlier tests

Limits the reported number of additive outliersOQUTPUT AO(MAXNUM=)

Limits the reported number of additive outlierefOQUTPUT AO(MAXPCT=)

to a percentage of the series length

Speci es the signi cance level for structural OUTPUT BREAK(ALPHA=)
break tests

Limits the reported number of structural break©OUTPUT BREAK(MAXNUM=)
Limits the reported number of structural OUTPUT BREAK(MAXPCT=)
breaks to a percentage of the series length

Turns on the search for maximal state shock OUTPUT MAXSHOCK

Graphical Residual and Outlier Analysis Options
Creates a panel of plots that consists of PROC SSM PLOTS=RESIDUAL(NORMAL)
residual normality plots
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Table 34.1 continued

Description Statement Option

Creates the standardized residual plot again®®fROC SSM PLOTS=RESIDUAL(STD)
time

Creates a panel of plots that consists of PROC SSM PLOTS=AO(NORMAL)
prediction error normality plots

Creates the standardized prediction error ploPROC SSM PLOTS=AO(STD)

against time

Creates the plot of maximal state shock PROC SSM PLOTS=MAXSHOCK

chi-square statistics against time

Output Control Options

Speci es the signi cance level of the forecastOUTPUT ALPHA=
con dence limits
Prints the prediction error sum of squares tabUTPUT PRESS

Speci es a linear combination of componentsEVAL
to be output

Global Printing and Plotting Options

Turns off all printing for the procedure PROC SSM NOPRINT
Turns on all printing options for the procedurd?’ROC SSM PRINTALL

Turns off all plotting for the procedure PROC SSM PLOTS=NONE
Turns on all plotting options for the procedure PROC SSM PLOTS=ALL

Printing State Equation System Matrix Options

Prints the transition matrix that is associated STATE PRINT=T
with a state subsection

Prints the disturbance covariance matrix that STATE PRINT=COV
associated with a state subsection

Prints the initial covariance matrix that is STATE PRINT=COV1
associated with a state subsection

Prints the autoregressive coef cient matrix thaBTATE PRINT=AR

is associated with a state subsection

Prints the moving average coef cient matrix STATE PRINT=MA

that is associated with a state subsection

Printing Component, Series Forecast, and Smoothed Estimate Options

Prints the series forecasts MODEL PRINT=FILTER
Prints the full-sample estimates of missing MODEL PRINT=SMOOTH
series values

Prints the smoothed trend estimate TREND PRINT=SMOOTH
Prints the Itered trend estimate TREND PRINT=FILTER
Prints the smoothed component estimate COMPONENT PRINT=SMOOTH
Prints the Itered component estimate COMPONENT PRINT=FILTER
Prints the smoothed component estimate EVAL PRINT=SMOOTH

Prints the Itered component estimate EVAL PRINT=FILTER
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Table 34.1 continued

Description Statement Option
BY Groups
Speci es BY-group processing BY

PROC SSM Statement
PROC SSM <options > ;
The PROC SSM statement is required. You can specify the follogitigns in the PROC SSM statement:

BREAKPEAKS (Experimental )
prints an alternate form of the break summary tables when the CHECKBREAK option is used in the
STATE or TREND statement or when the MAXSHOCK option is used in the OUTPUT statement. In
this alternate form, the summary tables report the signi cant peaks of the shock statistics curves; see
Example 34.8 for examples of these curves.

DATA=SAS-data-set
speci es the name of the SAS data set that contains the variables needed for the analysis. If you do not
specify this option, PROC SSM uses the most recently created SAS data set.

NOPRINT
turns off all the printing and plotting for the procedure. Any subsequent print options are ignored.

PLOTS < (global-plot-options) > = plot-request < (options) >

PLOTS< (global-plot-options) > = ( plot-request < (options) > <. .. plot-request < (options) > >)
controls the plots produced with ODS Graphics. When you specify onlyloeequest, you can
omit the parentheses around it. Here are some examples:

plots=none

plots=all

plots=residual
plots=residual(normal)
plots=(maxshock residual(normal))
plots(unpack)=residual

If you do not specify any speci @lot-request, then by default PROC SSM produces the plot of
standardized residuals against time. For general information about ODS Graphics, see Chapter 21,
“Statistical Graphics Using ODS'SAS/STAT User's Guijle

Global Plot Options

The global-plot-options apply to all relevant plots generated by the SSM procedure. The following
global-plot-option is supported:



PROC SSM Statement F 2451

UNPACK
displays each graph separately. (By default, some graphs can appear together in a single panel.)

Speci ¢ Plot Options
The following list describes the specigot-requests and theiroptions:

ALL
produces all plots appropriate for the particular analysis.

AO< (prediction-error-plot-options) >
produces the prediction error plots—one for each response variable. You can specify the following
prediction-error-plot-options:

NORMAL
produces a summary panel of the prediction error diagnostics, which consist of the following:

histogram of prediction errors

normal quantile plot of prediction errors

STD
produces a scatter plot of standardized prediction errors against time.

MAXSHOCK
produces a scatter plot of maximal state shock statistics against time.

NONE
suppresses all plots.

RESIDUAL < (residual-plot-options) >
produces the residuals plots—one for each response variable. You can specify the following

residual-plot-options:

NORMAL
produces a summary panel of the residual diagnostics, which consist of the following:

histogram of residuals

normal quantile plot of residuals

STD
produces a scatter plot of standardized residuals against time.

For more information about the precise meaning of the temagimal state shock statistiesd
prediction errors see the section “Delete-One Cross Validation and Structural Breaks” on page 2481.

PRINTALL
turns on all the printing options for the procedure. All subsequent NOPRINT options in the procedure

are ignored.
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STATEINFO
prints two tables that provide information about the composition of the state vector in terms of the
components speci ed in the model. One table describes the composition of stated the other table
describes the diffuse vectorand the regressors, which are part of the initial condition speci cation
For more information about the state space model notation, see the section “State Space Model and
Notation” on page 2469.

OPTIMIZER( < TECHNIQUE=technique > < MAXITER=integer >)
speci es options that are associated with the optimizer used in the maximum likelihood parameter
estimation. The default settings of the optimization process are adequate in most problems. However,
in some cases it might be useful to change the optimization technique or to change the maximum
number of iterations. You can specify one of the followiaghniques:

ACTIVESET corresponds to the active-set method.

DBLDOG corresponds to the double-dogleg method.
INTERIORPOINT corresponds to the primal-dual interior point method.
NEWRAP corresponds to the Newton-Raphson method.
QUANEW corresponds to the (dual) quasi-Newton method.
TRUREG corresponds to the trust region method.

The default technique is TRUREG. The INTERIORPOINT and ACTIVESET techniques are docu-
mented in Chapter 10, “The Nonlinear Programming SolvBA$%/OR User's Guide: Mathematical
Programming, and the remaining techniques are documented in Chapter 6, “Nonlinear Optimization
Methods.” You can alter the maximum number of iterations setting in the nonlinear optimization search
by specifying a nonnegativeteger as the MAXITER= value.

ZSPARSE (Experimental )
enables the exploitation of the sparsity of thematrices in the observation equation during the
modeling calculations (see the section “State Space Model and Notation” on page 2469 for further
information). The use of this option can improve the computational ef ciency of models that have a
large state dimension and spaenatrices—that is, many of their elements are zero. You should
use the ZSPARSE option only when the state dimension is suf ciently large (at least 30) and a good
percentage (at least 50%) &f entries are zero; otherwise, the computational ef ciency can in fact
degrade. For example, the illustration that is discussed in the section “Getting Started: SSM Procedure”
on page 2438 is a good candidate for the use of the ZSPARSE option:

proc ssm data=Cigar plots=residual zsparse;

BY Statement

BY variables ;

A BY statement can be used in the SSM procedure to process a data set in groups of observations that are
de ned by the BY variables. The model speci ed by using the MODEL and other statements is applied to all
the groups de ned by the BY variables. When a BY statement appears, the procedure expects the input data
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set to be sorted in order of the BY variables. The BY variables are one or more variables in the input data set.
The BY variables cannot be used in the model speci cation; in particular, they cannot be used as response
variables or regressors in a MODEL statement.

COMPONENT Statement

COMPONENT name = (varl var2 ...| numberl number2 ...) * state </ options> ;
COMPONENT name = state[ integer ] </ options > ;
COMPONENT name = (Variable | Number)* state[ integer ] </ options > ;

The COMPONENT statement speci es a component (a linear combination of state elements) naaraed
You can usename later as a term in the right-hand side of the MODEL statement, which de nes the
observation equation. The estimatenafne is output to the OUT= data set that is speci ed in the OUTPUT
statement. In addition, you can print the component estimate by using the PRINT= option.

The rst form of the COMPONENT statement de nes a component as a dot product of a state subsection
state and a row vecto(varl var2 ...). The value oktate can be the name of a state subsection that is de ned

by using a STATE statement elsewhere in the program, or it can be the name of the state that is associated with
a trend component de ned by using a TREND statement elsewhere in the program (see the section “TREND
Statement” on page 2465 for more information about the naming of the state that is associated with a trend
component). The row vectgvarl var2 ...), which can be either a list of numbers or a list of variables, must

be of the same dimension as the actual dimension of the state subsection. The dot product form—also called
the explicit dot product form—of the component speci cation is unambiguous; however, it requires detailed
knowledge of the state vector underlying Btate speci cation. Suppose thatystate is a two-dimensional

state de ned by a STATE statement elsewhere in the program ani tretdX2 are (numeric) predictor
variables. The following are valid examples of the dot product form of the COMPONENT statement:

component cl
component c2

(x1 x2) *  mystate;
1 1) * mystate;

The second and the third forms of the COMPONENT statement are a shortened version of the rst form.
The second form de nes the component as a particular elemestdtef—for example state[3] de nes the
component as the third elementstfite. The speci edinteger must lie between 1 andim, the nominal
dimension ofstate. The second form of component speci cation has another important use when the STATE
statement that de nestate uses the TYPE= option to set its type or wlstate is associated with a trend
component. In these cases, the second form of the component speci cation assumes additional meaning
when the nominal state dimension and the actual state dimensions differ (speci cally the state types LL,
SEASON, CYCLE, and VARMA and the states associated with all the trend types). For examsfa if

is a three-dimensional seasonal componstate[2] signi es an appropriate linear combination sthte

that results in the second of the three seasonals that constitute the three-dimensional seasonal. Similar
interpretation holds for the CYCLE type. For more information, see the sections “Multivariate Season” on
page 2490 and “Prede ned Structural Models” on page 2487. The third form extends the second form by
permitting multiplication by a variable or a number.

NOTE: A component that is based on a state associated with a trend component cannot be used as a right-hand
side term in any MODEL statement. That is, it is de ned purely for output purposes (either printed or output

to a data set). However, it can be used as a term in the expression that is speci ed in an EVAL statement to
build more complex linear combinations for output.
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You can specify the followingptions to print the Itered or smoothed estimate of the component:

PRINT=FILTER | SMOOTH

PRINT=(<FILTER > < SMOOTH >)
requests printing of the Itered or smoothed estimate of the speci ed component.

DEPLAG Statement

DEPLAG name(response-variable) lag-terml <lag-term2 ... > ;

The DEPLAG statement de nes a term, nanmathe, that consists of a linear combination of lagged response
variables. You can useame later as a right-hand-side term in the MODEL statement for the response
variable, as speci ed imame(response-variable). For a multivariate model, a separate DEPLAG statement

is needed for each MODEL statement that has a right-hand-side term that involves lagged response variables.
The linear combination of lagged response variables is speci ed by using one olagaeems. Each

lag-term speci es the lags that are associated with one of the response variables.

A lag-term is speci ed in one of the following forms:

lag-response-variable(LAGS=maximum-lag)
lag-response-variable(LAGS=(integerl integer2 . ..))
lag-response-variable(LAGS=maximum-lag COEFF=(numberl number2 ...) | (variablel variable2 ...))

lag-response-variable(LAGS=(integerl integer2 ...) COEFF=(numberl number2 ...) | (variablel variable2 ...))

Thelag-response-variable in the lag term speci cation can be the same as the response variable that
corresponds to the model equation (which is speci eddme(response-variable)), or it can be a
different response variable.

The rst form of speci cation is useful when all lags up to theaximum-lag, which must be a positive
integer, are present in the lag term. The second form is useful when only certain lags, which are speci ed as
a list of positive integers in parentheses, are present. In these two cases, the lag coef cients are not speci ed
and they are treated as unknown parameters to be estimated from the data.

The COEFF= option in the last two forms enable you to specify lag coef cients. The COEFF= option must
follow the LAGS= option. You can use the COEFRaberl number2 ...) option to specify the lag

coef cients as known values. Similarly, you can use the COEk&#blel variable2 ...) option to specify
user-de ned variables as lag coef cients; the user-de ned variables can be functions of parameters (which
are de ned by using the PARMS statement) and input variables. However, the lag coef cients cannot depend
on any of the response variables. The number of coef cients speci ed in the COEFF= option must exactly
equal the number of lags speci ed in the LAGS= option.

There can be at most one DEPLAG statement associated with a particular MODEL statement (you can
specify all the needed lag terms in a single DEPLAG statement).

As an illustration, letagsFORy1 andlagsFORy?2 represent the following linear combinations of lagged
response variablegl, Y2, andY3:

lagsFORy1 D 11YL 1C 12Y1L 2C 222 2C 23Y2 3C1.2Y3 1 2:1Y3 »,
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lagsFORy2 D PhilY1 1 C Phi2YL »C 21Y2 1

wherePhil andPhi2 denote user-de ned variables ang denote generic parameters. You can specify
lagsFORYy1 (which is used in the model equation fot) andlagsFORy2 (which is used in the model equation
for Y2) as follows:

deplag lagsFORyl(yl) yl(lags=2) y2(lags=(2 3)) y3(lags=2 coeff=(1.2 -2.1));
deplag lagsFORy2(y2) yl(lags=2 coeff=(phil phi2)) y2(lags=1);
. more statements ...;

model y1 = lagsFORyl ..;
model y2 = lagsFORy2 ...;
model y3 = ..;

. more statements ...;

assuming that the right-hand side of the MODEL equatioryfbdoes not have a term that involves lags of
response variables.

The DEPLAG statement in PROC SSM has the same purpose as the DEPLAG statement in PROC UCM
(see Chapter 41, “The UCM Procedure”). However, there are many differences in the syntax of the two
statements, mainly because PROC SSM supports much more complex models. The syntax difference
between the two DEPLAG statements can be illustrated by considering the differencing speci cation—
1 B/1 B/ D.1 B B'?C B3%/—inthe well-known airline model (ARIMA(O, 1, 1)(0, 1, 1)12
model). You can specify the lag-term that is implied by the differencing in the airline model in PROC UCM

as follows:

deplag lags=(1)(12) phi=1 1 noest;

In PROC SSM the same speci cation has the following form:

deplag airLags(y) y(lags=(1 12 13) coeff=(1 1 -1));
Both these speci cations de ne the same lag-tetyn: 1 Cy¢ 12 Vi 13/.

For an example of the use of lagged response variables in a model speci cation, see Example 34.13. For
more information about models that have dependent lags, see the section “Models with Dependent Lags” on
page 2493.

NOTE: Models that have lagged response variables are permitted only if the data form a time series (either
univariate or multivariate). The SSM procedure adds one more restriction on the models that use lagged
response variables: the variables in the list that de ne a component in any of the COMPONENT statements
must be free of unknown parameters. This restriction is arti cial and is made primarily to reduce the overall
complexity of the model. In future versions of the SSM procedure, this restriction might go away.

EVAL Statement

EVAL name = numberl*variablel + number2*variable2 + ... </ options > ;

The EVAL statement de nes a linear combination, namaohe, of the terms used in the right-hand side
of a MODEL statement. You can specify any variables (for example, predictor variables and names of
components) in the expression of the EVAL statement; however, you cannot specify in this expression any
observation disturbances that are speci ed by the IRREGULAR statement and any model terms that are
speci ed by the DEPLAG statement. SuppaseandC2 are two components (de ned by COMPONENT
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statements elsewhere in the programi) s a trend component, anl is a regression variable used in a
model. The following are valid examples of the EVAL statement:

eval el = cl - c2;
eval e2 = t1 + cl + xi;
eval e2 = t1 + 2 =*cl - 1.5 =*xI;

The estimates of linear combinations de ned by the EVAL statement (for examap)&2, andE3) are
output to the OUT= data set that is speci ed in the OUTPUT statement.

The components used in a given EVAL expression must correspond to distinct state subsections. This
requirement is imposed only to simplify the overall readability of the program and does not limit the type of
linear combinations that can be speci ed; if two components in the right hand side of an EVAL expression
share the same state subsection, a new component that combines the effect of these two components can
always be de ned.

In addition, you can print these estimates by using the following PRINT= options:

PRINT=FILTER | SMOOTH

PRINT=(<FILTER > < SMOQOTH >)
requests printing of the Itered or smoothed estimate of the speci ed linear combination.

NOTE: The expression builder in the EVAL statement is primitive. For example, you cannot use parentheses
to group terms.

ID Statement
ID variable <option> ;

The ID statement names a numeric variable to associate a sequence value—usually related to a time stamp—to
the observations in the input data set. The observations within a BY group must be ordered in ascending
order by the ID variable. Often the ID variable's values are SAS date, time, or datetime values, and each
observation within a BY group has a unique ID value. Generally, however, the ID variable can be any numeric
variable, and there can be multiple observations with the same ID value. If the ID values are SAS date, time,
or datetime values, you can specify the associated unit of time—for example, day, week or month—by using
the INTERVAL= option. If an ID statement is not speci ed, the observation number, with respect to the BY
group, is used as the time ID. Whenever an ID variable is speci ed, a varidbleDELTA_, is automatically

created that can be used as any input data set variable in the programming statelbeD&LTA_ contains

the distance between two successive ID values. The I3t DELTA_ value is arbitrarily taken as one. If the
INTERVAL= option is speci ed, the distance between the ID values is measured in terms of the number of
intervals; therefore, for regularly spaced dat®_DELTA_ is identically equal to one. You can specify the
following option in the ID statement:

INTERVAL=value
speci es the unit of time interval that is used for measuring the ID values. INTERVAlLe is used
in conjunction with the ID variable to check that the input data are in the proper order. For a complete
discussion of the supported intervals, see Chapter 4, “Date Intervals, Formats, and Functions.”
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IRREGULAR Statement
IRREGULAR name <options> ;

The IRREGULAR statement speci es a one-dimensional white noise component, which can be used to specify
the observation error in a MODEL statement. You can specify the follostigns in the IRREGULAR
statement:

PRINT=SMOOTH
requests printing of the smoothed estimate of the speci ed irregular component.

VARIANCE=variable | number
speci es the variance of the white noise. Any nonnegative value, including 0, is permissible. If the
variable contains unknown parameters, they are estimated from the data. Similarly, if the VARIANCE=
option is not speci ed, the variance is estimated from the data.

MODEL Statement

MODEL response = variables </ options > ;

A MODEL statement speci es an observation equation that describes a response variable as a sum of
regression effects and components that are de ned in the program. The response variable must be a numeric
variable from the input data set. The variables used in the right-hand side of the model expression can be
numeric variables from the input data set, numeric variables de ned by using programming statements,
or names of components that are speci ed in the COMPONENT, DEPLAG, TREND, or IRREGULAR
statements.

For a multivariate model, a separate MODEL statement is needed for each of the response variables. In this
case, the observation errors, which are speci ed in an IRREGULAR statement, must be different in each
MODEL statement.

The components that are speci ed in a given MODEL statement must correspond to distinct state subsections.
This requirement is imposed only to simplify the overall readability of the program and does not limit the
type of models that can be speci ed; if two components on the right-hand side of a MODEL statement share

the same state subsection, a new component that combines the effect of these two components can always be
de ned.

You can specify the followingptions to print the Itered or smoothed estimate of the response variable:

PRINT=FILTER | SMOOTH

PRINT=(<FILTER > < SMOOTH >)
requests printing of the Itered or smoothed estimate of the speci ed response variable. The Itered
estimate is produced during the ltering phase, and the smoothed estimate is produced by the smoothing
phase of the Kalman Iter and smoother algorithm. The Itered estimate is also called the one-step-
ahead forecast of the response variable. The smoothed estimate corresponds to the full-sample
prediction of the response variable. Since the full-sample prediction of a nonmissing response value is
that value itself, full-sample predictions are printed only for the missing response values.
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OUTPUT Statement
OUTPUT <options> ;

The OUTPUT statement creates an optional output data set and also provides options to control certain
aspects of the procedure output. If the OUT= option is speci ed, then an output data set is created to store
estimates of the model components and series forecasts. If the OUT= option is omitted, then no data set is
created by the OUTPUT statement. Other options in the OUTPUT statement produce additional information
in the printed output generated by the procedure. For example, the AO and BREAK options control the
search for additive outliers and structural breaks in the data, respectively.

AO(< ALPHA= number > < MAXNUM=number > < MAXPCT=number >)
controls the additive outlier search (see the section “Delete-One Cross Validation and the Additive
Outlier Detection” on page 2481 for more information). The ALPHA= suboption speci es the
signi cance level for reporting the outliers. The default is ALPHA=0.05. The MAXNUM= suboption
limits the number of outliers to search. The default is MAXNUM=5. The MAXPCT= suboption is
similar to the MAXNUM= suboption. In the MAXPCT= option you can limit the number of outliers
to search for according to a percentage of the series length. The default is MAXPCT=1. When you
specify both of these options, the lesser of the two search numbers is used.

ALPHA=number
speci es the signi cance level of the forecast con dence intervals. For example, ALPHA=0.05, which
is the default, results in a 95% con dence interval.

BREAK(< ALPHA= number > < MAXNUM=number > < MAXPCT=number >)
controls the structural break search (for more information, see the section “Structural Breaks in the
State Evolution” on page 2481). In order for this option to have any effect, the CHECKBREAK option
in one of the STATE or TREND statements, or the MAXSHOCK option in the OUTPUT statement,
must be turned on. The ALPHA= suboption speci es the signi cance level for reporting the breaks.
The default is ALPHA=0.05. The MAXNUM= suboption limits the number of breaks to search. The
default is MAXNUM=5. The MAXPCT= suboption is similar to the MAXNUM= suboption. In the
MAXPCT= option, you can limit the number of breaks to search for according to a percentage of the
number of distinct time points in the data. The defaultis MAXPCT=1. When you specify both of these
options, the lesser of the two search numbers is used.

MAXSHOCK
causes the computation of the maximal state shock chi-square statistic at each distinct time point in the
input data set. These statistics are output to the data set that is speci ed in the OUT= option. A time
series plot of these statistics is produced if the PLOTS=MAXSHOCK option is speci ed in the PROC
SSM statement. These statistics are useful for detecting structural breaks in the state evolution process.
This option can be computationally expensive for a model with large state size. For more information,
see the section “Structural Breaks in the State Evolution” on page 2481.

OUT=SAS-data-set
speci es an output data set for the forecasts. The output data set contains the ID variable (if speci ed),
the response variables, the one-step-ahead and out-of-sample response variable forecasts, the forecast
con dence intervals, the smoothed values of the response series, and the one-step-ahead and smoothed
estimates of the model components—including expressions that are de ned by using the EVAL
statement. For more information, see the section “OUT= Data Set” on page 2500.
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PDV
causes the inclusion of the variables (variables in the program data vector) that are de ned by using
the programming statements in the SSM procedure in the OUT= data set. The parameters de ned by
the PARMS statement are also included. The output data set contains the values of these variables
evaluated for all the rows in the input data set that is speci ed in the DATA= option. The parameters in
the PARMS statement contain their estimated values.

PRESS
prints the prediction error sum of squares (PRESS) and the generalized cross validation error sum of
squares (GCV). The PRESS table also reports the number of summands that are used in these sums of
squares. For more information, see the section “Delete-One Cross Validation and the Additive Outlier
Detection” on page 2481.

PARMS Statement

PARMS variable<=number > variable<=number > < / options > ;

The PARMS statement declares the parameters of a model and optionally sets their initial values. You can
also specify the lower and upper limits of their validity range. The parameters declared by using the PARMS
statement are callethmed parametertfiroughout this chapter. A model can have additional parameters: any
unspeci ed quantity in the model speci cation becomes part of the parameter vector. You can specify the
following options:

LOWER=(numberl number2 ...)

LOWER=(number)
speci es the lower bounds for the speci ed parameters. The list can contain exactly one number, which
is taken to be the lower bound for all the listed parameters in the statement, or it must contain as many
values as the number of parameters speci ed. A missing value, denoted by ., is a permissible value,
which signi es that the parameter has no lower bound.

UPPER=(numberl number2 ...)

UPPER=(number)
speci es the upper bounds for the speci ed parameters. The list can contain exactly one number, which
is taken to be the upper bound for all the listed parameters in the statement, or it must contain as many
values as the number of parameters speci ed. A missing value, denoted by ., is a permissible value,
which signi es that the parameter has no upper bound.

Programming Statements

To de ne the model, you can use most of the programming statements that are allowed in the SAS DATA
step. For more information, see tBAS Language Reference: DictionaRor the most part, the syntax

of programming statements used in PROC SSM is identical to that used in the MODEL procedure (see
Chapter 25, “The MODEL Procedure”) and the NLMIXED procedure (see Chapter 83, “The NLMIXED
Procedure” $AS/STAT User's Guijle However, there are some restrictions: the DATA step lagging and
differencing functions are not allowed, and the use of character variables in the DATA step expressions is not
permitted. These are not serious restrictions; usually you can overcome them by adding the variables that are
created by such operations to the input data set before its use in the SSM procedure.
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STATE Statement
STATE name (dim)<options> ;

The STATE statement speci es a subsection gfthe overall state vector at tint€for more information,
see the section “State Space Model and Notation” on page 2469). Consider the state equations that de ne the
state space model:

tct D Tt tCWic1 Ccc1C tca
1. D ¢cgCA; CW; C 4

You can specify multiple STATE statements, each specifying a separate subsection. It is assumed that
the subsections that are speci ed by using different STATE statements are mutually independent. This
independence assumption implies a block-diagonal structure for the transition matrenes the disturbance
covariance$®); forallt 1. An appropriate block structure also applied¥e andA1. Theoptions in the

STATE statement provide complete control over the description of the relevant blotks@f, W, and

A1. The argumendim (a positive integer imame (dim)) speci es the nominal dimension of this subsection.

In most situations, the nominal dimension and the actual dimension of the state subsection are the same.
However, when you specify the TYPE= option, the actual dimension of the state subsection can be different
from the nominal dimension. The TYPE= option simpli es the state speci cation task for some commonly
needed models.

NoTE: The T, COV, W, and COV1 options, described later in this section, specify the relevant bloEks of

Q:, W¢, andQq, respectively. The structure of these matrix blocks is described in a similar way in the option
descriptions. For example, the speci cation COV(I) corresponds to the identity form, COV(D) corresponds
to the diagonal form, and COV(G) corresponds to the general form @dpghrock.

You can use the followingptions in the STATE statement to specify the system matrice;, W;, and

A1 and to request printing of their estimates when they contain unknown parameters. You can also request
the checking of unexpected changes—structural breaks—in the evolution of this state subsection by using the
CHECKBREAK option.

Al(nd)
speci es that the lashd elements of the state subsection be treated as diffuse. This becomes the
dimension of the relevant subsection of the diffuse vectoiThe A; block is created by using
appropriate columns of the identity matrix. The valuendfmust lie between 1 and the nominal
dimensiondim. The absence of this option signi es that this subsectionaé nondiffuse. If both
the COV1 and Al options are speci ed, the ladtrows and columns of the matrix speci ed in the
COV1 option are taken to be 0. This option cannot be used together with the RANK= option of the
CQOV1 option.

CHECKBREAK< ( ELEMENTWISE | OVERALL) >
turns on the checking of breaks for this state subsection. The ELEMENTWISE suboption requests the
elementwise checking of any unexpected change in the state subsection as it evolves from one time
point to the next. The OVERALL suboption requests a similar check for the entire state subsection—
that is, in this case the change is measured as a multidimensional change. The ELEMENTWISE
suboption is the default. Unless the PRINT=BREAKDETAIL option is speci ed, only a summary of
the most signi cant breaks is produced. If the PRINT=BREAKDETAIL is speci ed, tables that contain
the break signi cance statistics at every distinct time point are produced—one for the ELEMENTWISE
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suboption and one for the OVERALL suboption. For more information about the structural break
detection process, see the section “Structural Breaks in the State Evolution” on page 2481. For an
example of the use of the CHECKBREAK option, see Example 34.8.

COV(D)<=(varlvar2...) | (numberl number2...)>
COV(G)<=(varlvar2...) | (numberl number2...)>
COV(I) <= (variable) | (number) >
COV( RANK=integer )
speci es the relevant block of the disturbance covaria@g¢dfort 2) in the transition equation. As

with the T option, the absence of this option signi es that this Q-block consists of only zeros. The
structure of the Q-block is also similarly speci ed. However, the following differences exist:

The list that is speci ed to form the covariance must result in a symmetric, positive semide nite
matrix. For an example, see Example 34.5.

You can specify a rank constraint on the Q-block by specifying COV(RANt€ger), where
the speci ed integer must lie between 1 adich. A rank constraint is permissible only for the
general form and only when its elements are not speci ed by using a list.

The convention of treating unset variables as structural zeros, which is used in specifying sparsity
of the T-block, is not used in the Q-block speci cation. Whenever you explicitly specify the
entries of the Q-block by specifying a list of variables in parentheses, all variables in the list must
evaluate to nonmissing values.

The following examples illustrate different ways of specifying a Q-block. It is assumedithat 2.

COV(G) speci es a general-form Q-block, which contribut2s .2 C 1//=2 D 3 unspeci ed
elements to the parameter vector

COV(RANK=1) speci es a rank-one Q-block.

CoOVl(D)<=(varlvar2...) | (numberl number2...)>

COV1(G)<=(varlvar2...) | (numberl number2...)>

COV1(l) <= (variable) | (number) >

COV1( RANK=integer )
speci es the relevant block of the initial state covariaqze The different options in this case have
the same meaning as the options of the COV option. However, the following differences exist:

If the elements of) ; are speci ed by a list of variables in parentheses, then these variables must
evaluate to constant values. In particular, they can depend on parameters that are speci ed by the
PARMS statements; however, they cannot depend on any of the input data columns.

If the initial condition is partially diffuse (that is, the diffuse dimensi@hspeci ed in the Al
option is nonzero), the last rows and columns of the matrix speci ed in COV1 are taken to
be zero. Moreover, if the elements @f, are speci ed by a list, its number of elements must
correspond to a matrix of dimensiodiri —nd).
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PRINT=AR | BREAKDETAIL | COV | COV1 | MA| T

PRINT=(<AR> <BREAKDETAIL><COV><COV1><MA><T>)
requests printing of the respective system matrices and the printing of the break statistics at each distinct
time point. You can specify PRINT=AR or PRINT=MA only if you specify the TYPE=VARMA
option. If any of these matrices are time-varying, the matrix that corresponds to the rsttime instance
is printed. For the BREAKDETAIL suboption to have any effect, the CHECKBREAK option must
be turned on. If TYPE= option is used, the result of PRINT=COV can be different than the matrix
supplied in the COV= option.

SINPUT = (varl var2 ...) | (numberl number2 ...)
speci es the relevandim-dimensional block of the state input vectpr The absence of this option
signi es that this block of the; vector consists of only zeros. If the elementgoére speci ed by a
list of variables in parentheses, then these variables must be independent of unknown parameters. In
particular, they cannot be functions of parameters that are de ned by the PARMS statements.

T(D)<=(varlvar2...) | (numberl number2...)>

T(G)<=(varlvar2...) | (numberl number2...)>

T(1) <= (variable) | (number) >
speci es the relevant block of the transition matfix The absence of this option signi es that this
block consists of only zeros. You can specify the structure of the T-block by specifying T(I) for the
identity form, T(D) for the diagonal form, and T(G) for a general unstructured form. In addition, you
can explicitly specify the entries of the T-block by specifying a list of numbers in parentheses, or by
specifying in parentheses a list of variables that are de ned by using the programming statements. The
unspeci ed elements of the T-block are included in the list of parameters to be estimated from the
data. If the elements of the T-block are supplied by a list in parentheses, the number of elements in
the list depends on its structure. For the diagonal form, the list must contain ediacthlements.
In the case of the identity form—T (I)—the block is already fully speci ed; however, a speci cation
T(I)=(variable) is understood to mean that the identity block is scaled by the specagable (or
anumber). In the general case—T(G)—the list must consistliof dim elements, specied in a
rowwise fashion. An inappropriate number of elements in the list results in a syntax error.

The following examples illustrate different ways of specifying the transition matrix. It is assumed that
dim = 2.
T(I) speci es that the T-block is a two-dimensional identity matrix.

T(D) speci es that the T-block is a two-dimensional diagonal matrix. The two unspeci ed
diagonal entries become part of the parameter vector

T(D)=(1.1 2) fully speci es the two-dimensional diagonal T-block.

T(D)=(X1X2) speci es a two-dimensional diagonal T-block where the diagonal elements are
dynamically calculated based on the values of the variabjeandX 5. In this case the T-block
can change with time K, or X, changes with time.

T(G) speci es a general form T-block (wit?? D 4 unspeci ed elements).

T(G)=(X1X2X3X4) speci es a general form T-block where the rst row is formedXy and
X2, and the second row is formed Bys andX,4.

In practice the transition matrix is often sparse—that is, many of its elements are 0. The algorithms in
the SSM procedure exploit this sparsity structure for computational ef ciency. Whenever you explicitly
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specify the entries of the T-block by specifying a list of variables in parentheses, you can leave the
variables that correspond to the zero elementset These unset variables are treated as structural
zeros by the SSM procedure. The section “Sparse Transition Matrix Speci cation” on page 2475
further explains how to use this sparsity convention.

TYPE=WN

TYPE=RW

TYPE=LL <(SLOPECOV(l |D | G) <=(varl,var2,...) | (numberl, number2,...)>)>

TYPE=LL (SLOPECOV( RANK= integer) )

TYPE=SEASON (LENGTH=integer <DROPH=number-list> <KEEPH=number-list>)

TYPE=CYCLE <(<CT> <RHO=variable | number > <PERIOD=variable | number >)>

TYPE=VARMA (<p <(l| D)> =integer > <g<(D)>=integer >)
speci es a state subsection that corresponds to the speci ed type. You can specify either a number
or a variable for the RHO= and PERIOD= suboptions. When TYPE=VARMA, the autoregressive
and moving average orderscanbeatmoft1 @ 2land0 q 1). Moreover, by using the D
and | ags with the order speci cation, you can impose additional structure on the autoregressive and
moving average coef cient matrices—for example, specifying TYPE=VARMA(P=1) implies a VAR(1)
model with general autoregressive coef cient matrix, whereas specifying TYPE=VARMA(P(D)=1)
implies a VAR(1) model with diagonal autoregressive coef cient matrix. If you specify the TYPE=
option, the T, COV1, SINPUT, and Al options are not needed. In fact they are ignored, since the
transition matrixT; and the matrices in the initial conditio@{ andA1) are implicitly de ned by the
choice of the type. However, the COV and W options can be useful. In fact, the speci cation of the
COV option does play a key role in the eventual fornQef—the covariance of the disturbance term
in the transition equation. For the types LL, CYCLE, SEASON, and VARMA, the dimension of the
resulting state subsection is a certain multipleliof, the nominal dimension in the STATE statement.
For example, the following speci cation results in a state subsection, napetbtate, of dimension
2*dim:

state cycleState(dim) cov(g) type=cycle;

The nameycleState corresponds to the state underlyindim-dimensional cycle component. All of

these special state types require that the data be regular (replication is permissible); the only exception
is TYPE=CYCLE(CT), which de nes a continuous-time cycle and is applicable to any data type.
Table 34.2 summarizes some of this information for easy reference. For more information about these
state types, see the section “Prede ned Structural Models” on page 2487.

The TYPE=LL speci cation results in a state that corresponds to a multivariate local linear trend. It is
governed by two covariance matrices: the COV option speci es the covariance that corresponds to the
level equation, and the SLOPECQV suboption speci es the covariance used in the slope equation. The
omission of the SLOPECQV suboption signi es that the covariance used in the slope equation is zero.
The form of the SLOPECOQV suboption is exactly the same as that of the COV option.

The TYPE=CYCLE option results in a state that corresponds to a (stochastic) cycle. By default, this
cycle is assumed to be for the regular data type. If TYPE=CYCLE(CT), the resulting cycle is applicable
to any data type. The CT option is available only don = 1; that is, only a univariate cycle is available

for the irregular data type. The cycle speci cation depends on a covariance matrix and two numbers:
the damping factor RHO and the cycle period PERIOD. The covariance can be speci ed by the COV
option. The damping factor is speci ed by the RHO= suboption; its value must lie between 0.0 and 1.0.
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The cycle period can be speci ed by the PERIOD= suboption. If the CT suboption is not included, the
period value must be larger than 2.0. On the other hand, if the CT suboption is included, its value must
be strictly positive. If these parameters are not speci ed, they are estimated from the data.

The TYPE=SEASON(LENGTHmteger) speci es a multivariate trigonometric season that contains
the full set of harmonics (for more information, see “Multivariate Season” on page 2490). In some cases,
you might want to drop some of the harmonics from this complete set to obtain a more parsimonious
trigonometric season speci cation. You can use the DROPH= (to drop) or KEEPH= (to keep) suboption
to control the harmonics that are included in the season speci cation as follows:

TYPE=SEASON(
LENGTH=integer
<DROPH=number-list | n TO m BY p>
<KEEPH=number-list | n TO m BY p>

)

The DROPH= and KEEPH= lists can include any integer between 1LBNGTH/2 if the season
length is even and any integer between 1 areENGTH — 1)/2 if the season length is odd. For example,
the following speci cation results in a speci cation of a trigopnometric season with a season length 12
that consists of only the rst four harmonics,j D 1;2;3;4

type=season(length=12 DROPH=5 6) ..,;

The last twaohigh-frequency harmonicss and ¢, are dropped. The DROPH= suboption cannot be
used with the KEEPH= suboption.

Table 34.2 Summary of Prede ned State Types

Type Description Parameters State Dimension
WN dim-variate white noise cov dim

RwW dim-variate randomwalk  COV dim

LL dim-variate local linear COV, SLOPECOV aifm
SEASON(LENGTH<ength) dim-variate season cov lehgth—1)*dim
CYCLE dim-variate cycle COV, RHO, PERIOD Yajigy
VARMA(P=p Q=q) dim-variate VARMA({p, q) COV, AR, MA dim*max(p, g+1)

W(D)= (varlvar2 ...) | (numberl number2...)
W(G)= (varl var2 ...) | (numberl number2 ...)
W(l) <= (variable) | (number) >

speci es the relevant block of the design matwi in the transition equation. The W-block is of
dimensionsdim sg, wheresdim denotes the actual dimension of the state subsection (which can
be the same adim, the nominal dimension, or different if the TYPE= option is used) smdenotes

the desired size of the subsection of the overall state regression vedtbe absence of this option

signi es that the state equation does not contain any regression effects. The number of variables
supplied in the W(G)= list option must be a multiplesafim. For example, idim = 4 and the W(G)=

list contains 8 variables, then the implied size ofubsection is 2. If the W(D)= or W(I)= option

is used, then the W-block is assumed to besdim-dimensional diagonal matrix and the W(D)=
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list must contain exactlgdim variables. For examples of the use of this option, see Example 34.8,
Example 34.10, and Example 34.11.

TREND Statement
TREND name (type)< options > ;

The TREND statement de nes a term in the model that follows a stochastic pattern of a certain prede ned
type. Theoptions in the TREND statement enable you to specify a wide variety of commonly used stochastic
patterns. Each TREND statement in effect stands for a special pair of STATE and COMPONENT statements.
You can specify more than one TREND statement. Each separate TREND statement de nes a component
that is assumed to be independent of all other component speci cations in the model. Very often the TREND
statement is used to specify a component that captures the time-varying level of the data. However, in many
cases itis also used to de ne components of a more general nature; for example, it can be used to de ne a
noise component that follows a stationary ARMA model.

You can refer to the state that is associated with a TREND statement by appending the string “_state " to the
end of its name. For exampleame_state_ is the state that is associated with a trend nanaede. You can
usename_state in a COMPONENT statement to de ne a linear combination of its elements. The estimate
of this linear combination can then be printed or output to a data set. The nominal dimensaomneobtate

is taken to be 1, or the number of variables in the list that is speci ed in the CROSS= option in the TREND
statement that is used to de mame (see Example 34.4 for an example of such use of the COMPONENT
statement).

Some of these trend speci cations are applicable to all the data types—that is, they can be used for both
regular data types and irregular data types, whereas the others require that the data be regular or regular with
replication. Of course, the trend speci cation is only part of the overall model speci cation. Therefore, the
other parts of the model can imply additional constraints on the data type.

Table 34.3 lists the available trend models and their data requirementgperalumn shows the admissible
keywords that signify the particular trend type. For brevity, the Data Type column groups the data types
regular and regular with replication into one category: regular. For more information about these trend
models, see the section “Prede ned Trend Models” on page 2484.

Table 34.3 Summary of Trend Types

type Data Type Description Parameters

ARIMA(P=integer D=integer ...) Regular ARIMA model speci cation AR and MA coef cients,
and the error variance?

DLL Regular Damped local linear Level and slopg 2,
damping factor

LL Regular Local linear Level and slopg, 2

RW Regular Random walk Level

DECAY Irregular A type of decay pattern Levef, decay rate

DECAY(0OU) Irregular Ornstein-Uhlenbeck decay pattern  Lev&ldecay rate

GROWTH Irregular A type of growth pattern Levef, growth rate

GROWTH(OU) Irregular Ornstein-Uhlenbeck growth pattern  Lev&lgrowth rate

PSprder) Irregular Polynomial spline of a given order  Level
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The keyword speci cation of different trend types, except possibly the ARIMA trend, is quite simple. For
example, the following statement speci pslySpline as a trend of the type second-order polynomial spline:

trend polySpline(ps(2));

Similarly, the following statement de nesampedTrend as a damped local linear trend:

trend dampedTrend(dll) slopevar=x;

The variance parameter that governs the slope equation of this trend type is given by a wavididé must
be de ned elsewhere in the program. The other parameters that dampedTrend are left unspeci ed (and
are estimated by using the data).

The ARIMA trend speci cation permits speci cation of trends that follow an ARIMA4,9 (P,D,Q)s
model. The speci cation of ARIMA models requires some notation, which is explained rst.

Let B denote the backshift operator—that is, for any sequend® ; D 1. The higher powers dB repre-
sent larger shifts (for examplB?® ; D ; 3). A random sequence follows an ARIMA(p,d,d (P,D,Q)s
model with nonseasonal autoregressive ogjeeasonal autoregressive or@enonseasonal differencing
orderd, seasonal differencing ordBr, nonseasonal moving average ordeand seasonal moving average
orderQ if it satis es the following difference equation, which is speci ed in terms of the polynomials in the
backshift operator, whemg is a white noise sequence asi$ the season length:

BrB S/1 B/91 BS/® (D .B/.B Sla

The polynomials;”; ; and, are of order, P, g, andQ, respectively, which can be any nonnegative
integers. The season lengtimust be a positive integer. For examplesatis es an ARIMA(1,0,1) model
(thatis,p D 1;d D 0;gD 1;P D O;D D 0;andQ D 0) if

tD 1t 1Ca  1a& 1

for some coefcients ; and ; and a white noise sequencm. Similarly, ; satises an
ARIMA(0,1,1) (0,1,1)» model if

tD ¢t 1C ¢t 12 t13Ca 18 1 ,1a 12C 1, 18 13

for some coef cients 1 and, 1 and a white noise sequenae An ARIMA process is zero-mean, stationary,

and invertible ifd D 0;D D 0, and the de ning polynomials~™; ; and, have all their roots outside the

unit circle—that is, their absolute values are strictly larger than 1.0. It is assumed that the coef cients of the
polynomials;”; ; and, are constrained so that the stationarity and invertibility conditions are satis ed.
The unknown coef cients of these polynomials become part of the model parameter vector that is estimated
by using the data. The general form of the ARIMA trend speci cation is as follows:

ARIMA(< P=integer > < D=integer > < Q=integer > < SP=integer > < SD=integer > < SQ=integer > < S=integer >)

By default, the different orders are equal to 0 and the season length is equal to 1. The following examples
illustrate a few different ARIMA trend speci cations. The following statement de imes as an integrated
moving average trend:

trend ima(arima(d=1 g=1));

The following statement de nesirTrend as a trend that satis es the well-known airline model
(ARIMA(0,1,1)(0,1,1)12 model) for monthly seasonal data:
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trend airTrend(arima(d=1 g=1 sd=1 sg=1 s=12));

The following statement de nesrmall as a zero-mean ARMA(1,1) trend with autoregressive parameter
xed to 0.1:

trend armall(arima(p=1 g=1)) ar=0.1;
For an example of the use of the ARIMA trend speci cation, see Example 34.6.

You can use the followingptions in the TREND statement to specify the trend parameters and to request
printing of the trend estimates. In addition, you can create a custom combination of a given trend type
by specifying the CROSS= option to create a more general trend. For an example of using the CROSS=
option, see the section “Getting Started: SSM Procedure” on page 2438 and the discussion of the second
model in Example 34.4. You can also check for the unexpected changes in the trend component by using the
CHECKBREAK option.

lists the values of the coef cients of the nonseasonal autoregressive polynomial

B/ D1 B o BP

where the ordep is speci ed in the ARIMA trend speci cation. The coef cients must de ne a
stationary autoregressive polynomial.

CHECKBREAK< ( ELEMENTWISE | OVERALL) >
turns on the checking of breaks for this trend component. The ELEMENTWISE suboption requests the
elementwise checking of any unexpected change in the state subsection that is associated with the trend
component. The OVERALL suboption requests a similar check for the entire state subsection—that is,
in this case the change is measured as a multidimensional change. The ELEMENTWISE suboption
is the default. Unless the PRINT=BREAKDETAIL option is speci ed, only a summary of the most
signi cant breaks is produced. If the PRINT=BREAKDETAIL is speci ed, tables that contain the
break signi cance statistics at every distinct time point are produced—one for the ELEMENTWISE
suboption and one for the OVERALL suboption. If the CROSS= option is speci ed and the CROSS=
list contains more than one variable, the OVERALL suboption considers subsections that are associated
with each CROSS= variable separately. For more information about the structural break detection
process, see the section “Structural Breaks in the State Evolution” on page 2481.

CROSS=(var1, varz, ...)

CROSS(MATCHPARM)=(var1l, varz, ...)
creates a linear combination of one or more independent trend components that is based on the variables
in the list. If the parameters of the trend are speci ed by options such as the LEVELVAR= option
or the PHI= option, these parameters are shared by these constituent trends. For example, suppose
that the CROSS= list contains two variablXs, andX,/ and the trend speci cation is of the type
RW. The effect of CROSSX(3; X2) is to create a component D X1 1.t C X2 2., where 1
and 2 are two independent random walk trends. Moreover, if the random walk trend speci cation
uses the LEVELVAR= option to specify the variance parametgg, and . share the same variance
parameter; otherwise, two separate variance parameters are assigned to these random walks. If the
second form of the CROSS option, CROSS(MATCHPARM)=, is used, then the constituent trends
share all the relevant parameters no matter how they are speci ed. The CROSS= option is useful for a
variety of situations. For example, supposeés an indicator variable that is 1 before a certain time
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pointty and 0 thereafter. Then CROSS=(X) has the effect of turning off the trend component after time
to. Similarly, suppos&; andG; are indicators for gender—for examp(®; = (GENDER=1) and5»

= (GENDER=0) for male and female cases, respectively. Then CR@RSEg) results in separate

trends according to the gender. The variables in the CROSS= list must be free of unknown parameters.

The CROSS= option can be computationally expensive; computationally it is equivalent to specifying
as many separate trends as the number of variables in the speci ed list.

LEVELVAR=variable | number

MA=

speci es the disturbance variance parameter for all the trend types. For trend types LL and DLL, this
option speci es 12 Any nonnegative value, including 0, is permissiblevdfiable contains unknown
parameters, they are estimated from the data. Similarly, if the LEVELVAR= option is not specfed,

is estimated from the data.

lists the values of the coef cients of the nonseasonal moving average polynomial,

B/ D1 ;B 4B

where the ordeq is speci ed in the ARIMA trend speci cation. The coef cients must de ne an
invertible moving average polynomial.

NODIFFUSE

causes the diffuse elements in the initial state of the state subsection underlying the trend component
to be treated as nondiffuse. This option is applicable to all trend types except ARIMA. For the ARIMA
trend type, this option is ignored even if the nonseasonal or seasonal differencing orders are nonzero.
The diffuse elements are assumed to be independent, zero-mean, Gaussian variables. Their variances
become part of the parameter vector and are estimated by using the data. This option is useful for
creating a trend component that can be interpreted as a deviation from an overall trend component
(with diffuse initialization), which is de ned separately.

PHi=variable | number

speci es the value of for trend types DLL, DECAY, DECAY(OU), GROWTH, and GROWTH(OU).

For the type DLL, the speci ed value must be between 0.0 and 1.0. For types DECAY and DECAY(OU),
must be strictly negative. For types GROWTH and GROWTH(OUnust be strictly positive. If

variable contains unknown parameters, they are estimated from the data. Similarly, if the PHI= option

is not speci ed, is estimated from the data.

PRINT=BREAKDETAIL | COV | COV1 | FILTER | SMOOTH | T
PRINT= (< BREAKDETAIL> <COV> <CQOV1> <FILTER> <SMOOTH><T>)

requests printing of the respective system matrices of the state equation that underlies the speci ed
trend, the printing of its Itered and smoothed estimates, and the printing of the break statistics at each
distinct time point. For the BREAKDETAIL suboption to have any effect, the CHECKBREAK option
must be turned on. If any of these matrices are time-varying, the matrix that corresponds to the rst
time instance is printed.

SAR=A1A2... P

lists the values of the coef cients of the seasonal autoregressive polynomial

"B S/D1 " ,BS ~ pBSP
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where the ordeP is speci ed by using the SP= option in the ARIMA trend speci cation and the season
lengths is speci ed in the S= option. The coef cienfs; must de ne a stationary autoregressive
polynomial.

SMA=, 1, 2..., Q
lists the values of the coef cients of the seasonal moving average polynomial

.B /D1 , B® , 9B®

where the ordef is speci ed by using the SQ= option in the ARIMA trend speci cation and the
season lengthis speci ed in the S= option. The coef cients; must de ne an invertible moving
average polynomial.

SLOPEVAR=variable | number
speci es the second disturbance variance parameferf,or trend types LL and DLL. Any nonnegative
value, including 0, is permissible. Variable contains unknown parameters, they are estimated from
the data. Similarly, if the SLOPEVAR= option is not speci ecf, is estimated from the data.

Detalils

Throughout this section, vectors and matrices are denoted by boldface letters. Generally, Greek letters (such
as , ,and )denote unobserved or latent quantities—often estimated from the data—that represent model
parameters, latent states, or noise variables. Capital letters sM¢cl,aandZ are used to denote the observed

data variables. Whenever there is no ambiguity, it is assumed that the matrices have appropriate dimensions
when they are being multiplied—in particular, the vectors behave as column vectors or row vectors as the
need arises. On many occasions, matrices are described inline—that is, they are described as parenthesized
lists, in a rowwise fashion, with the rows separated by a comma. The term “dot product” is used to describe
the scalar that results from the product of a row vector with a (conforming) column vector.

State Space Model and Notation

The (linear) state space model is described in the literature in a few different ways and with varying degree of
generality. The description given in this section loosely follows the description given in Durbin and Koopman
(2012, chap. 6, sec. 4). This formulation of SSM is quite general; in particular, it includes nonstationary
SSMs with time-varying system matrices and state equations with a diffuse initial condition (these terms are
de ned later in this subsection).

Suppose that observations are collected in a sequential fashion (indexed by a numeric varaable

k-dimensional vectox, which denotes the predictors. Suppose that the observation instances<are <

... < n. The possibility that multiple observations are taken at a particular instams@ot ruled out, and
the successive observation instances do not need to be regularly spaced—that ig/ does not need
toequal. 3 /. Fort D 1;2;:::;n, suppos®; ( 1) denotes the number of observations recorded at
instance ;. For notational simplicity, an integer-valued secondary indexused to index the data so that
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t D 1correspondsto D 1,t D 2correspondsto D », and so on. Consider the following model:

YiDZ {CX; C ¢ Observation equation
tcitDT¢t tCWic1i CGc1C ic1 State transition equation
1DcgCA;L CW; C 4 Initial condition

The following list describes these equations:

The observation equatiodescribes the relationship between the g/-dimensional response vector

Y and the unobserved vectors, , and ;. Theg-variate responses are vertically stacked in a column
to form this.p; g/-dimensional response vectéf. Them-dimensional vectors; are callecstates
thek-dimensional vector is the regression coef cient vector associated with predictpend the

.pt qg/-dimensional vectors; are called th@bservation disturbance3he matriceZ; (of dimension

.g p: m)andX; (ofdimensionqg p:/ k) correspond to thstate effecand theregression effect
respectively. The elements ¥f are assumed to be fully known. The statgesand the disturbances
arerandomsequences. Itis assumed thats a sequence of independent, zero-mean, Gaussian random

The state sequence is assumed to follow a Markovian structure described by the state transition
equation and the associated initial condition.

Thestate transition equatiopostulates that a new instance of the state, is obtained by multiplying

its previous instance,;, by anm-dimensional square matrik; (called the state transition matrix) and

by adding three more terms: a known nonrandom vegtor (called the state input); a regression
termW;c1 , whereW,c1isanm g-dimensional design matrix with fully known elements and

is theg-dimensional regression vector; and a random disturbance veetor Them-dimensional

state disturbance vectorg are assumed to be independent, zero-mean, Gaussian random vectors with
covariance®); (not necessarily diagonal).

Theinitial condition describes the starting condition of the state evolution equation. The starting
state vector i is assumed to be partially diffuse: it is the sum of a known nonrandom vegtar
mean-zero Gaussian vectar, and the termé&; andWi . A1 represents the contribution from a
d-dimensional diffuse vector (a diffuse vector is a Gaussian vector with in nite covariance). The
observation and state regression vectoend are also assumed to be diffuse. The d matrix A

is assumed to be completely known.

The observation disturbancesand the state disturbances(fort 1) are assumed to be mutually
independent. Either the elements of the matrigesT;, andQ; and the diagonal elements of the
observation disturbance covariancéﬁ are assumed to be completely known, or some of them can

be functions of a small set of unknown parameters (to be estimated from the data). Suppose that this
unknown set of parameters is denoted by

Thed-dimensional diffuse vectorfrom the state initial condition together with the observation and
state regression vectorsand constitute the overalldl C k C g/-dimensional diffuse initial condition

of the model. For more information, see the section “Filtering, Smoothing, Likelihood, and Structural
Break Detection” on page 2477.

Although this description of the state space model might appear involved, it conveniently covers many variants
of the SSMs that are encountered in practice and precisely describes the most general case that can be handled



Types of Sequence Data F 2471

by the SSM procedure. An important restriction about the preceding description of the model formulation is
that it assumes that the matricésandW; that appear in the observation equation and the state equation
respectively are free of unknown parameters and that the covariances of the observation distufbances
are diagonal. In most practical situations, the model under consideration can be easily reformulated to a
statistically equivalent form that conforms to this restriction.

NOTE: The transition matriX; in the state equation relates the stageat timet with the state ;¢ 1 at time

t C 1. In many situations, such as when the observations are taken at irregular time infenddpends on
information at botht andt C 1. Therefore, it is more appropriate to denote the transition matrﬁ{%é.
However, for simplicity, the former notation is used throughout this chapter. The same comment applies to
the covariance matri®; of the disturbance term.

For easy reference, Table 34.4 summarizes the information contained in the SSM equations.

Table 34.4 State Space Model: Notation

Notation Description
1, 2.0 n Distinct index values at which the observations are recorded
n Number of distinct index instances
[of} Number of observations recorded at indext D 1;2;:::;
q Number of response variables in the model
Y. D Y Y2111 Yp, q/ Vertically stacked vector of response values recordeg at
N Dq b1 Pt Total number of response values in the data set
k Number of predictor (regressor) variables in the observation equation
Xt .pt g/ k matrix of predictor values recorded at
k-dimensional regression vector that is associated with the predictors
t N.O;. tz;l; /] .g p¢/-dimensional observation disturbance vector with diagonal covariance
m Dimension of the state vectors
t m-dimensional state vector
Zi .g p:/ mmatrix that is associated with in the observation equation
Ty m m state transition matrix
Ct m-dimensional state input vector
Wy m g design matrix associated with the state regression vector
g-dimensional state regression vector
t N.O;Q¢/ mdimensional state disturbance vector
d Dimension of the diffuse vectorin the state initial condition
N.O; t/, 1 Diffuse vector in the state initial condition
A1 m d constant matrix associated with
1 N.O;Q1/ mdimensional state disturbance vector in the initial condition
Parameter vector

Types of Sequence Data

The state space model speci cation in the SSM procedure requires proper understanding of both the data
organization and the form of the model. The SSMs that are appropriate for time series data might not be
appropriate for irregularly spaced longitudinal data. The SSM procedure distinguishes three types of data
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organization based on the way the observations are sequenced by the index variable. If an index variable is
not speci ed, it is assumed that the observations are sequenced according to the observation number.

spaced. Moreover, at each observation instaneesingle observation is recorded; thatgs,D 1 for
all t. The standard time series data (both univariate and multivariate) fall in this category.

Regular with Replication: The observations are recorded at regularly spaced intervalg; but for at
least ond. Here the word replication is used loosely—it does not mean that the multiple observations
at ; are replications in the precise statistical sense. The panel or cross-sectional data types fall into
this category. In the panel data case wittross sectiong; D p for all t.

Irregular: The observations are not recorded at regular intervals, and the number of obseatbesch
index instance can be different. The longitudinal data fall into this category.

It is not always easy to decide whether the speci ed model is appropriate for the given data type. Whenever
possible, the SSM procedure issues a note regarding the possible mismatch between the speci ed model and
the data type being analyzed.

Overview of Model Speci cation Syntax

An SSM speci cation involves the description of the terms in the observation equation, the state transition
equation, and the initial condition. For example, the response variables, the predictor variables, and the
elements of the state transition matfix must somehow be speci ed. The SSM procedure syntax is designed

so that little effort is needed to specify the more commonly needed models, while a highly exible language
is available for specifying more complex models. Two syntax features help achieve this goal: the ability
to build a complex speci cation by combining simpler subspeci cations, and a programming language for
creating lists of variables to be used later in the model speci cation.

The SSM procedure statements can be divided into two classes:

programming statements, which are used to create lists of variables that can be used for a variety
purposes (for example, as the elements of the model system matrices)

statements speci ¢ to the SSM procedure that formulate the state space model and control its other
aspects such as the input data speci cation and the resulting output

Since the matrices involved in the model speci cation can be speci ed as lists of variables, which you
separately create by using the programming statements, you can nely control all aspects of the model
speci cation. These programming statements permit the use of most DATA step language features such as
the conditional logic (IF-THEN-ELSE), array type variables, and all the mathematical functions available in
the DATA step. You can also use programming statements to de ne predictor variables on the .

Building a Complex Model Speci cation

In addition to being able to specify the system matrices in a exible way, you can also build a complex model
speci cation in a modular way by combining simpler subspeci cations. Suppose that the state vector for
the model to be speci ed is composed of subsections that are statistically independent, which is a common
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scenario in practical modeling situations. For example, suppose tlen be divided into two disjoint
subsections & and P, which are statistically independent. This entails a corresponding block-diagonal
structure to the system matric€s, W, andQ; that govern the state equations. In this case the &grm

that appears in the observation equation also splits into theZ§uh C th P for appropriately partitioned
matricesZ® andZP. The model speci cation syntax of the SSM procedure makes building an SSM from
such smaller pieces easy. Throughout this chapter, the linear combinations of the state subsections (such
asZg 2)that appear in the observation equation are cal@dponentsAn SSM speci cation in the SSM
procedure is created by combining separate component speci cations. In general, you specify a component
in two steps: rst you de ne a state subsectiofl, and then you de ne a matching linear combinatigth 2.

For some special components, such as some commonly needddomponents, you can combine these

two steps into one keyword speci cation.

The following list summarizes the (nonprogramming) SSM procedure syntax statements used for model
speci cation:

The ID statement speci es the index variablg.(It is assumed that the data within each BY group are
ordered (in ascending order) according to the ID variable. The SSM procedure automatically creates a
variable, ID_DELTA_, which contains the difference between the successive ID values. This variable is
available for use by the programming statements to de ne time-varying system matrices. For example,
in the case of SSMs used for modeling the longitudinal dataT thendQ; matrices often depend on
_ID_DELTA_ (see Example 34.5).

The PARMS statement speci es variables that serve as the parameters of the model. That is, it partially
de nes the model parameter vector Other elements of are implicitly de ned if your speci cation
of the system matrices is not fully complete.

The STATE statement speci es a subsection of the model state vector. Multiple STATE statements
can be used in the model speci cation; each one de nes a statistically independent subsection of the
model state vector. For full customizatioh,, W, andQ; blocks that govern this subsection can be
speci ed as lists of variables that are created by programming statements. However, you can obtain
many commonly needed state subsection types simply by using the TYPE= option in this statement.
For example, the use of TYPE=SEASON(LENGTH=12) results in a state subsection that can be used
to de ne a monthly seasonal component.

The COMPONENT statement speci es a linear combination that matches a state subsection that
is previously de ned in a STATE statement. Thus, a matching pair of STATE and COMPONENT
statements de ne a component.

The TREND statement is used for easy speci cation of some commonly needed components that
follow stochastic patterns of certain prede ned types.

The IRREGULAR statement speci es the observation disturbance for a particular response variable.
The DEPLAG statement speci es the terms in the model that involve lagged response variables.

The MODEL statement speci es the observation equation for one of the response variables. A separate
MODEL statement is needed for each response variable in the multivariate case. The MODEL
statement speci es an equation in which the left-hand side is the response variable and the right-hand
side is a list that contains components and regression variables.
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Model Speci cation Steps

To illustrate the model speci cation steps, suppgse a response variable and variabldsandx2 are
predictors. The following statements specify a modelftrat includes two components namsdle and
randomWalk, predictorsx1 andx2, and an observation disturbance namééteNoise:

parms lambda / lower=(1.e-6) upper=(3.14);
parms cycleVar / lower=(1.e-6);
array cycleT{4} cl-c4;

cl = cos(lambda);
c2 = sin(lambda);
c3 = -c2;
c4 = cl;

state s_cycle(2) T(g)=(cycleT) cov(l)=(cycleVar) al(2);
component cycle=(1 0) *s_cycle;

trend randomWalk(rw);

irregular whiteNoise;

model y = x1 x2 randomWalk cycle whiteNoise;

The speci cation begins with a PARMS statement that de nes two paramdtandda and cycleVar,

along with their lower and upper bounds (essentially 0 aridr lambda, and 0 and in nity forcycleVar).

Next, programming statements de ne an array of varialagdeT, which contains four variables1—c4;

these variables are used later for de ning the elements of the transition matrix of a state subsection. The

STATE statement speci es the two-dimensional subsectiatycle; the dimension appears within the

parentheses after the nansedycle(2) ). The T= option speci es the transition matrix for tkecycle

(T(g)=(cycleT) ); theg in T(g) signi es that the form of the T matrix igeneral The COV= option

(cov(l)=(cycleVar) ) speci es the covariance of the state disturbar@gefert  2); because of the use of

I incov(l) ,the covariance is of the form scaled identity, essentially a two-dimensional diagonal matrix with

both diagonal elements equaldycleVar. The initial condition fors_cycle is completely diffuse because

the Al= option, which speci eé\ 1, speci es that the dimension of the diffuse vectds 2: a1(2) . In this

case there is no need to specify the covaridcén the initial condition. The COMPONENT statement

speci es the componenmdycle. It speci escycle as a dot product of two vectors4-0/ ands_cycle, which

merely selects the rst element ef cycle: component cycle=(1 0) *s_cycle . The TREND statement

de nes a component namedndomWalk; its type isrw, which signi es random walk. The IRREGULAR

statement de nes an observation disturbance nawté@Noise. Both the randomwalk andwhiteNoise

speci cations are only partially complete—for example, the disturbance varianedi@iNoise is not

speci ed. These unspeci ed variancasndVar, which corresponds tandomWalk, andwnVar, which

corresponds tavhiteNoise, are automatically included in the list of unknown parameterslong with

the parameters that are de ned by the PARMS statements. Thus, the parameter vector for this model is
D .lambda cycleVar trendVar wnVar/. Finally, the model speci cation is completed by the MODEL

statement, which speci es the components of the observation equation: the response yatti@gbeedictors

x1 andx2, the componentsandomWalk andcycle, and the irregular terrwhiteNoise.

The preceding statements result in an SSM with a three-dimensional state vector, which is the result of
combining the two-dimensional state subsect®mrycle, and a one-dimensional subsection underlying the
trend,randomWalk. In this speci cation, the initial state is completely diffuse wifih a null matrix, andA 1

equal to the three-dimensional identity. The other state system malki@slQ; are time-invariant:

3 2 3
coslambda/  sin.lambda/ 0O cycleVar 0 0

TD4 sinlambda/ coslambda/ 05 QD4 0 cycleVar 0 S
0 0 1 0 0 trendVar
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The observation equation is obvious WAID EO 1e.

Sparse Transition Matrix Speci cation

It often happens that the transition maffixor T; in the time-varying case) speci ed in a STATE statement is
sparse—that is, many of its elements are zero. The algorithms in the SSM procedure exploit this sparsity for
computational ef ciency. In most cases the sparsity of a T-block can be inferred from the context. However,

if the elements of the T-block are supplied by a list of variables in parentheses, it can be dif cult to recognize
elements that are structurally zero (this is because of the generality of the DATA step language used for
de ning the variables). To simplify the speci cation of such sparse transition matrix, SSM procedure has
adopted a convention: the variables that correspond to structural zeros can (and shouldiisetethat

is, these variables are declared, but no value is assigned to them. As an example, suppose that a three-
dimensional state subsection has the following form of transition matrix for some varkihl®g, andX3

de ned elsewhere in the program:

2 3
X1 0 O
TD4 x2 X1 05
X3 0 X1

The following (incomplete) statements show how to specify such a T-block:

array tMat{3,3};

do i=1 to 3;
tMatfi, i] = x1;

end;

tMat[2,1] = x2;

tMat[3,1] = x3;

state foo(3) T(g)=(tMat) ...;

In this speci cation only the nonzero elements of that array, which contain8 3 D 9 elements, are
assigned a value. On the other hand, the following statements show an alternate way of specifying the same
T-block. This speci cation explicitly sets the zeros in the T-block (the elements above the diagonal and
tMat[3,2]) to O.

array tMat{3,3};
do i=1 to 3;
do j=1 to 3;
if i=j then tMat[i, j] = x1;
else if j > i then tMat[i, j] = O;
end;
end;
tMat[2,1]
tMat[3,1] X3;
tMat[3,2] 0;
state foo(3) T(g)=(tMat) ...;
The rst speci cation is simpler, and is preferred. The second speci cation is mathematically equivalent (and
generates the same output) but is computationally less ef cient since its sparsity structure cannot always be
reliably inferred due to the generality of the DATA step language. In the rst speci cation, the unset elements
are recognized to b&tructuralzeros while the set elements are treated as nonzero for sparsity purposes. For
a simple illustration, see Example 34.5. Proper sparsity speci cation can lead to signi cant computational
savings for larger matrices.

X2;
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Regression Variable Speci cation in Multivariate Models

Suppose that a regression variable in a multivariate model affects two or more response variables. For

example, suppose that response variapleandy2 depend on a regression variakleThis dependence can
be categorized as one of two types:

In the more common case, the regression coef cient fofr y1 and the regression coef cient affor
y2 are different. The relationship can be described as follows:

yl D 1x C otherterms
y2 D ,x C otherterms

In the SSM procedure you can specify this type of relationship in two equivalent ways:

— You can specify the variablein the MODEL statement foyl and specify the variabbe copy (a
copy ofx) in the MODEL statement foy2 as follows:

x_copy =
model y1
model y2

/ * create a copy of x */
X
X_copy ...;

o oXx

— You can specify the variabbein MODEL statements for botfal andy2 as follows:

model y1
model y2

X o
X o

This speci cation avoids creating copy.

Of these two alternate ways, the rstis preferred becausadx_copy can then be unambiguously
used in an EVAL statement to refer to the terms and »X, respectively.

In the less common casgl andy2 share a common regression coef cient.The relationship can be
described as follows:

yl D x C otherterms
y2 D x C otherterms

You can specify this type of relationship by placing the regression coef cient in the model state vector
as follows:

state beta(l) T(l) A1(1) ; / * beta is a constant state */
comp xeffect = beta *(x) ;
model y1 = xeffect ...;

)

model y2 = xeffect ...;

Here the STATE statement de nésta as a one-dimensional, time-invariant constant (because the
transition matrix is identity, the disturbance covariance is 0 and the initial state is diffuse). Next, the
COMP statement de negeffect as the product betwedreta and the variable. Subsequently, botyi

andy?2 usexeffect in their respective MODEL statements.



Filtering, Smoothing, Likelihood, and Structural Break Detection F 2477

Filtering, Smoothing, Likelihood, and Structural Break Detection

The Kalman lter and smoother (KFS) algorithm is the main computational tool for using SSM for data anal-
ysis. This subsection brie y describes the basic quantities generated by this algorithm and their relationship
to the output generated by the SSM procedure. For proper treatment of SSMs with a diffuse initial condition
or when regression variables are present, a modi ed version of the traditional KFS, called diffuse Kalman
lter and smoother (DKFS), is needed. A good discussion of the different variants of the traditional and
diffuse KFS can be found in Durbin and Koopman (2012). The DKFS implemented in the SSM procedure
closely follows the treatment in De Jong and Chu-Chun-Lin (2003). Additional details can be found in these
references.

The state space model equations (see the section “State Space Model and Notation” on page 2469) imply

probability distribution igproperif d, the dimension of the diffuse vectoiin the initial condition, is 0 and

if .k C g/, the total number of regression variables in the observation and state equations, is also 0 (the
regression vectors and are also treated as a diffuse vectors). Otherwise, this probability distribution is
improper. The KFS algorithm is a combination of two iterative phases: a forward pass through the data,
called Itering , and a backward pass through the data, cafadothingthat uses the quantities generated
during Itering. One of the advantages of using the SSM formulation to analyze the time series data is its
ability to handle the missing values in the response variables. The KFS algorithm appropriately handles
the missing values il . For additional information about how PROC SSM handles missing values, see the
section “Missing Values” on page 2495.

Filtering Pass

Table 34.5 KFS: Filtering Phase

Quantity Description

Wi DEYijyei 1::0:Ye1: Ye 15005 Y/ One-step-ahead prediction of the response values
ti DYti O One-step-ahead prediction residuals

Fii D Var.yeijyei 1;:::Ye1; Yt 15010 Y1/ Variance of the one-step-ahead prediction

Qi DE. tjyti 1;:0:Ye1s Ye 150005 Yq/ One-step-ahead prediction of the state vector

Pii D Cov. tjyti 1;:::Ye1; Yt 1;::0: Y1/ Covariance ofQ;

br:i .d C k C g/-dimensional vector
St .d C k C g/-dimensional symmetric matrix
0
00 oD SE Estimates of, ,and by using the data up ta; i/
) ’ o
S Covariance of O O O
; i
Here the notationE.ytijyti 1;:::;Ye1: Yt 1;:::; Y1/ denotes theconditional expectationof
Yti given the history up to the indext;i : yei 15000 Ye1s Ye 1000 Ye/. Similarly
Var.yeijyei 1;::5:Ye1: Ye 1;:::; Y1/ denotes the corresponding conditional variance. The quan-

tity i Dyti Qi IS setto missing whenevgg is missing. Note thafp; areone-step-aheatbrecasts
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only when the model has only one response variable and the data are a time series; in all other cases it
is more appropriate to call theone-measurement-ahedarecasts (since the next measurement might

be at the same time point). Despite thf®; are called one-step-ahead predictions (apndare called
one-step-ahead residuals) throughout this document. In the diffuse case, the conditional expectations must be
appropriately interpreted. The vectmy; and the matridx&;; contain some accumulated quantities that are
needed for the estimation of , and . Of course, whend C k C g/ D 0 (the nondiffuse case), these
quantities are not needed. In the diffuse case, because the @atixsequentially accumulated (starting at

t D 1;i D 1), it might not be invertible untiilsomeD t ;i D i . The ltering process is callethitialized

aftert Dt ;i D i .Insome situations, this initialization might not happen even after the entire sample is
processed—that is, the Itering process remaininitialized This can happen if the regression variables are
collinear or if the data are not suf cient to estimate the initial conditidor some other reason.

The Itering process is used for a variety of purposes. One important use of ltering is to compute the
likelihood of the data. In the model- tting phase, the unknown model parametarge estimated by
maximum likelihood. This requires repeated evaluation of the likelihood at different trial valuesAdter

is estimated, it is treated as a known vector. The ltering process is used again with the tted model in the
forecasting phase, when the one-step-ahead forecasts and residuals based on the tted model are provided.
In addition, this Itering output is needed by the smoothing phase to produce the full-sample component
estimates and for the structural break analysis.

Likelihood Computation and Model Fitting Phase

In view of the Gaussian nature of the response vector, the likelihoddaeain be computed by using the
prediction-error decomposition. In the diffuse case the de nition of the likelihood depends on the treatment of
the diffuse quantities— , and . Inthe SSM procedure a likelihood called Wi€uselikelihood,Ly.Y; /,
is used for parameter estimation. In the literature the diffuse likelihood is also calleskthietedlikelihood.
The diffuse likelihood is computed by treating the diffuse quantities as zero-mean, Gaussian, random variables
with in nite variance (that is, they have diffuse distribution). In terms of the quantities described in Table 34.5
the diffuse likelihood is de ned as follows:

X xe :

2logLy.Y; / D Nglog2 C logFy; C £/ 109.jS:5,i/  brp,Sup brip
tD1iD1 '

whereNg D .N Kk g d/,an;‘l)nj denotes the determinantﬁ;;})n, andb(r),;pn denotes the transpose of

the column vectoby,, . In the preceding formula, the terms that are associated with the missing response
valuesy; are excluded antl denotes the total number of nonmissing response values in the sample. If
Shp . is notinvertible, then a generalized inverse is used in plaﬁg;ﬁfn , andan;%, ] is computed based on

the nonzero eigenvalues 8f;, ,. Moreover, in this casblo D N Rank.S,p /. When.d Ck C g/ D 0,

the terms that involv&,, , andby.,,, are absent.

In addition to reporting the diffuse likelihood, the SSM procedure reports a variant of the likelihood called
thepro le likelihood. The pro le likelihood is computed by treating the diffuse quantities— and —as
unknown parameters (similar tg. Interestingly, the quantities that are described in Table 34.5 play a key
role in the computation of this variant of the likelihood also. It turns out that the Itering process yields the
maximum likelihood (ML) estimates of, ,and conditional on the remaining parameters of the model—
Moreover, the likelihood that is evaluated at the ML estimates of and —that is, the likelihood from
which these parameters gym led out—has the following expression:

X KPe 2 .
2logLy.Y; / DNlog2 C logFy;i C Ft—'/ Brip o Sis o Brip
tD1iD1 ti
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Note that, computationally, the pro le likelihood differs from the diffuse likelihood in only two respects:
the constant term involvdd—the total number of nonmissing response values—ratherNaand the
log-determinant tern‘og.jsménj/ is absent. However, in terms of theoretical considerations, the diffuse
likelihood and the pro le likelihood differ in an important way. It can be shown that the diffuse likelihood
corresponds to the (nondiffuse) likelihood of a suitable transformatidf @the transformation is chosen in

such a way that the distribution of the transformed data no longer depends on the initial conditihthe
regression vectors and . In this sense, the diffuse likelihood is a pseudo-likelihood of the original¥ata

The pro le likelihood, on the other hand, does not involve any data transformation and can be considered as
the likelihood of the original dats(. Of course, if the state space model ¥odoes not involve any diffuse
guantities, then the two likelihoods are the same.

As noted earlier, the SSM procedure does not use the pro le likelihood for parameter estimation. When
the model speci cation contains any unknown parametethey are estimated by maximizing the diffuse
likelihood function. This is done by using a nonlinear optimization process that involves repeated evaluations
of Ly.Y; / atdifferent values of . The maximum likelihood (ML) estimate of is denoted b)Q Because

the diffuse likelihood is also called the restricted likelihois sometimes called the restricted maximum
likelihood (REML) estimate. Approximate standard errorufre computed by taking the square root of the
diagonal elements of its (approximate) covariance matrix. This covariance is computetl dswhereH is

the Hessian (the matrix of the second-order partial$p@t 4.Y; / evaluated at the optimurQ It is known

that the ML (or REML) estimate of based on the diffuse likelihood as well as the pro le likelihood is
consistent and ef cient under mild regularity assumptions (as the number of distinct time points tend toward
in nity). In addition, it is known that the estimate based on the diffuse likelihood is better in terms of having
smaller bias. For good discussions about diffuse and pro le likelihoods, see Laird (2004); Francke, Koopman,
and de Vos (2010).

Letdim. / denote the dimension of the parameter vectoffter the parameter estimation is completed,
PROC SSM prints the “Likelihood Computation Summary” table, which summarizes the likelihood calcula-
tions at© as shown in Table 34.6.

Table 34.6 Likelihood Computation Summary

Quantity Formula

Nonmissing response values used N
Estimated parameters dim. /
Initialized diffuse state elements  rank. Sy, /

2
ti

Normalized residual sum of squares (p;  {py'. g/ brp » Sk, Prip
Diffuse log likelihood logLqy.Y; ®
Pro le log likelihood logL,.Y; @

In addition, the information criteria based on the diffuse likelihood and the pro le likelihood are also reported.
A variety of information criteria are reported. All these criteria are functions of twice the negative likelihood,

2logL (the likelihood can be either diffuse or pro leN , the effective sample size; amgharm, the
effective number of model parameters. For the information criteria based on the diffuse likelihood, the
effective sample sizBl D N and the effective number of model parametggarm D dim. / . For the
information criteria based on the pro le likelihood, the effective sample BizeD N and the effective
number of model parametemparm D dim. / Cd C kC g. Table 34.7 summarizes the reported information
criteria in smaller-is-better form.
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Table 34.7 Information Criteria

Criterion Formula Reference

AIC 2logL C 2nparm Akaike (1974)

AICC 2logL C 2nparmN =.N nparm 1/ Hurvich and Tsai (1989)
Burnham and Anderson (1998)

HQIC 2logL C 2nparmloglog.N / Hannan and Quinn (1979)

BIC 2logL C nparmlog.N / Schwarz (1978)

CAIC 2logL C nparm.log.N /C 1/ Bozdogan (1987)

Forecasting Phase

After the model- tting phase, the Itering process is repeated again to produceﬁhe model-based one-step-
ahead response variable forecas@ ), residuals (t; ), and their standard errors E;). In addition,
one-step-ahead forecasts of the components that are speci ed in the MODEL statements, and any other
user-de ned linear combinations of, are also produced. These forecasts are set to missing as long as the
indext <t (thatis, until the Itering process is initialized). If the Itering process remains uninitialized,
then all the quantities that are related to the one-step-ahead forecast (3@¢haasl ;) are reported

as missing. When the tted model is appropriate, the one-step-ahead resiguétsm a sequence of
uncorrelated normal variates. This fact can be used during model diagnostic process.

Smoothing Phase

After the ltering phase of KFS produces the one-step-ahead predictions of the response variables and the
underlying state vectors, the smoothing phase of KFS produces the full-sample versions of these quantities—
that is, rather than using the history uptg 1/, the entire sampl¥ is used. The smoothing phase of

KFS is a backward algorithm, which beginstdd nandi D g pn and goes back towartdD 1andi D 1.
It produces the following quantities:

Table 34.8 KFS: Smoothing Phase

Quantity Description
Yoi D EyijY/ Interpolated response value
Ii?;i D Var.yijY/ Variance of the interpolated response value
QDE. Y/ Full-sample estimate of the state vector
R D Cov. jY/ Covariance ofQ
0

OO0 DS} brp, Full-sample estimates of , and
0

1 i (ON©)
SH Covariance of O

Note that ify;; is not missing, they®; D E.ytijY/ D Yy andFQ;i D Var.yt;jY/ D Obecaussy; is
completely known, giverY. Thereforey®@; provides nontrivial information only whey;; is missing—in

which case®; represents the best estimateypf based on the available data. The full-sample estimates of
components that are speci ed in the model equations are based on the corresponding linear combinations of
Q. Similarly, their standard errors are computed by using appropriate functid®s of
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If the ltering process remains uninitialized until the end of the sample (that &,,4f, is not invertible),

some linear combinations of ,and are not estimable. This, in turn, implies that some linear combinations

of { are also inestimable. These inestimable quantities are reported as missing. For more information about
the estimability of the state effects, see Selukar (2010).

Delete-One Cross Validation and Structural Breaks

In addition to the interpolation of missing response values and the full-sample estimation of components in
the model, the smoothing phase can also produce several useful diagnostic measures that can indicate outlying
observations and breaks in the state evolution process. The treatment of additive outliers and structural breaks
that is described in this section is based on De Jong and Penzer (1998).

Delete-One Cross Validation and the Additive Outlier Detection

LetAO:ti D yti E.yii th”/ denote the difference between the observed response ywaluend its
estimate or prediction by using all the data exagpt which is denoted by %' . The smoothing phase of
DKFS can generatdO¢; (and its variance) at alt; i/ . A large value ofAO¢; signi es that the observed
response valuegy(; ) is unusual relative to the rest of the sample (according to the postulated model). Such
values are called additive outliers. In the literatuk@,; are referred by a few different names. Sometimes
they are calledielete-one cross validation erroos simply prediction errors In this chapter, these names are
used interchangeably. Like the one-step-ahead residyalghe prediction errors can be used in checking
the adequacy of the model. The prediction errors are normally distributed; however, ynlikibey are not
serially uncorrelatedAOy;; is set to missing whew; is missing. The SSM procedure prints a summary
table of extreme additive outliers by default. In addition, you can request the plotting of the standardized
prediction errors, and they can be output to a data set.

The prediction error sum of squares (PRESS)
A0
t;i

can be a useful measure of tto compare different models. It is also callectdss validation error sum of
squares An additional measure of t based on the prediction errors is callegy#imeralizeccross validation
error sum of squares (GCV). Denoting the varianc@Oft.; by VAR_AOy; , itis de ned as

i -AO%; =VAR_AOY; /
& . .1=VAR_AOy;/*2

You can request the printing of PRESS and GCV by specifying the PRESS option in the OUTPUT statement.

After inspecting the reported additive outliers, you can adjust the model to account for the effects of some
of the extreme outlying observations. This can be done by including appropriate dummy variables in the
observation equation.

Structural Breaks in the State Evolution

The additive outliers that are discussed in the preceding section are diaghostic measures associated with
the measurement equation. The smoothing phase of DKFS can generate diagnostic measures that are also
associated with the state equation.

For simplicity of notation and exposition, initially assume that the state equation has the following form:

tc1D Tt tCcc1C tca
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That is, the state regression te¥ihc1 is absent in the postulated model. Suppose that an unanticipated
change of unknown size takes place in i element of the state at timg C 1/. The model can then be
adjusted to account for this change by including a suitable dummy regressor in the state equation as follows:

tc1D Tt tCWic1 CcGc1C tc1

HereW:; is a sequence afrdimensional column vectors such th&f,c1 &Gk D 1 andWEiD O for

all othert andi. The estimate of the regression coef cienprovides information about the size of the
unanticipated change in thgth element of ; attimet D tg C 1. Similarly, an unanticipated change in a
subsection of ; at atimet D to C 1 can be estimated by using a set of appropriate dummies (the number

of dummies equals the number of elements in the state subsection) in the state equation. The algorithm
of De Jong and Penzer (1998) ef ciently generates the estimates of such one-time changes in the state at
all distinct time points in the sample in one smoothing pass. A statistically signi cant valuaiod time

pointty indicates an unanticipated change in the relevant element (or the subsectign)bte that the

change associated with an additive outlier is temporary: the previous or the subsequent measurements are not
affected. On the other hand, because of the evolutionary nature of the state equation, a one-time change in
the state affects all the subsequent states, which in turn affect the subsequent observations. In this sense, a
signi cant unanticipated change in the state straictural break

In the preceding discussion, the absence of the state regression variables in the postulated model was assumed
only for notational simplicity. If the postulated model does contain some state regression variables, the
dummy variable that is associated with the one-time state change is simply added to the existing set of state
regression variables, and the interpretation of its regression coef cient as the measure of unanticipated change
in the state remains unaffected.

In the SSM procedure, you can request the computation of signi cance statistics that are associated with
one-time changes in the state subsections speci ed by using the STATE statement in addition to the state
subsections that are associated with the components speci ed by using the TREND statements. This is done
by using the CHECKBREAK option in these statements. In addition, you can request the computation of such
statistics for the entire state by using the MAXSHOCK option in the OUTPUT statement. The signi cance
statistics can be computed for both elementwise change and subsectionwise change. The computation of
subsectionwise change statistics can be computationally expensive for large subsections (an inversion of
ap p-dimensional matrix at each distinct time point in the sample is needed for the computation of
signi cance statistics for a state subsection of i2e For an example of structural break analysis, see
Example 34.8.

Estimation of User-Speci ed Linear Combination of State Elements

By default, the SSM procedure computes the estimates of all the components that are speci ed in the
MODEL statements (you can print these estimates by using the PRINT= option in the respective TREND
and COMPONENT statements, or you can output these estimates to a data set by specifying it in the OUT=
option in the OUTPUT statement). However, in many cases it is desirable to obtain the estimates of additional
linear combinations of the state elements and the regression effects. The SSM procedure provides two
statements, the COMPONENT statement and the EVAL statement, that are useful for specifying virtually any
desired linear combination of the elements of the state vector and the regression effects in the observation
equation. After a desired linear combination is speci ed, you can print or output its estimate as you would
for a component that is used in the MODEL statement. This feature of the SSM procedure is illustrated in
many examples in the section “Examples: SSM Procedure” on page 2501. For example, in the second part of
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Example 34.4, the COMPONENT and EVAL statements are used to de ne the contrasts between the growth
pro les of cows that are receiving different treatments. Similarly, in Example 34.7, the EVAL statement is
used to de ne the yield curve as a sum of the components that are used in the MODEL statement.

Contrasting PROC SSM with Other SAS Procedures

The SSM procedure complements several SAS/ETS procedures and the MIXED procedure in SAS/STAT
software (see Chapter 78, “The MIXED Procedur8AS/STAT User's Guijle The statistical models under-

lying all these procedures can be formulated as state space models; however, in many cases this formulation
effort can be considerable. Generally speaking, when a problem can be formulated and satisfactorily solved
either by using the SSM procedure or by using one of these other procedures, the other procedures are likely
to be more ef cient. However, in many instances, the SSM procedure can solve more general problems
or offer more detailed analysis, or both. Throughout this discussion, it is assumed that the problem being
solved can be modeled as a linear statistical model with Gaussian response variables. In particular, situations
that require models such as autoregressive conditional heteroscedasticity (ARCH) models, and models with
categorical response variables are not considered. The following list provides a more speci ¢ comparison of
the SSM procedure with different procedures:

All the SAS/ETS time series analysis procedures (the ARIMA, ESM, UCM, VARMAX, STATESPACE,
and PANEL procedures) require time series data and are not applicable to the longitudinal data.

For univariate time series analysis, the modeling facilities provided by the ARIMA, ESM, and UCM
procedures are adequate in most cases. The SSM procedure can handle cases that do not t neatly into
one of these categories.

For multivariate time series data analysis, you can use the VARMAX procedure for vector ARIMA
modeling and the STATESPACE procedure for state space modeling. The capabilities of the SSM
procedure are complementary to these procedures. In particular, the prede ned multivariate structural
models available in the SSM procedure cannot be speci ed by either of these procedures. In addition,
you can formulate a much wider range of multivariate models—for example, models for series with
different frequencies, by using the SSM procedure.

When theR side effects are not too complicated (for exampl® is diagonal), the model considered

by the MIXED procedure is a special case of the model considered by the SSM procedure. In the case
of diagonalR, it is easy to see that the state vectgris equal to , the MIXED random-effects vector,
forallt 1(thatis,  istime invarian). Therefore, the random-effects MIXED model is obtained by
settingT D Identity , Q; D 0;t 2, Q1 D G (the MIXED G matrix), andA1 D 0.

For the analysis of cross-sectional data, you can use the PANEL procedure. In this case, the SSM
procedure capabilities are complementary. PROC SSM can provide alternate models, REML estimates,
richer missing value support, and the estimates of the unobserved components (see the section “Getting
Started: SSM Procedure” on page 2438 and the examples Example 34.2 and Example 34.11 for more
information). In some situations the cross-sectional studies contain many panels but very few distinct
time points. The PANEL procedure based analysis is better suited in such settings. In order for the
analysis based on PROC SSM to be valid, the cross-sectional study must contain an adequate number
of distinct time points.
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Prede ned Trend Models

The statistical models that govern the prede ned trend components available in the SSM procedure are
divided into two groups: models that are applicable to equally spaced data (possibly with replication), and
models that are applicable more generally (the irregular data type). Each trend component can be described
as a dot producX ; for some (time-invariant) vectaf and a state vector;. The component speci cation is
complete after the vectat is speci ed and the system matrices that govern the equations afe speci ed.

For trend models for regular data, all the system matrices are time-invariant. For irreguldr; cadQ;

depend on the spacing between the distinct time poinggz /.

Trend Models for Regular Data

These models are applicable when the data type is either regular or regular with replication. A good reference
for these models is Harvey (1989).

Random Walk Trend

This model provides a trend pattern in which the level of the curve changes with time. The rapidity of this
change is inversely proportional to the disturbance variaddat governs the underlying state. It can be
described ag {, whereZ D .1/ and the (one-dimensional) statefollows a random walk:

tciD tC tc1; t+ N.O; %

HereT D 1andQ D 2. The initial condition is fully diffuse. Note that if2 D 0, the resulting trend is a
xed constant.

Local Linear Trend

This model provides a trend pattern in which both the level and the slope of the curve change with time.
This variation in the level and the slope is controlled by two parametérs:ontrols the level variation,

and 22 controls the slope variation. Ifl2 D 0, the resulting trend is called antegrated random walkif

both 12 D 0and 22 D 0, then the resulting model is the deterministic linear time trend. Hebe.1 0/,
TD.11; 01/,andQ D Diag. #; 2/. The initial condition is fully diffuse.

Damped Local Linear Trend

This trend pattern is similar to the local linear trend pattern. However, in the DLL trend the slope follows a
rst-order autoregressive model, whereas in the LL trend the slope follows a random walk. The autoregressive
parameter or the damping factor, must lie between 0.0 and 1.0, which implies that the long-run forecast
according to this pattern has a slope that tends to 0. B&e1 0/, T D .1 1; 0 /,andQ D Diag. 12; 22/.

The initial condition is partially diffuse witlQ; D Diag.0; 22=.1 .

ARIMA Trend
This section describes the state space form for a component that follows an AR\ (P,D,Q)s model.
The notation for ARIMA models is explained in the TREND statement.

First the state space form for the stationary case—that is, @wHer0 andD D 0, is explained. A number

of alternate state space forms are possible in this case; the one described here is based on Jones (1980). With
slight abuse of notation, lggtD p C s P denote the effective autoregressive order, and [2tq C sQ

denote the effective moving average order of the model. Similarly, le¢ the effective autoregressive
polynomial, and let be the effective moving average polynomial in the backshift operator with coef cients
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random sequence that follows an ARMA@,q) (P,Q)s model with a white noise sequenaghas a state
space form with state vector of siseD max.p; q C 1/. The system matrices are as folloi'sD GEO ::: O,
and the transition matriX, in a blocked form, is given by

m oo 1

TD

where ; D Oifi > p andly 1 isan.m 1/ dimensional identity matrix. The covariance of the
state disturbance matri@ D 2 °, where 2 is the variance of the white noise sequeacand the

vector D (Ep::: m 1° containsthe rstmvalues of the impulse response function—that is, the mst
coef cients in the expansion of the ratie . The covariance matrix of the initial stat®;, is computed as
o

vecQi/D .l T T/ lvecQ/

N
where  denotes the Kronecker product and thee operation on a matrix creates a vector formed by
vertically stacking the rows of that matrix.

A number of alternate state space forms are possible in the nonstationary case also. The form used by the
SSM procedure utilizes the state space form for the stationary case as a building block. Suppose that a random
sequence; follows an ARIMA(p,d,d (P,D,Qs model with a white noise sequenage As in the notation

for the stationary case, with slight abuse of notationdi&® d Cs D denote the effective differencing order,

and lete be the effective differencing polynomial in the backshift operator with coef cients::: ;¢ 4.

It can be shown that; has a state space form with state vector siteD m C d. In what follows, the

system matrices and related quantities in the nonstationary case are described in terms of similar entities in
the stationary case. A superscript dagg®ias been added to distinguish the entities from the nonstationary
case.Z“* D @O ::: 1 ::: @ where the only nonzero value, 1, is at the index 1, and the transition
matrix, T#, in a blocked form, is given by

2 3
) T 0 0

T’D4 ZT e q::: o4 5
0 Igq1 O

The state disturbance matKQ? is given by

s 3
. Q QZ O

Q“D4 zQ zQZ 05
O 0 0

Finally, the initial state is partially diffuse: the rshelements are nondiffuse and the ldglements are
diffuse. The covariance matrix of the rshelements i€);.

Trend Models for Irregular Data

A good reference for these models is De Jong and Mazzi (2001). Throughout this $edfiion{c1 ¢/
denotes the difference between the successive time points. The system nTatacek); that govern these
models depend oh,. However, whenever the notation is unambiguous, the subsdsipimitted.
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Polynomial Spline Trend

This model is a general-purpose tool for extracting a smooth trend from the noisy data. The order of the
spline governs the order of the local polynomial that de nes the spline. The order-1 spline corresponds to
Brownian motion (continuous-time random walk), the order-2 spline corresponds to integrated Brownian
motion (continuous-time integrated random walk), and the order-3 spline provides a locally quadratic trend;
the default order is 1. The dimension of the state underlying this component is the same as the order of
the spline. The system matrices for the orders up to 3 are described as follows (in all the cases the initial
condition is fully diffuse):

order-1splineZ D .1/, T D .1/,andQ D 2.h/

. . 2 h® h2.n?
order-2 splineZz D .10/, T D .1 h; 01/,andQ D 5 5% h

order-3splineZzD .100/, TD 1 h E;O 1 h001,and
h6 i jC1
. - 1
6 i jC13 is3 jIs

QEi;jD *?

The system matrices for higher orders are similarly de ned (for more information, see De Jong and Mazzi
(2001)).

Note that, in addition to providing an estimate of the trend, this methodology can provide estimates of the
higher-order derivatives of the trend. Ifdenotes th&-dimensional subsection that is associated with a
polynomial spline of ordek, then itsjth element{ | k), &js corresponds to the derivative of order

.J 1/ of this polynomial spline. For an example of the estimation of the rst derivative of a trend component,
see Example 34.12. For additional information about using these types of trend patterns in data analysis, see
Eubank, Huang, and Wang (2003); Kohn, Ansley, and Tharm (1991); Selukar (2015).

Decay and Growth Trends

There are two choices for the decay trend: DECAY and DECAY(OU). Similarly, there are two choices for the
growth trend: GROWTH and GROWTH(OU). The “OU” stands for the Ornstein-Uhlenbeck form of these
models. The decay trend is a sum of two correlated components: one component is a random walk, and the
other component is a stationary autoregression. In its Ornstein-Uhlenbeck form, the random walk component
is replaced by a constant. The growth trend (and its Ornstein-Uhlenbeck variant) has the same form as the
decay trend except that the autoregression is nonstationary (in fact, it is explosive). For growth trend models,
oating-point errors can result for even moderately long forecast horizons because of the explosive growth in
the trend values.

The system matrices for the decay and the growth types in their respective cases are identical, except for the
sign of the rate parameter < 0:0 for the decay type, and> 0:0 for the growth type. In addition, the

initial conditions for the growth models are fully diffuse; they are only partially diffuse for the decay models.
The underlying state vector for all these models is two-dimensional.

The system matrices for the DECAY type are

Z D 11

T D Diag.l; exp.h//
2
QD —.h 1 exph/; 1 exph/ . exp2h/ 1/=2/
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The initial condition is partially diffuse witlQ; D Diag.0; 2—5/. The system matrices for the GROWTH

type are the same (with> 0:0 ), except that the initial condition is fully diffuse; € D 0.
For the DECAY(OU) typeZ andT are the same as DECAY, whereas

,.exp2h/ 1/ 2

QD Diag O; > and Q; D Diag.0; 2—/

The system matrices for the GROWTH(OU) type are the same (witB:0 ), except that the initial condition
is fully diffuse; soQ1 D O.

Prede ned Structural Models

A set of prede ned models is available in the SSM procedure for models called structural models in the time
series literature. These prede ned models can be used to model trend, seasonal, and cyclical patterns in
the univariate and multivariate time series. For the most part, the multivariate models are straightforward
generalizations of the corresponding univariate models—for example, the multivariate random walk trend
described later in this section generalizes the univariate random walk trend that is described in the section
“Random Walk Trend” on page 2484. All of these models, with the exception of the continuous-time cycle
model, are applicable only to the regular data type. The continuous-time cycle model is applicable to all the
data types; however, it is available for the univariate case only.

To specify these models, you must rst use the STATE statement with the correct TYPE= option. When you
specify the TYPE=option, you do not need to specify other options of the STATE statement (for example,
the T option, the COV1 option, and the Al option). However, you must specify the COV option, which
describes the covariance of the disturbance term that drives the state equation. Throughout this section, the
symmetric matrix speci ed by using the COV option is denotedrbyFor TYPE= LL, an additional matrix,

speci ed by using the SLOPECOQV suboption, also plays a role; it is denotddgye. Subsequently you

must specify one or more COMPONENT statements to de ne the (univariate) components that are based
on this state subsection for their inclusion in the MODEL statement. These univariate components exhibit
interesting behavior based on the structurd qandt siope, Whenever applicable)—for example, imposing

rank restrictions orf in the multivariate random walk results in these univariate trends moving together. For
additional information about these models, see Harvey (1989).

The following example summarizes the steps needed to de ne a multivariate structural model by using a
sequence of STATE and COMPONENT statements. For a full example, see Example 34.1. Suppose that a
three-dimensional time series is being studied with response varidhlg®, andy3. Suppose you want to
specify the trivariate structural model

ytD +C C

wherey; D .y11; Y2:1; Ya:it/ denotes the response series, apd ¢, and ; denote the trivariate compo-
nents, trend, cycle, and white noise, respectively. The three componentshe observation noise in the
model, are not assumed to be independent. Therefore, you cannot specify them by using three IRREGULAR
statements; you must include them in the state speci cation. The following (incomplete) statements show
how to specify this model:
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state whiteNoise(3) type=wn ..,;
component wnl whiteNoise[1];
component wn2 whiteNoise[2];
component wn3 whiteNoise[3];

state randomWalk(3) type=rw ...;
component rwl randomWalk[1];
component rw2 randomWalk[2];
component rw3 randomWalk[3];

state cycleState(3) type=cycle ...;
component cl = cycleState[1];
component c2 cycleState[2];

component ¢3 = cycleState[3];
model y1 = rwl cl wnl;
model y2 = rw2 c2 wnz;
model y3 = rw3 c3 wn3;

The rst STATE statement de nesvhiteNoise, a state subsection that is needed for de ning a three-
dimensional white noise component. In tukmhiteNoise is used to de ne the three univariate white
noise componentsynl, wn2, andwn3. The componentanl, wn2, andwn3 are correlated—their corre-
lation structure is controlled by the covariance speci catiowbiteNoise. The second set of STATE and
COMPONENT statements result in three correlated random walk trend componehtswv2, andrw3.
Finally, the last set of STATE and COMPONENT statements result in three correlated cycle compahents:
c2, andc3. In the end, the desired multivariate model is de ned by including these (univariate) components
in the appropriate MODEL statements.

In the preceding example, it is important to note the relationship between the nominal dimension (denoted
by dim throughout this section) that is speci ed in the STATE statement and the actual dimension of the
resulting state subsection. Note that the three state subseethiteoise, randomwWalk, andcycleState, are

de ned by using the saméim speci cation: 3. However, the actual dimensions of these state subsections
depend on their type; they do not need to equal this speci ed dimension. meteNoise andrandomWalk

do have the same size, 3, as the specied. However, the size afycleState, which is of TYPE=CYCLE, is

2 dim D 6. Another important point to note: no matter what the underlying size of the state subsection, the
desired univariate components were obtained by using an identical speci cation scheme in the COMPONENT
statement. This happens because the component speci cation style that is based on the element operator—
[[—in the COMPONENT statement behaves differently when the TYPE= option is used to de ne the state
subsection (for an illustration, see the section “Multivariate Season” on page 2490).

The system matrices for all these models are time-invariant, with the exception of the continuous-time cycle
model. In this section,; denotes the subsection of the overall model statfandT, Q, andA; denote the
corresponding blocks of the larger system matrices.

For the multivariate cycle system matrices described in the section “Multivariate Cycle” on page 2490, the
Kronecker\lproduct notation is useful:Afisanm n matrixandB isap g matrix, then the Kronecker
productA  Bisanmp nq block matrix:
2 3
o a]_;.L B - a]_r) B
A BDY ; :
aml B amn B
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Multivariate White Noise

The STATE statement option TYPE=WN speci es white noise of dimendion—that is, a sequence of zero
mean, independent, Gaussian vectors with covari#incehe speci cation of the associated system matrices
is trivial: T is zero,Q D T, and the initial condition is nondiffus€) D T andA; D 0).

Multivariate white noise is needed to specify the observation equation noise term for the multivariate models
for the time series data. Since the state space formulation for the SSM procedure requires the observation
equation noise vector to have the diagonal form, you need to include the noise vector in the state. The
noise term for théth response variable is de ned by a component that simply pickghireement of this
multivariate white noise. For example, the componemti de ned as follows can be used as a noise term in

the MODEL statement of thigh response variable:

state white(dim) type=wn ...;
component wn_3 = white[3];

Multivariate Random Walk Trend

The STATE statement option TYPE=RW speci ediam-dimensional random walk
tc1D tC tc1

where  is a sequence of zero mean, independent, Gaussian vectors with covdriartoe speci cation
of the associated system matrices is trivialis adim-dimensional identity matriXd,gin, , Q D 1, and the
initial condition is fully diffuse Q1 D O andA1 D lgim ).

The multivariate random walk is a useful trend model for multivariate time series data. The trend term for the
ith response variable is de ned by a component that simply pickglth@ i dim) element of ;. For
example, the component_i de ned as follows can be used as a trend term in the MODEL statement of the
ith response variable:

state randomWalk(3) type=rw ...;
component rw_2 = randomWalk[2];

Multivariate Local Linear Trend

The STATE statement option TYPE=LL speci eg2tdim)-dimensional {, heeded for de ning alim-
dimensional local linear trend. The rgim elements of ; correspond to the needed multivariate trend, and
the subsequenim elements are needed to capture the slope vector of this trermén be de ned as

tc1tDT +C tc1

where  is a sequence of zero mean, independent, Gaussian vectors with cov@riagde Tt siope/ and
T is a 2*dim-dimensional block matriX D .lg4im ldim; O lgim/. The initial condition is fully diffuse
(Q1 D 0andAj; D 15, 4im ). This is a multivariate generalization of the univariate local linear trend.

The multivariate local linear trend is a useful trend model for multivariate time series data. The trend term for
theith response variable is de ned by a component that simply pickglttedement{ 1 dim)of ;.

For example, the componelhti de ned as follows can be used as a trend term in the MODEL statement of
theith response variable:
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state localLin(dim) type=li(slopecov..) ...;
component 1l_3 = localLin[3];

Multivariate Cycle

The STATE statement option TYPE=CYCLE speci egadim)-dimensional , needed for de ning aim-
dimensional cycle. As in the LL case, the rdilm elements of ; correspond to the needdiin-dimensional

cycle, and the remainingim elements contain some auxiliary quantities. The cycle model de ned in this
subsection requires a regular data type—that is, the CT option is not includeddeabte the damping
factor, and let D 2 = period be the frequency associated with the cycle. The admissible parameter ranges
are0 < 1 andperiod > 2, V\f{?ich impliesthaD< < .LetCD .cos/ sin./ sin./ cos/l

a2 2matrix,andlefT D C lg4im, a2 dim 2 dim matrix. With this notation, the transition
eqguation associated with is

tc1DT tC ¢ca

where ¢ is a sequence of zero mean, independent, dim/-dimensional Gaussian vectors with covariance
Diag.t; /. If D 1, the initial condition is fully diffuse Q; D OandA; D I, 4im ). Otherwise, it is

nondiffuse:Q, D —*;Diag.t; 1t/ andA; D O.

The multivariate cycle is useful for capturing periodic behavior for multivariate time series data. The cycle
term for theith response variable is de ned by a component that simply pick&lhelement of ;. For
example, the componeunycle_i de ned as follows can be used as a cycle term in the MODEL statement of
theith response variable:

state cycleState(dim) type=cycle
component cycle_2 = cycleState[2];

Multivariate Season

The STATE statement option TYPE=SEASON(LENGTH)speci es a((s-1)*dim)-dimensional ;, needed
for de ning a dim-dimensional trigonometric season component with season laength(multivariate)
trigonometric season componentjs a sum of (multivariate) cycles of different frequencies,

%:2.
D j
iD1

where the constituent cycleg, called harmonics, have frequencigsD 2 j= s. All the harmonics are
assumed to be statistically independent, have the same damping fadtdr, and are governed by the
disturbances with the same covariance matrixrthe number of harmonic&=2¢ equals=2if sis even and

.s 1/=2ifitis odd. This means that specifying TYPE=SEASON(LENGTHifs equivalent to specifying
&=2-cycle speci cations with correct frequencies, damping fact@r 1, and the COV option restricted to
the same covariande. The resulting ; is necessarily(s—1)*dim)-dimensional. When the season length
s is even, the last harmonic cycle,.,, has frequency and requires special attention. It is of dimension
dim rather thare*dim because its underlying state equation simpli es tina-variate autoregression with
autoregression coef cientl i, . As a result of this discussion, it is clear that the system matficasd

Q associated with th@s—1)*dim)-dimensional ; are block-diagonal with the blocks corresponding to the
harmonics. The initial condition is fully diffuse.
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For all the models discussed so far, the déh elements of ; provided the needed (multivariate) component.
This is not the case for the (multivariate) season component. Extractiri theasonal component from
requires accumulating the contributions from @e2<harmonics that are associated with tlilsseasonal,
which are not organized contiguously in. For example, suppose thdiin is 2 and the season lengths 4.
In this casg&=2-is 2, and the bivariate seasonal component is a sum of two independent bivariate cycles,
1 and 2. The cycle 1 has frequency=2 and its underlying state, say, has dimensio2 dim D 4.
The last harmonic,, has frequency , and therefore its underlying state, sd; has dimension 2. The
combined state; D . &; P/ has dimensio D 4 C 2. In order to extract the rst bivariate seasonal
component, you must extract the rst components of bivariate cyglesd », which in turn implies the
rst elements of 2 and {3 respectively. Thus, obtaining the rst bivariate seasonal component requires
extracting the rst and the fth elements of the combined stage Similarly, obtaining the second bivariate
seasonal component requires extracting the second and the sixth elements of the combinedAdtdkes
can be summarized by the dot product expressions

S1t D -100010/t

wheres;; ands,; denote the rst and second components, respectively, of the bivariate seasonal component.
Note thats;; ands,; are univariate seasonal components, each of season length 4, in their own right. They
are correlated components; their correlation structure depentis on

Obtaining the desired components of the multivariate seasonal component is made easy by a special syntax
convention of the COMPONENT statement. Continuing with the previous example, the following examples
illustrate two equivalent ways of obtainirsgs ands,;. The rst set of statements explicitly specify the linear
combinations needed for de nirg; andsy;:

state seasonState(2) type=season(length=4)
component s 1 =(1 0 0O 0 1 0) * seasonState;
component s 2 =(0 1 0 0 0 1) * seasonState;

The following simpler speci cation achieves the same result:

state seasonState(2) type=season(length=4) ..,
component s_1 = seasonState[l];
component s_2 = seasonState[2];

In the latter speci cation, the meaning of the element operator [] changes if the state in question is de ned by
using the TYPE= option.

Multivariate ARMA

You can specify a state vector that follows a multivariate autoregressive, moving average (VARMA) model
by using the STATE statement option TYPE=VARMA. The autoregressive and moving average orders can be
eitherOor1Q p 21and0 g 1)—thatis, only VAR(1), MA(1), and VARMA(1,1) models can be
speci ed. The notation and the state space form of the VARMA model described here is taken from Reinsel
(1997), which is a good reference for VARMA modeling.

A dim-dimensional vector process follows a zero-mean, autoregressive orpgmoving average order
(VARMA(p, q)) model if it satis es the following matrix difference equation:
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Here™ ; and, ; aredim-dimensional square matrices ands adim-dimensional, Gaussian, white noise
sequence with covariance matfix If autoregressive ordgr is O, the term that involves; is absent;
similarly, if the moving average orderis O, the term that involves; is absent. Since AR and MA orders

can be at most 1, the subscripts'gfand, ; can be ignored in this discussion—when applicable, an AR
coef cient matrix is denoted by and an MA coef cient matrix is denoted hy. The unknown elements of

~,, ,andt constitute the parameter vector that is associated with a VARMA state. The preckssed

by the VARMA difference equation is stationary and invertible (Reinsel 1997) if and only if the eigenvalues
of” and, are strictly less than 1 in magnitude. By default, the SSM procedure imposes these stationarity
and invertibility restrictions ofi and, . However, you can specify to be an identity matrix, in which case

the resulting process is nonstationary.

A VARMA model can be cast into a state space form. The state space form used by the SSM procedure
is described in Reinsel (1997, pp. 52-53). The system matrices for the supported VARMA models are as
follows:

The VAR(1) form is the simplest. In this case, the underlying statis the same as the VAR(1)
process ;. ThereforeT D~ andQ; D t.

Taking™ equal to the zero matrix ip D 0, the VARMA(1,1) and MA(1) cases can be treated
together. In this case, the underlying statds 2*dim dimensional and the desired VARMA process

corresponds to its rstlim elements. Le¥%eD = , . Then, in the blocked form,
0 lgim 1 1%
TD 0 -~ and Qt D Q D %t %o'n%t?

Unless™ is restricted to be identity, the underlying stateis stationary and the covariance of the initial
condition is computed by

o)
vecQi/D.I T T/ lvecQ/

N . .
where  denotes the Kronecker product and tlee operation on a matrix creates a vector formed by
vertically stacking the rows of that matrix. f is restricted to be identity, the initial condition is fully diffuse.

Continuous-Time Cycle

The STATE statement option TYPE=CYCLE(CT) speci es a two-dimensiopaheeded for de ning a
univariate continuous time cycle. In this case the nominal dimension,must be 1. In particular
becomes one-dimensional, which is denoted By This cycle can be used for any data type. As before, the
parameters of the cycle are a damping factdd < 1, andperiod > 0. Unlike in the discrete-time cycle
described in the section “Multivariate Cycle” on page 2490 gééod is not required to be larger than 2. Let

D 2 =period, and lethy D . {¢c1  t/ denote the difference between successive time points. In this case,
the system matriceb andQ that govern ; depend orh;. They are as follows:

T D ".cosh/ sinh/: sin.h/ cosh//
2 1 2h/
D — | if 1
Q 2. 2 " s

QD %hl, if D1

%Iz. For D 1, the initial condition is fully diffuse.

If <1, the initial condition is nondiffuseQ, D 5



Models with Dependent Lags F 2493

The rst element of ; corresponds to the needed cycle, and the second element is an auxiliary quantity. You
can de ne a cycle term based on this state as follows:

state cycleState(1) type=cycle(CT)
component cycle = cycleState[1];

The CT option must be included in the use of TYPE=CYCLE.

Models with Dependent Lags

Many useful time series models relate the present value of a response variable to its own lagged values and,
in the multivariate case, the lagged values of other response variables in the model. In the SSM procedure,
you can use the DEPLAG statement to specify the terms in the model that involve lagged response variables.
These models apply only to the regular data type. This section describes the state space form of such models;
for more information, see Harvey (1989, sec. 7.1.1). As an illustration, consider the following model, where
the g-dimensional coef cient matrices ; and™ , are either fully or partially known:

Ye D "1Yy 1C7 oYy 2CZ CXy C ¢
tct D Tt tCWic1 Ccc1C tc1
1 D ¢ctCA;1 C 1

Except for the presence of the terms that involve lagged response vécidfs ¢ and™ 2Y; ») in the
observation equation, the form of this model is the same as the standard state space form that is described in
the section “State Space Model and Notation” on page 2469. It turns out that this model can be expressed in
the standard state space form by suitably enlarging the latent vectors in the state equation and by appropriately
reorganizing the system matrices. The enlarged latent vectors and the corresponding system matrices are
distinguished by the presence of daggéras a superscript in the following reformulated model,

Y, D zZ?
z Z 7 zZ 7 z z
ic1 D Ty tCWicy “CCe1C fer
z z Z 7 z
1 D ¢gCA] “C ]
where the following conditions are true (column vectors are displayed horizontally to save space):

The enlarged state vectorﬁ) is formed by vertically stacking the old state vector)( the observation
disturbance vector (), and the present and lagged response veciradY 1, respectively). That
is, tz D& + Yy Yt 1% Because is mdimensional and¢, Y, andY; ; areg-dimensional,
the dimension of tz ismD.mC3 gl

The new state regression vectorzl is formed by vertically stacking the old state regression vectpr (
and the observation equation regression vectprThatis, #D E .

The enlarged disturbance vectoFX is formed by vertically stacking the old state disturbance vector
( t), the observation disturbance vector)( the vector sumZ;  C /, and lling the rest of the

vector with zeros. That is,tZ D& + .Zt +C ¢/ O
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The deterministic vectou:tzCl D @&c1 0 Zc1Gicy O

The last2g elements of the initial state vec'gorf(), which correspond t&' 1, andY g, are taken to be
diffuse (which means that the diffuse vectérhas2qadditional elements compared tp

The new system matrices can be described in blockwise form in terms of the old system matrices as follows:

Theq .mC3 q/-dimensionaIZtz D @O0 I 0., whereOis eitherag m-dimensional ogq (¢-
dimensional matrix of zeros ands ag-dimensional identity matrix.

Them? mZ matricesT{ (transition matrix) andQ (covariance of tZC ,) are

2 3 2 0 3
T 0 0 O Qt 0 QZic, 0
; 0 0 0 O 7 0  tic Tica 0
TZD g A~ A Z and D g
t ZiciTt 0 "1 72 @ Zic1Q tict Zic1QZie,; Ctica/ O
0 0 |1 0 0 0 0 0

wheret ; denotes the covariance matrix (which is diagonal by design) of the observation error vector
t. Recall that the system matrices in the transition equation can depend dreanothC 1 even if the
subscripts off andQ show dependence dralone.

Them? .k C g/ matrith2 iS

2
Wic1 0
5 0 0
WZ.. D g Z
tcl ZicitWic1 Xic1
0 0

This state space form can be easily extended to account for higher-order lags.

Models that contain dependent lag terms must be used with care. Because the SSM procedure does not
impose any special constraints on the lag coef cients (the elements of coef cient matri¢cés; and so o,

the resulting models can often be explosive. For an example of a model with lagged response variables, see
Example 34.13.

PROC SSM and PROC UCM (see Chapter 41, “The UCM Procedure”) handle models that contain dependent
lags in essentially the same way. However, there is one difference: if the model parameter vector contains
unknown lag parameters, PROC UCM parameters are estimated by optimizing the nondiffuse part of the
likelihood whereas PROC SSM continues to use the full diffuse likelihood for parameter estimation.

Covariance Parameterization

The covariance matrices speci ed by the COV and COV1 options in the STATE statement must be positive
semide nite. When these matrices are of general form and are not user-speci ed, they are internally
parameterized by their Cholesky root. Supposethanm m positive semide nite matrix of rank, is

such a covariance matrix. Theh,can always be written as

+ D RR’

where the (generalized) Cholesky roBf,is anm r lower triangular matrix with nonnegative diagonal
elements (that iREi;jD 0ifj >i andRi;i* 0; 1 i r). The SSM procedure parameterizedy
the elements of its Cholesky root, which adds.r C 1/=2Cr .m r/ elements to the parameter vector
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Missing Values

For a variety of reasons the data might contain missing response and predictor values. Before starting the
analysis of a particular BY group, SSM procedure makes an internal copy of the data. The actual analysis
is done by using this copy. The data in the copy are rst examined for missing values in the response,
predictor, and the ID variables. No missing values are permitted in the ID variable (if it is speci ed). If all

the missing values are associated with only the response variables, then the internal copy of the data is not
altered. However, if any of the predictors in the observation equation—the elemefitnafrix—are found

to contain missing values, the internal copy of the data is altered as follows: any missing predictor value is
replaced by 0, and the response values that are dependent on that predictor in the corresponding row are set
to missing. These missing response values are calleéddlieed missing value3 he reported analysis is

based on the (possibly altered) internal copy of the BY group.

Missing values are not permitted in any of the other system matrices that de ne the state space model. In
particular, missing values are not permittedinT ; W, andQ matrices. In some cases the elements of these
matrices depend on the data values. In such cases, care must be taken to ensure that these data values are not
missing.

Computational Issues
A Well-Behaved Model

The model de ned by the state space model equations (see the section “State Space Model and Notation” on
page 2469) is very general. This generality is quite useful because it encompasses a wide variety of data
generation processes. On the other hand, it also makes it easy to specify overly complex and numerically
unstable models. If a suitable model is not already known and you are in the early phases of modeling, it is
important to start with models that are relatively simple and well-behaved from the numerical standpoint.
From the numerical and statistical considerations, two aspects of model formulation are particularly important:
identi ability and numerical stability. A model is identi able if the observed data has a distinct probability
distribution for each admissible parameter vector. Unless proper care is taken, it is easy to specify an
unidenti able state space model. Similarly, predictions according to some types of state space models can
display explosive growth or wild oscillations. This behavior is primarily governed by the transition fiatrix
(or T; in the time-varying case). Unidenti able models can run into dif culties during parameter estimation,
and explosive growth (and wild oscillation) causes numerical problems associated with nite-precision
arithmetic. Unfortunately, no simple identi ability check is available for a general state space model, and

it is dif cult to decide at the outset whether a speci ed model might suffer from numerical instability. For

a discussion of identi ability issues, see Harvey (1989, chap. 4, sec. 4). For a discussion of the stability
properties of time-invariant state space models, see Harvey (1989, chap. 3, sec. 3). The following guidelines
are likely to result in models that are identi able and numerically stable:

Build models by composing submodels that are known to be well-behaved. The prede ned models
provided by the SSM procedure are good submodel candidates (see the sections “Prede ned Trend
Models” on page 2484 and “Prede ned Structural Models” on page 2487).

Pay careful attention to the way the variety of system matrices are de ned. The behavior of their
elements, as functions of model parameters and other variables, must be well-understood. If these
elements are de ned by using DATA steps, you can validate their behavior by running these DATA
steps outside of the SSM procedure. In particular, note the following:



2496 F Chapter 34: The SSM Procedure

— The transition matrixt (or Ty in the time-varying case) determines the explosiveness characteris-
tics of the model; it must be well-behaved for all parameters.

— The disturbance covarianc€ must be positive semide nite for all parameters.

— If the system matrices in the state equation, such as the transition Matixthe disturbance
covariance), are time-varying and the data contain replicate observations (observations with the
same ID value), check that the elements of these matrices do not vary during replicate observations.
This follows from the fact that the underlying state does not vary during replications (see the state
equation in the section “State Space Model and Notation” on page 2469 and the section “Types
of Sequence Data” on page 2471).

Convergence Problems

As explained in the section “Likelihood Computation and Model Fitting Phase” on page 2478, the model
parameters are estimated by nonlinear optimization of the likelihood. This process is not guaranteed to
succeed. For some data sets, the optimization algorithm can fail to converge. Nonconvergence can result from
a number of causes, including at or ridged likelihood surfaces and ill-conditioned data. It is also possible
for the algorithm to converge to a point that is not the global optimum of the likelihood.

If you experience convergence problems, consider the following:

Data that are extremely large or extremely small can adversely affect results because of the internal
tolerances used during the ltering steps of the likelihood calculation. Rescaling the data can improve
stability.

Whenever possible, parameterize the disturbance variances in the model on the exponential scale.
For illustrations of parameterizing disturbance variances in this manner, see Example 34.12 and
Example 34.14.

Examine your model for redundancies in the included components and regressors. The components
or regressors that are nearly collinear to each other can cause the optimization process to become
unstable.

Lack of convergence can indicate model misspeci cation such as unidenti able model or a violation of
the normality assumption.

Computer Resource Requirements

The computing resources required for the SSM procedure depend on several factors. The memory requirement
for the procedure is largely dependent on the number of observations to be processed and the size of the state
vector underlying the speci ed model. tfdenotes the sample size amdienotes the size of the state vector,

the memory requirement for the smoothing phase of the Kalman lter is of the order & n m?

bytes, ignoring the lower-order terms. If the smoothed component estimates are not needed, then the memory
requirement is of the order & 8 .m? C n/ bytes. Besides andn, the computing time for the parameter
estimation depends on the size of the parameter vecamd how many likelihood evaluations are needed to
reach the optimum.
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Displayed Output

The default printed output produced by the SSM procedure contains the following information:

brief information about the input data set, including the data set name and label

summary statistics for the response variables in the model, including the names of the variables,
the total number of observations and the number of missing observations, the smallest and largest
measurements, and the mean and standard deviation

information about the index variable, including the index value of the rst and the last observation, the
maximum difference between the successive index values, the number of distinct index values, and the
categorization of the data into regular, regular with replication, or irregular types

estimates of the regression parameters if the model contains any predictors, including their standard
errors,t statistics, angh-values

convergence status of the likelihood optimization process if any parameters are estimated

estimates of the free parameters at the end of the model- tting phase, including the parameter estimates
and their approximate standard errors

the likelihood-based goodness-of- t statistics, including the full likelihood, the sum of squares of
residuals normalized by their standard errors, and the information criteria: AIC, AICC, HQIC, BIC,
and CAIC

summary of most signi cant additive outliers

ODS Table Names

The SSM procedure assigns a name to each table it creates. You can use these names to refer to the table
when you use the Output Delivery System (ODS) to select tables and create output data sets. These names
are listed in Table 34.9.

Table 34.9 ODS Tables Produced by PROC SSM

ODS Table Name Description Statement Option
Tables That Summarize the Model Information
ModelSummary Summary information about Default
the underlying state space
model
IdInformation Summary information about Default
the ID variable
Responselnfo Summary information about Default
the response variables
StateSummary Summary information abouPROC SSM STATEINFO

the model state vector
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Table 34.9 continued

ODS Table Name Description Statement Option
DiffuseStateSummary Summary information abouPROC SSM STATEINFO
the diffuse initial state
Tables Related to Model Parameters and the Likelihood
ConvergenceStatus Convergence status of the Default
estimation process
RegressionEstimates Estimates of the regressioMODEL Default
parameters
StateRegressionEstimates Estimates of the state  STATE W
regression parameters
FixedStateEstimates Estimates of time-invariant, Default
non-stochastic state
subsections
NamedParameterEstimates Estimates of the paramet&ARMS Default
speci ed in the PARMS
statement
ParameterEstimates Estimates of the unknown Default
elements in the model
system matrices
DisturbanceCovariance Estimate of the disturbanc&TATE PRINT=COV
covariance
InitialCovariance Estimate of the initial state STATE PRINT=COV1
covariance
ARCoef cient Estimate of the STATE PRINT=AR
autoregressive coef cient
matrix
MACoef cient Estimate of the STATE PRINT=MA
moving-average coef cient
matrix
TransitionMatrix Estimate of the state STATE PRINT=T
transition matrix
FitSummary Summary of the Default
likelihood-based t-statistics
InformationCriteria Likelihood-based Default
information criteria
Tables Related to Series and Component Forecasts
Forecasts Series forecasts MODEL PRINT=FILTER
SmoothedResponse Smoothed series values MODEL PRINT=SMOOTH
FilteredComponent Component forecasts COMPONENT  PRINT=FILTER
SmoothedComponent Smoothed component COMPONENT  PRINT=SMOOTH

Tables Related to Outlier Detection and Model Quality

AOSummary

Summary of additive outliers Default

Default
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Table 34.9 continued

ODS Table Name Description Statement Option
ElementTrendBreakSummary Elementwise trend break TREND CHECKBREAK

summary
OverallTrendBreakSummary Overall trend break summary TREND CHECKBREAK(OVERALL)
StateElementBreakSummary  Elementwise state break STATE CHECKBREAK

summary
OverallStateBreakSummary  Overall state break summary STATE CHECKBREAK(OVERALL)
MaximalShockSummary Summary of maximal state OUTPUT MAXSHOCK

shocks
PRESS Prediction error sum of OUTPUT PRESS

squares

ODS Graph Names

You can refer to every graph produced through ODS Graphics with a name. The names of the graphs that
PROC SSM generates are listed in Table 34.10, along with the required statements and options.

Table 34.10 ODS Graphs Produced by PROC SSM

ODS Graph Name Description Statement Option

Graphs for One-Step-Ahead Residual Analysis

ResidualNormalityPlot ~ Normality check PROC SSM  PLOTS=RESIDUAL(NORMAL)
ResidualHistogram Residual histogram PROC SSM PLOTS(UNPACK)=RESIDUAL
ResidualQQPlot Residual Q-Q plot PROC SSM  PLOTS(UNPACK)=RESIDUAL
StdResidualPlot Time series plot of PROC SSM Default

standardized residuals

Graphs Related to Outlier Detection and Structural Break

PredErrorNormalityPlot  Normality check PROC SSM PLOTS=A0O(NORMAL)
PredErrorHistogram Prediction error histogram PROC SSM PLOTS(UNPACK)=A0
PredErrorQQPlot Prediction error Q-Q plot PROC SSM PLOTS(UNPACK)=A0O
StdPredErrorPlot Time series plot of PROC SSM PLOTS=A0(STD)
standardized additive-outlier
statistics
MaximalShockPlot Time series plot of maximalPROC SSM PLOTS=MAXSHOCK

state shock chi-square
statistics
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OUT= Data Set

You can use the OUT= option in the OUTPUT statement to store the series and component forecasts that are
produced by PROC SSM. Which columns are included in the data set depends on the model speci cation.
The model can have one or more response variables, a variety of components that appear in the MODEL
statement, and components speci ed by the EVAL statement. The OUT= data set contains the one-step-ahead
and full-sample estimates of the response variables, and all these components.

The following list describes the columns of the data set:

the BY variables

the ID variable, if speci ed by the ID statement

Obs, a variable that contains the observation number

the response series (more than one in the multivariate case)

the following columns associated with the response series (the wildcard * is substituted by the name of
one of the response variables):

FORECAST_* contains the one-step-ahead predicted values. and the multistep forecasts of the
response series.

RESIDUAL_* contains the difference between the actual and forecast values.

StdErr_* contains the standard error of prediction.

Lower_* and Upper_* contain the lower and upper forecast con dence limits.

— Smoothed_* contains the smoothed values of the response variable.

— StdErr_Smoothed_* contains standard errors of the smoothed values of the response variable.
— AO_* contains the additive outlier estimate.

— StdErr_AO_* contains the standard error of the additive outlier estimate.

the following columns associated with the components (the wildcard * is substituted by the name of
one of the components):

— FORECAST_* contains the one-step-ahead predicted values and the multistep forecasts of the
component.

— StdErr_* contains the standard error of prediction.

— Smoothed_* contains the smoothed values of the component.

— StdErr_Smoothed_* contains standard errors of the smoothed values of the component.

— Smoothed_Lower_* and Smoothed_Upper_* contain the lower and upper con dence limits of
the smoothed component.

the maximal state shock chi-square statistics at distinct time points (this column is present only if the
MAXSHOCK option is used in the OUTPUT statement)

Con dence limits are not produced for the smoothed series values or for the component forecasts; they are
produced for the smoothed components.
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Examples: SSM Procedure

Example 34.1: Bivariate Basic Structural Model

This example illustrates how you can use the SSM procedure to analyze a bivariate time series. The following
data set contains two variablésKSI andr_KSI, which are measured quarterly, starting the rst quarter of

1969. The variablé KSI represents the quarterly average of the log of the monthly totals of the front-seat
passengers killed or seriously injured during the car accidents, &®i represents a similar number for the
rear-seat passengers. The data set has been extended at the end with eight missing values, which represent
four quarters, to cause the SSM procedure to produce model forecasts for this span.

data seatBelt;

input f KSI r_KSI @@;

label f_KSI = "Front Seat Passengers Injured--log scale";

label r_KSI = "Rear Seat Passengers Injured--log scale";

date = intnx( quarter, 1jan1969d, n_-1 );

format date YYQS,;

datalines;
6.72417 5.64654 6.81728 6.06123 6.92382 6.18190
6.92375 6.07763 6.84975 5.78544 6.81836 6.04644
7.00942 6.30167 7.09329 6.14476 6.78554 5.78212
6.86323 6.09520 6.99369 6.29507 6.98344 6.06194
6.81499 5.81249 6.92997 6.10534 6.96356 6.21298
7.02296 6.15261 6.76466 5.77967 6.95563 6.18993
7.02016 6.40524 6.87849 6.06308 6.55966 5.66084
6.73627 6.02395 6.91553 6.25736 6.83576 6.03535
6.52075 5.76028 6.59860 5.91208 6.70597 6.08029
6.75110 5.98833 6.53117 5.67676 6.52718 5.90572
6.65963 6.01003 6.76869 5.93226 6.44483 5.55616
6.62063 5.82533 6.72938 6.04531 6.82182 5.98277
6.64134 5.76540 6.66762 5.91378 6.83524 6.13387
6.81594 5.97907 6.60761 5.66838 6.62985 5.88151
6.76963 6.06895 6.79927 6.01991 6.52728 5.69113
6.60666 5.92841 6.72242 6.03111 6.76228 5.93898
6.54290 5.72538 6.62469 5.92028 6.73415 6.11880
6.74094 5.98009 6.46418 5.63517 6.61537 5.96040
6.76185 6.15613 6.79546 6.04152 6.21529 5.70139
6.27565 5.92508 6.40771 6.13903 6.37293 5.96883
6.16445 5.77021 6.31242 6.05267 6.44414 6.15806
6.53678 6.13404 . . . . . . ..

run;

These data have been analyzed in Durbin and Koopman (2012, chap. 8, sec. 3). The analysis presented
here is similar. To simplify the illustration, the monthly data have been converted to quarterly data and two
predictors (the number of kilometers traveled and the real price of petrol) are excluded from the analysis.
You can also use PROC SSM to carry out the more elaborate analysis in Durbin and Koopman (2012).

One of the original reasons for studying these data was to assess the effe€gbaf the enactment of
a seat-belt law in February 1983 that compelled the front seat passengers to wear seat belts. A simple
graphical inspection of the data (not shown here) reveald tk&l andr_KSI do not show a pronounced
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upward or downward trend but do show seasonal variation, and that these two series seem to move together.
Additional inspection also shows that the seasonal effect is relatively stable throughout the data span. These
considerations suggest the following modelyor (f_KSI, r_KSI):
!
Xt

YtD 0 CtC tCt

All the terms on the right-hand side of this equation are assumed to be statistically independent. These terms
are as follows:

The predictoiX; (de ned as Q1_83_Shift later in the program) denotes a variable that is 0 before the
rst quarter of 1983, and 1 thereafteX; is supposed to affect onfyKSiI (the rst element ofy); it
represents the enactment of the seat-belt law of 1983.

¢ denotes a bivariate random walk. It is supposed to capture the slowly changing level of the/vector
To capture the fact th@tKSI andr_KSI move together (that is, they are co-integrated), the covariance
of the disturbance term of this random walk is assumed to be of lower than full rank.

+ denotes a bivariate trigopnometric seasonal term. In this model, it is taken to be xed (that is, the
seasonal effects do not change over time).

t denotes a bivariate white noise term, which captures the residual variation that is unexplained by the
other terms in the model.

The preceding model is an example of a (bivariate) basic structural model (BSM). The following statements
specify and t this model td_KSI andr_KSiI:

proc ssm data=seatBelt stateinfo;
id date interval=quarter;
Q1_83_Shift = (date >= 1jan1983 d);
state error(2) type=WN cov(g) print=cov;
component wnl = error[1];
component wn2 = error[2];
state level(2) type=RW cov(rank=1) print=cov;
component rwl = level[l];
component rw2 = level[2];
state season(2) type=season(length=4);
component sl = season[1];
component s2 = season[2];
model f KSI = Q1 83_Shift rwl s1 wnl / print=(smooth);
model r_KSI = rw2 s2 wn2;
eval f KSI_sa = rwl + Q1_83 Shift;
output out=Forl;
run;

The PROC SSM statement speci es the input datassettBelt. The use of the STATEINFO option in the
PROC SSM statement produces additional information about the model state vector and its diffuse initial
state. The optional ID statement speci es an index variatd&s. The INTERVAL=QUARTER option in
the ID statement indicates that the measurements were collected on a quarterly basis. Next, a programming
statement de neQ1_83_Shift, the predictor that represents the enactment of the seat-belt law of 1983. It
is used later in the MODEL statement foKSI. Separate STATE statements specify the terms, and

+ because they are statistically independent. Each model that governs them (white nojisegfiodom
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walk for , and trigonometric seasonal far) can be speci ed by using the TYPE= option of the STATE
statement. When you use the TYPE= option, you can use the COV option to specify the information about
the disturbance covariance in the state transition equation. The other details, such as the transition matrix
speci cation and the speci cation ok, in the initial condition, are inferred from the TYPE= option. The use

of PRINT=COV in the STATE statement causes the estimated disturbance covariance to be printeda For
white noise)A1 is zeroand); D Qforallt 1, whereQ is speci ed by the COV option. For; and ;

the initial condition is fully diffuse—that isj\; is an identity matrix of appropriate order a@Qd D 0. The

total diffuse dimension of this model C k/,is9 D 8 C 1 as a result of one predictoQ1_83_Shift, and

two fully diffuse state subsections; and ;. The components in the model are de ned by suitable linear
combinations of these different state subsections. The program statements de ne the model as follows:

state error(2) type=WN cov(g); de nes  as atwo-dimensional white noise, naneetr, with
the covariance of general form. Then two COMPONENT statements demeandwn2 as the rst
and second elements efror, respectively.

state level(2) type=RW cov(rank=1); de nes  as a two-dimensional random walk, named
level, with covariance of general form whose rank is restricted to 1. Then two COMPONENT
statements de newl andrw?2 as the rst and second elementslefel, respectively.

state season(2) type=season(length=4); de nes ; as a two-dimensional trigonometric sea-
sonal of season length 4, namsghson, with zero covariance—signi ed by the absence of the COV
option. Then two COMPONENT statements de sie ands2 as appropriate linear combinations

of season so thatsl represents the seasonal foKSI ands2 represents the seasonal foKSI.
Because TYPE=SEASON in the STATE statement, the COMPONENT statement appropriately inter-
prets component s1 = season[1]; assl being a dot product1 0 0 0 1 0/ season For more
information, see the section “Multivariate Season” on page 2490.

model f KSI = Q1_83_Shift rwl s1 wnl; de nes the model forf_KSI, andmodel r_KSI =
rw2 s2 wn2; de nes the model for_KSlI.

The SSM procedure ts the model and reports the parameter estimates, their approximate standard errors,
and the likelihood-based goodness-of- t measures by default. In order to output the one-step-ahead and
full-sample estimates of the components in the model, you can either use the PRINT= options in the MODEL
statement and the respective COMPONENT statements or you can specify an output data set in the OUTPUT
statement. In addition, you can use the EVAL statement to de ne speci c linear combinations of the
underlying state that should also be estimated. The statesvent KSI_sa = rwl + Q1_83_Shift;

is an example of one such linear combination. It de nfe&Sl_sa, a linear combination that represents

the seasonal adjustmentfokSI. The output data seforl (named in the OUTPUT statement) contains
estimates of all the model components in addition to the estimateks|_sa.

The model summary table, shown in Output 34.1.1, provides basic model information, such as the dimension
of the underlying state equatiom(D 10), the diffuse dimension of the modet(C k/ D 9), and the number
of parameters (5) in the model parameter vector
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Output 34.1.1 Bivariate Basic Structural Model

Additional details about the role of different components in forming the model state and its diffuse initial
condition are shown in Output 34.1.2 and Output 34.1.3. They show that the 10-dimensional model state
vector is made up of subsections that are associatecewithandlevel (each of dimension 2) arskason (of
dimension 6). Similarly, the nine-dimensional diffuse vector in the initial condition is made up of subsections
that correspond tevel, season, and the regression variabl®1_83_Shift. Note thaterror does not contribute

to the diffuse initial vector because it has a fully nondiffuse initial state.

Output 34.1.2 Bivariate Basic Structural Model State Vector Summary

Output 34.1.3 Bivariate Basic Structural Model Initial Diffuse State Vector Summary

The index variable information is shown in Output 34.1.4.

Output 34.1.4 Index Variable Information

Output 34.1.5 provides simple summary information about the response variables. It shdws3hanhd

r_KSI have four missing values each and no induced missing values because the predictor in the model,
Q1_83_Shift, has no missing values.
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Output 34.1.5 Response Variable Summary

The regression coef cient ofd1_83_Shift, shown in Output 34.1.6, is negative and is statistically signi cant.
This is consistent with the expected droff iKSI after the enactment of the seat-belt law.

Output 34.1.6 Regression Coef cient of Q1_83_Shift

Output 34.1.7 shows the estimates of the elements @he ve parameters in correspond to unknown
elements that are associated with the covariance matrices in the speci catiemnsr @indlevel. Whenever a
covariance speci cation is of a general form and is not de ned by a user-speci ed variable list, it is internally
parameterized as a product of its Cholesky rdotv D Root Root’. This ensures that the resulting
covariance is positive semide nite. The Cholesky root is constrained to be lower triangular, with positive
diagonal elements. If rank constraints (such as the rank-one constraint on the covariance in the speci cation
of level) are imposed, the number of free parameters in the Cholesky factor is reduced appropriately. For more
information, see the section “Covariance Parameterization” on page 2494. In view of these considerations,
the ve parameters in are a result of three parameters from the Cholesky roetrof and two parameters

that are associated with the Cholesky roolegél.

Output 34.1.7 Parameter Estimates

Output 34.1.8 shows the resulting covariance estimagerof after multiplying the Cholesky factors.

Output 34.1.8 White Noise Covariance Estimate
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Similarly, Output 34.1.9 shows the covariance estimatewef disturbance. Note that because of the rank-one
constraint, the determinant of this matrix is 0.

Output 34.1.9 Covariance Estimate of the Random Walk Disturbance

Output 34.1.10 shows the likelihood computation summary. This table is produced by using the tted
model to carry out the ltering operation on the data. For more information, see the section “Likelihood
Computation and Model Fitting Phase” on page 2478.

Output 34.1.10 Likelihood Computation Summary of the Fitted Model

The output data seEorl, speci ed in the OUTPUT statement contains one-step-ahead and full-sample
estimates of all the model components and the user-speci ed components (de ned by the EVAL statement).
Their standard errors and the upper and lower con dence limits (by default, 95%) are also produced.

The following statements use tRerl data set to produce a time series plot of the seasonally adjustsd

proc sgplot data=For1l,;
title "Seasonally Adjusted f_KSI with 95% Confidence Band";
band x=date lower=smoothed_lower_f KSI_sa
upper=smoothed_upper_f_KSI_sa ;
series x=date y=smoothed_f KSI_sa;
refline 1jan1985d / axis=x lineattrs=(pattern=shortdash)
LEGENDLABEL= "Start of Multistep Forecasts"
name="Forecast Reference Line";
scatter x=date y=f KSI ;
run;

The generated plot is shown in Output 34.1.11.
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Output 34.1.11 Plot of Seasonally Adjusted f_KSI

Example 34.2: Panel Data: Random-Effects and Autoregressive Models

This example shows how you can use the SSM procedure to specify and t the two-way random-effects model
and the autoregressive model to analyze a panel of time series. The tting of dynamic panel model for such
data is illustrated in Example 34.11. These (and a few other) model types can also be tted by the PANEL
procedure, a SAS/ETS procedure that is specially designed to ef ciently handle the cross-sectional time
series data. However, because of the differences in their model tting algorithms, generally the parameter
estimates and other t statistics produced by the SSM and PANEL procedures do not match. The SSM
procedure always uses the (restricted) maximum likelihood for parameter estimation. The estimation method
used by the PANEL procedure depends on the model type and the particular estimation options.

The cross-sectional dat@igar, that are used in the section “Getting Started: SSM Procedure” on page 2438
are reused in this example. The output shown here is less extensive than the output shown in that section.

The main emphasis of this example is how you can specify the two-way random effects model and the
autoregressive model in the SSM procedure.
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According to the two-way random effects model, the cigarette sabdes, can be described by the following
equation:

Isalest D Clprice 1ClIndi 2Clpimin 3C ;C (C

This model representsales in regioni and in yeat as a sum of an overall intercept the regression effects
due tolprice, Indi, andlpimin, a zero-mean, random effegtassociated with regioin a zero-mean, random
effect ; associated with yedr and the observation noise; . The region-speci c random effects and

the year-speci ¢ random effects are assumed to be independent, Gaussian sequences with variances

and 2, respectively. In addition, they are assumed to be independent of the observation noise, which is also
assumed to be a sequence of independent, zero-mean, Gaussian variables with Variance

You can specify and t this model by using the following statements:

proc ssm data=Cigar;
id year interval=year;
parms s2g/ lower=(1.e-6);
array RegionArray{46} regionl-region46;
do i=1 to 46;
RegionArray[i] = (region=i);
end;
/ = region-specific random effects */
state zeta(46) T(l) covi(l)=(s2Qg);
component regionEffect = zeta * (RegionArray);
/ = year-specific random effect */
state eta(l) type=wn cov(D);
component timeEffect = eta[l];
irregular wn;
intercept = 1.0;
model Isales = intercept Iprice Indi Ipimin
timeEffect regionEffect wn;
run;

The PARMS statement de neg, a parameter that is restricted to be positive and is used later as the variance
parameter for the region effect. Similarly the 46-dimensional aragionArray, of region-speci ¢ dummy
variables is de ned to be used later. The state subsectitzncorresponds to, which is the 46-dimensional

vector of region-speci ¢, zero-mean, random effects. The compargiunEffect extracts the proper element

of by using the arrajRegionArray. A constant columnintercept, is de ned to be used later as an intercept

term. The componenimeEffect corresponds to;, andwn speci es the observation noisg . Finally the

MODEL statement de nes the model. Some of the tables that are produced by running these statements are
shown in Output 34.2.1 through Output 34.2.5.

The model summary, shown in Output 34.2.1, shows that the model is de ned by one MODEL statement, the
dimension of the underlying state vector is 47 (becausel6-dimensional and; is one-dimensional), the

diffuse dimension is 4 (because of the four predictors in the model), and there are three parameters to be
estimated.
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Output 34.2.1 Two-Way Random-Effects Model: Model Summary

Output 34.2.2 provides the likelihood information about the tted model.

Output 34.2.2 Two-Way Random-Effects Model: Likelihood Summary

Output 34.2.3 shows the regression estimates.

Output 34.2.3 Two-Way Random-Effects Model: Regression Estimates

The ML estimate ok2g, a parameter speci ed in the PARMS statement, is shown in Output 34.2.4. It
corresponds to 2, the variance of the region effect.

Output 34.2.4 Two-Way Random-Effects Model: Estimate of 2
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Output 34.2.5 Variance Estimates of ; and j;

The estimates of the other unknown parameters in the model are shown in Output 34.2.5. It shows the
estimate of the variance of the irregular componemiand the estimate of the variance of the time effect

The remainder of this example describes how you can specify and t the following rst-order vector
autoregessive model to the cigarette data:

Isalest D Clprice 1ClIndi »ClIpimin 3C (Eie
t D7 t1C

This model representsales in regioni and in yeat as a sum of an overall intercept the regression effects
due tolprice, Indi, andlpimin, and thath element of a vector error term(i*The multidimensional error
sequence; is assumed to follow a rst-order autoregression with a diagonal autoregressive coef cient matrix
~ and with a multivariate, white noise sequenges its disturbance sequence. The covariance matrix of

t, T, is assumed to be dense. Note that the dimension of the veg¢tisrthe same as the number of cross
sections in the study (the number of regions in this example). Therefore, even for a relatively modest panel
study, the total number of parameters to be estimated can get quite large. Therefore, in this example only the
rst three regions are considered in the analysis. The following statements specify and t this model to the
Cigar data set:

proc ssm data=Cigar;

where region <= 3;

id year interval=year;

array RegionArray{3} regionl-region3;

do i=1 to 3;

RegionArray[i] = (region=i);

end;

state zeta(3) type=varma(p(d)=1) cov(g) print=(ar cov);

component eta = zeta *(RegionArray);

intercept = 1.0;

model Isales = intercept Iprice Indi Ipimin eta;
run;

The vectors ; are speci ed in the STATE statement. The TYPE= speci cation signi es that the three-
dimensional state subsecticmeta, follows a vector AR(1) model with a diagonal transition matrix and a
disturbance covariance of a general form. The PRINT=(AR COV) option causes the SSM procedure to
print the estimated AR coef cient matriX, , and the disturbance error covariaricerespectively. The
COMPONENT statement de nes the appropriate error contribution (naa@d ; Ei*Output 34.2.6 shows

the estimated regression coef cients, Output 34.2.7 shows the estimateaofl Output 34.2.8 shows the
estimate oft :
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Output 34.2.6 Autoregressive Model: Regression Estimates

Output 34.2.7 Estimate of the AR Coef cient ~

Output 34.2.8 Estimate of the Disturbance Covariance 1

Example 34.3: Backcasting, Forecasting, and Interpolation

This example illustrates how you can do model-based extrapolation—backcasting, forecasting, or
interpolation—of a response variable. All you need is to appropriately augment the input data set with the
relevant ID and predictor information and assign missing values to the response variable in these places.
The following DATA step creates one such augmented data set by using a well-known data set that contains
recordings of the Nile River water level measured between the years 1871 and 1970. Suppose you want to
backcast the Nile water level for two years before 1871, forecast it for two years after 1970, and interpolate

its value for the year 1921—for illustration purposes, this value is assumed to be missing in the available data
set.

data Nile;
input level @@;
year = intnx( year, 1jan1869d, _n_-1 );
format year year4.;
if year = 1jan1921d then level=;
datalines;

1120 1160 963 1210 1160 1160 813 1230 1370 1140
995 935 1110 994 1020 960 1180 799 958 1140
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1100 1210 1150 1250 1260 1220 1030 1100 774 840
874 694 940 833 701 916 692 1020 1050 969
831 726 456 824 702 1120 1100 832 764 821
768 845 864 862 698 845 744 796 1040 759
781 865 845 944 984 897 822 1010 771 676
649 846 812 742 801 1040 860 874 848 890
744 749 838 1050 918 986 797 923 975 815
1020 906 901 1170 912 746 919 718 714 740

It is also known that for this time span the Nile water level can be reasonably modeled as a sum of a random
walk trend, a level shift in the year 1899, and the observation error. The following statements t this model to
the data:

proc ssm data=Nile;
id year interval=year;
shiftl899 = ( year >= 1jan1899d );
trend rw(rw);
irregular wn;
model level = shift1899 RW wn / print=smooth;
output out=nileOut;
quit;

The model-based interpolated and extrapolated values of the Nile water level are shown in Output 34.3.1,
which is produced by using the PRINT=SMOOQOTH option in the MODEL statement.

Output 34.3.1 Interpolated and Extrapolated Nile Water Level

Example 34.4: Longitudinal Data: Smoothing of Repeated Measures

This example of a repeated measures study is taken from Diggle, Liang, and Zeger (1994, p. 100). The
data consist of body weights of 27 cows, measured at 23 unequally spaced time points over a period of
approximately 22 months. Following Diggle, Liang, and Zeger (1994), one animal is removed from the
analysis, one observation is removed according to their Figure 5.7, and the time is shifted to start at 0 and is
measured in 10-day increments. The designds a2 factorial, and the factors are the infection of an animal

with M. paratuberculosis and whether the animal is receiving iron dosing. The data set contains ve variables:
cow assigns a unique identi cation number—from 1 to 26—to each cow in the sty denotes the time

of the growth measurementgight denotes the growth measurementy is a dummy variable that indicates
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whether the animal is receiving iron or not, aintkction is a dummy variable that indicates whether the
animal is infected or not. The goal of the study is to assess the effeohandinfection—and their possible
interaction—ornweight. The following DATA steps create this data set:

data times;

input timel-time23;

datalines;

122 150 166 179 219 247 276 296 324 354 380 445
478 508 536 569 599 627 655 668 723 751 781

data Cows;
if _n_ = 1 then merge times;
array t{23} timel - time23;

array w{23} weightl - weight23;
input cow iron infection weightl-weight23 @ @;

do i=1 to 23;
weight = wi{i};
tpoint = (t{i}-t{1})/10;
output;
end;
keep cow iron infection tpoint weight;
datalines;

100 47 4905 5.011 5.075 5.136 5.165 5.298 5.323
5.416 5.438 5541 5.652 5.687 5.737 5.814 5.799

. more lines ...

The following DATA step add#oninf, a grouping variable that is used later during the plotting of the results.
In the next step, the data are sorted by the index varigiig.

data Cows;
set Cows;
ironinf = "No Iron and No Infection";
if iron=1 and infection=1 then ironinf = "lIron and Infection";
else if iron=1 and infection=0 then ironinf = "lron and No Infection";

else if iron=0 and infection=1 then ironinf = "No Iron and Infection";
else ironinf = "No Iron and No Infection";
run;

proc sort data=Cows;
by tpoint ;

run;
To assess the effect @bn andinfection onweight, the natural growth pro le of the animals must also be
accounted for. Here two alternate models for this problem are considered. The rst model assumes that the
observed weight of an animal is the sum of a common growth pro le, which is modeled by a polynomial
spline trend of order 2, the regression effectsaf andinfection, and the observation erro—modeled as
white noise. An interaction term, for interaction betwé®en andinfection, was found to be insigni cant and
is not included. In the second model, the common growth pro le and the regression variables of the rst
model are replaced by four environment speci ¢ growth pro les.
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The following statements t the rst model:

proc ssm data=Cows;
id tpoint;
trend growth(ps(2));
irregular wn;
model weight = iron infection growth wn;
eval pattern = iron + infection + growth;
output out=For;
quit;
Output 34.4.1 shows that the state dimension of this model is 2 (corresponding to the polynomial trend
speci cation of order 2), the number of diffuse elements in the initial condition is 4 (corresponding to the
trend and the two regressarsn andinfection), and the number of unknown parameters is 2 (corresponding
to the variance parameters of trend and irregular).

Output 34.4.1 Modell: Model Summary Information

Output 34.4.2 shows that the ID variable is irregularly spaced with replication.

Output 34.4.2 ID Variable Information

The estimated regression coef cientsiain andinfection, shown in Output 34.4.3, are signi cant and
negative. This implies that botlon andinfection adversely affect the response variabieight.

Output 34.4.3 Model 1: Regression Estimates
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The variance estimates of the trend component and the irregular component are shown in Output 34.4.4.

Output 34.4.4 Model 1: Estimates of Unnamed Parameters

After examining the model t, it is useful to study how well the patterns implied by the model follow the
data.pattern, de ned by the EVAL statement, is a sum of the trend component and the regression effects. A
graphical examination of the smoothed estimatpatfern is done next. The following DATA step merges

the output data set speci ed in the OUTPUT statemEot, with the input data seCows. In particular, this
addsironinf (a grouping variable frontows) to For.

data For;
merge for Cows;
by tpoint;

run;

The following statements produce the graphsrmabothed_pattern, grouped according to the environment
condition (see Output 34.4.5). The plot clearly shows that the control group “No Iron and No Infection” has
the best growth pro le, while the worst growth pro le is for the group “Iron and Infection.”

proc sgplot data=For noautolegend;
titte Common Growth Profile Adjusted by Iron and Infection Status;
band x=tpoint lower=smoothed_lower_pattern
upper=smoothed_upper_pattern / group=ironinf name="band";
series  x=tpoint y=smoothed_pattern / group=ironinf name="series";
keylegend "series";
run;
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Output 34.4.5 Model 1: Growth Pro le Comparison with 95% Con dence Bands

The following statements produce a panel of plots that show howswelbthed_pattern follows the observed
data:

proc sgpanel data=For noautolegend;
titte Growth Plots Grouped by Iron and Infection;
label tpoint=Time ;
panelby iron infection / columns=2;
band x=tpoint lower=smoothed_lower_pattern
upper=smoothed_upper_pattern ;
scatter x=tpoint y=weight;
series x=tpoint y=smoothed_pattern ;
run;

Output 34.4.6 shows that the model ts the data reasonably well.
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Output 34.4.6 Model 1: Smoothed Model Fit Lines

The following statements t the second model. In this model separate polynomial trends are t according to
different settings of iron and infection by specifying an appropriate list of (dummy) variables in the CROSS=
option of the trend speci cation.
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proc ssm data=Cows;
id tpoint;
al (iron=1 and infection=1);
a2 (iron=1 and infection=0);
a3 (iron=0 and infection=1);
a4 = (iron=0 and infection=0);
trend growth(ps(2)) cross=(al-a4);
irregular wn;
model weight = growth wn;
/ = Define contrasts between al and other treatments */
comp alCurve = growth_state [1];
comp a2Curve = growth_state [2];
comp a3Curve growth_state [3];
comp a4Curve = growth_state [4];
eval contrast21 = a2Curve - alCurve;
eval contrast31 = a3Curve - alCurve;
eval contrast4l = a4Curve - alCurve;
output out=forl;

quit;

As a result of the CROSS= option, the trend compoigenwith is actually a sum of four separate trends that
correspond to the different iron-infection settings. Denogrmvth by  and the four independent trends by

1ty 2ty 3t;and gy,
t D al 1t C 82 2:t C a3 3t C a4 4:t

whereal, a2, a3, anda4 are the dummy variables speci ed in the CROSS= option. This shows that, for any
given setting (say, the one fad)  is simply the corresponding trend, . In addition, note the form of

the COMPONENT statements that de ne the componah@urve, a2Curve, a3Curve, anda4Curve. This

form of the COMPONENT statement treats the state that is associatedrawtth, namedgrowth_state

by convention, as a state of nominal dimension 4—the number of variables in the CROSS= list. This, in
turn, implies that1Curve, which is de ned agyrowth_state_[1], refers to 1. These components are
subsequently used in the EVAL statements to de ne contrasts between the trends—for examialst21
corresponds to the difference between the trengsand 1. The estimates of these componeiatsJurve,
a2Curve, ..., contrast41) are output to the data setrl named in the OUT= option of the OUTPUT data set.

The model summary, shown in Output 34.4.7, re ects the increased state dimension and the increased number
of parameters.

Output 34.4.7 Model2: Model Summary Information
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Output 34.4.8 shows the parameter estimates for this model.

Output 34.4.8 Model2: Estimates of Unnamed Parameters (Partial Output)

Next, the smoothed estimate of tremglofwvth) is graphically studied. The following DATA step prepares the
data for the grouped plots efoothed_growth by mergingForl with the input data seTows. As before, the
reason is merely to includeoninf (the grouping variable).

data Forl;
merge Forl Cows;
by tpoint;
run;
The following statements produce the graphs of smoothedr the desired settings (since the grouping
variableironinf exactly corresponds to these settings). Once again, the plot in Output 34.4.9 clearly shows
that the control group “No Iron and No Infection” has the best growth pro le, while the worst growth pro le
is for the group “Iron and Infection.” However, unlike the rst model, the pro le curves are not merely shifted
versions of a common pro le.

proc sgplot data=Forl noautolegend;
titte Iron and Infection Status-Specific Growth Profiles ;
band x=tpoint lower=smoothed_lower_growth
upper=smoothed_upper_growth / group=ironinf name="band";
series  x=tpoint y=smoothed_growth / group=ironinf name="series";
keylegend "series";
run;
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Output 34.4.9 Model 2: Growth Pro le Comparison with 95% Con dence Bands

The following statements produce the plot of smoothegl 1.t/—contrast between the best and the
worst growth pro les:

proc sgplot data=For1l,;
titte "Estimated Contrast between the Treatments 4 and 1 "
band x=tpoint lower=smoothed_lower_contrast41l
upper=smoothed_upper_contrast41;
series x=tpoint y=smoothed_contrast41;
run;

Output 34.4.10 shows that the growth pattern of the control group “No Iron and No Infection” consistently
remains above the growth pattern of the treatment group “lron and Infection.”
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Output 34.4.10 Estimated Contrast between the Treatments 4 and 1 with 95% Con dence Bands

Example 34.5: A User-De ned Trend Model

This example shows how to specify a continuous-time trend model discussed in Harvey (1989, chap. 9, sec.
9.2.1). This model is not one of the prede ned trend models in the SSM procedure. The system matrices that
govern the two-dimensional state of this model are

h
TD 1

o

hZCh322 h222#
QD 1hz 3 2

2
wheren D hy D . {¢c1 ¢/ denotes the difference between the successive time points, and the parameters
2 and 2 are called the level variance and the slope variance, respectively. The initial condition is fully
diffuse. The trend component corresponds to the rst element of this state vector. The second element of the
state vector corresponds to the slope of this trend component. This model reduces to the polynomial spline

model of order 2 if the level variancef D 0. (See the section “Polynomial Spline Trend” on page 2486.)

ASEN
>
N
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The following statements specify a trend-plus-noise model to model the growth of cows in the previous
example (Example 34.4). The only cows that are considered are the ones that received iron and are infected.

proc ssm data=Cows;
where iron=1 and infection=1;
id tpoint;
parms varl var2 / lower=(1.e-8 1.e-8);
array tMat{2,2};

tMat[1,1] = 1;
tMat[2,2] = 1;
tMat[1,2] = _ID_DELTA_;

array covMat{2,2};
covMat[1,1] = varl * |ID_DELTA_ + var2 *=_ID_DELTA ** 3/3;

covMat[1,2] = var2 * ID_DELTA_** 2/2;
covMat[2,1] = covMat[1,2] ;
covMat[2,2] = var2 * |D_DELTA ;

state harveyLL(2) T(g)=(tMat) cov(g)=(covMat) al(2);
component trend harveyLL[1];
component slope = harveyLL[2];
irregular wn;
model weight = trend wn;
output out=for;
run;

The program is easy to follow. The PARMS statement dechardsandvar2 as positive parameters, which
correspond tol2 and 22 respectively. The programming statements de ne arrdwst andcovMat, which

later become the matricdsandQ, respectively. Note that the elemektat[2,1] is left unassigned, since it

is a structural zero of (see the section “Sparse Transition Matrix Speci cation” on page 2475 for more
information). Recall that the prede ned variabl®®>_DELTA_ contains the value di;, which is needed for

de ning the elements of andQ (see the section “ID Statement” on page 2456). The STATE statement
de nes the trend state vectdrarveyLL, and the COMPONENT statement de nes the trend component,
trend, by selecting the rst element dfarveyLL. An additional COMPONENT statement de nes the slope
componentslope, as the second elementimdrveyLL. Theslope component (which represents the cow's
growth rate) is not part of the observation equation; it is speci ed so that its estimate is oufou{(toe
OUT= data set speci ed in the OUTPUT statement). The IRREGULAR statement de nes the observation
noise, and the MODEL statement de nes the trend-plus-noise model.

The estimates ofarl andvar2 are shown in Output 34.5.1. It shows that the estimate of the level variance is
nearly 0, implying that the tted trend model is identical to the polynomial spline trend of order 2.

Output 34.5.1 Estimates of the Named Parameters

The estimate of the noise variance is shown in Output 34.5.2.
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Output 34.5.2 Estimates of the Unnamed Parameters

The following statements produce the plot of the t of this trend model (shown in Output 34.5.3):

proc sgplot data=For;
titte "Model Fit: Two-Parameter Polynomial Spline of Order 2"
series x=tpoint y=smoothed_trend;
scatter x=tpoint y=weight;

run;

Output 34.5.3 A User-De ned Trend Model

The following statements produce the plot of the estimate oflitige2 component (shown in Output 34.5.4).
This plot complements the preceding plotieid; it shows the pattern of decline in the growth rate as the
animals age.
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proc sgplot data=For;
titte "Smoothed Estimate of Growth-Rate";
series x=tpoint y=smoothed_slope;

run;

Output 34.5.4 Estimate of the slope Component

Example 34.6: Model with Multiple ARIMA Components

This example shows how you can t the REGCOMPONENT models in Bell (2011) by using the SSM
procedure. The following DATA step generates the data used in the last example of this article (Example
6: “Modeling a Time Series with a Sampling Error Component”). The variglotethis data set contains
monthly values of the VIP series (value of construction put in place), a US Census Bureau publication that
measures the value of construction installed or erected at construction sites during a given month. The values
of y are known to be contaminated with heterogeneous sampling errors; the variabighe data set is a

proxy for this sampling error in the log scale. The variahbie is treated as a weight variable for the noise
component in the model.
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data Test;
input y hwt;
date = intnx( month, 01jan1997d, _n_-1 );
format date date.;
logy = log(y);
label logy = Log value of construction put in place ;
datalines;

115.2 0.042

110.4 0.042

1115 0.067

127.9 0.122

150.0 0.129

149.5 0.135

139.5 0.152

144.6 0.168

176.0 0.173

. more lines ...

The article proposes the following model for the log VIP series:
logy/ D {Chwt

where  follows an ARIMA(0,1,) (0,1,1)12 model and ; is a zero-mean, AR(2) error process. In addition,
the article xes the values of some of the model parameters to known values in order to use the known
background information. The following statements specify the model in the article:

proc ssm data=Test;
id date interval=month;
parm varl=0.016565 / lower=1.e-8;
trend airlineTrend(arma(d=1 sd=1 g=1 sg=1 s=12)) variance=varl,
trend ar2Noise(arma(p=2)) cross=(hwt) ar=0.600 0.246 variance=0.34488;
model logy = airlineTrend ar2Noise;
output outfor=For;
run;

Output 34.6.1 Estimates of the MA Parameters in the airlineTrend Model

Output 34.6.2 Estimate of the Error Variance in the airlineTrend Model
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The ARIMA(0,1,0) (0,1,1)3, trend  is namedairlineTrend and the zero-mean, AR(2) error processs
namedar2Noise. For more information about the ARIMA notation, see the TREND statement. The estimates
of model parameters are shown in Output 34.6.1 and Output 34.6.2. These estimates are slightly different
from the estimates given in the article; however, the estimated trend and noise series are qualitatively similar.

The following statements produce the plot of the estimate ohilieeTrend component (shown in Out-
put 34.6.3). This plot is very similar to the trend plot shown in the article (the article plots are in the antilog
scale).

proc sgplot data=For;
title "Smoothed Estimate of the ARIMA(0,1,1)(0,1,1)12 Trend";
series x= date y=smoothed_airlineTrend,;
scatter x= date y=logy;

run;

Output 34.6.3 Estimate of the airlineTrend Component

The following statements produce the plot of the estimate adittigoise component (shown in Output 34.6.4).
This plot is also very similar to the noise plot shown in the article (once again, the article plots are in the
antilog scale).
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proc sgplot data=For;
title "Smoothed Estimate of the AR(2) Noise";
series x= date y=smoothed_ar2Noise;
refline O;

run;

Output 34.6.4 Estimate of the ar2Noise Component

Example 34.7: A Dynamic Factor Model for the Yield Curve

This example shows how you can t a variant of the dynamic Nelson-Siegel (DNS) factor model discussed in
Koopman, Mallee, and van der Wel (2010). Also see the example in Durbin and Koopman (2012, chap. 8,
sect. 6). The following DATA step creates the yield-curve datalset, that is used in Koopman, Mallee,

and van der Wel. The data are monthly bond yields that were recorded between the start of 1970 and the
end of 2000 for 17 bonds of different maturities; the maturities range from three months to 10 years (120
months). The variabldate contains the observation datégld contains the bond yielamaturity contains the
associated bond maturity, andype contains an index (ranging from 1 to 17) that sequentially labels bonds

of increasing maturity. The data have been extended for two more years by adding missing yields for the
years 2001 and 2002, which causes the SSM procedure to produce model forecasts for this span.
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data Dns;

input date : date. yield maturity mtype;
format date date.;

datalines;

1-Jan-70 8.019 3 1
1-Jan-70 8.091 6
1-Jan-70 8.108 9 3

N

. more lines ...

In addition, suppose you are interested in extrapolating the tted model to predict the yield of a hypothetical
bond that has a maturity of 42 months and is not traded on the general exchange. The following DATA step
creates the necessary missing values for this new bond, which is assigned the index of 18—that is, the value
of mtype is 18:

data tmpl;
set dns(keep=date);
by date;
if first.date then do;
yield =
maturity = 42;
mtype = 18;
output;
end;
run;

proc append data=tmpl base=dns; run;
proc sort data=dns;

by date;

run;

Suppose that;. / denotes the (idealized) yield at tim¢hat is associated with a bond of maturityin
months). Even if time is not measured continuously and the bonds of only certain maturities are fratled,
is treated as a smooth function of two continuous variables, ttmmel maturity . Koopman, Mallee, and
van der Wel (2010) discuss a variety of models far/ , which is called the yield surface. One of these
models depends on a positive, time-varying, scalar parametand a time-varying three-dimensional vector
parameter ;. This model can be described as follows:

t./ D . It; t/

1 ) / 1 . /
B L TP s S exp. t/
t t

D 1#tC 2

This model is a dynamic version of a static model discussed in Nelson and Siegel (1987), waede

are time invariant. For xed time periogl the three terms in this model have relatively simple interpretation.
The rstterm 1; can be thought of as the overall yield level because it does not dependtos bond
maturity. It can also be thought of as the long term yield becausé'ds the other two terms vanish; the

coef cients of both »; and 3; convergetoOas" 1 (recallthat ; is positive). Next, note that as# 0

the coef cient of ,; in the second term converges to 1 while that gf in the third term converges to O;
therefore the second term can be thought of as a correction to the overall yield that is associated with the short
term bonds. Finally, note that the coef cient of; in the third term is a unimodal function ofthat decays
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monotonicallyto 0 as # 0Oand as "1 ;therefore the third term is associated with the medium term bond
yields. It is postulated that the observed yield, denotey:by , is a noisy version of this unobserved (true)
yield ¢. /. The observed yield can be modeled as

I ¢; ¢/C ¢

1 exp. / 1 exp. /
1t C 2t L C a LI exp. ¢/ C g
t t

Y./

O O O

ot / “. t 1 /I C t

where . are zero-mean, independent, Gaussian variables with varignead  is a three-dimensional,
Gaussian white noise. That is; is a VAR(1) process with mean vector The remainder of this example
explains how to use the SSM procedure to t this model to the yield data iDtkalata set.

Suppose that variabled, Z2, andz3 are de ned as the coef cients ofy;, »¢, and 3, respectively. That
is,

Z1 D 1
79 D 1 exp. ¢/
t
1 exp. /
7z3 b — 2P 0w
t
In this case,

t./ DZ1 141 CZ2 4 CZ3 3

Let 1 D ¢ . Then ¢ is a zero-mean VAR(1) process andD  C . In particular,

t./ D Z1 14 CZ2 5 CZ3 3
D z1 ;1CZ2 ,CZ3 3CZ1 1CZ2 2CZ3 3

This shows that the model fgr. / can be cast into a state space form with the following observation
equation:

yt-/ Dz:CzZ C t;

The underlying six-dimensional state vectgris formed by joining the two independent subvectorgwhich
is a zero-mean, VAR(1) process) and the constant mean vecitnatis, { D . 1t 2t 3t 1 2 3/0.

Note that the variablez2 andz3 depend on the time varying parameter which is unknown. ¢ is assumed

to be a smooth and positive function of timndn what follows  is represented as an exponential of a cubic
spline—a B-spline— in time with four evenly spaced interior knots between January 1970 and December
2002. A cubic spline with four interior knots can be represented as a sum of seven (number of knots + spline

estimated from the data. The following statements augmerthalata set with the B-spline basis columns
in two steps. First a data set that contains the basis coluwinsy, is created by using the BSPLINE function
in the IML procedure. This data set is then merged withDihe data set.
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proc iml;
use dns;
read all var {date} into x;
bsp = bspline(x, 2, ., 4);
create spline var{cl c2 ¢3 c4 c5 c6 c7};
append from bsp;
quit;
data dns;
merge dns spline;
run;

The following statements use the SSM procedure to perform the model tting and forecasting calculations.
The variance of the observation equation disturbance for the hypotheticaliotmpe & 18) is taken to be the
average of the neighboring bondstype = 10 and 11), whose maturities are 36 and 48 months, respectively.

proc ssm data=Dns optimizer(techniqgue=dbldog maxiter=400);
id date interval=month;

/= Time-varying parameter lambda */

parms v1-v7;

lambda = exp(vl *cl + v2+*c2 + v3*c3 + v4+*c4
+ v5*c5 + v6*c6 + V7 *C7);

/ = Observation equation disturbance -- separate variance for each maturity */
parms sigmal-sigmal? / lower=1.e-4;
array s_array(17) sigmal-sigmal7;
do i=1 to 17;
if (mtype=i) then sigma = s_arrayfi];
end;
if (mtype=18) then sigma = (sigmalO+sigmall)/2;
irregular wn variance=sigma;

/= Variables Z1, Z2, Z3 needed in the observation equation */
Z1= 1.0;
tmp = lambda * maturity;

Z2 = (l-exp(-tmp))/tmp;
Z3 = ( l-exp(-tmp)-tmp *exp(-tmp) )/tmp;
/= Zero-mean VAR(1) factor zeta and the associated component */

state zeta(3) type=VARMA(p(d)=1) cov(g) print=(cov ar);
comp zetaComp = (Z1-Z3) =*zeta;

/ = Constant mean vector mu and the associated component */
state mu(3) type=rw;
comp muComp = (Z1-Z3) *mu;

/ = Observation equation */
model yield = muComp zetaComp wn;

/= Various components defined only for output purposes */
eval yieldSurface = muComp + zetaComp;

comp zetal = zeta[l];
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comp zeta2 = zeta[2];
comp zeta3 = zeta[3];
comp mul = mu[l];
comp mu2 = muf2];
comp mu3 = mu[3];

comp z2zeta
comp z3zeta

(22) =zetal2];
(Z3) =zeta[3];

comp z2Mu = (Z2) »mu[2];
comp z3Mu = (Z3) *mul3];
eval betal = mul + zetal;
eval beta2 = mu2 + zeta2;
eval beta3 = mu3 + zeta3;

eval shortTem
eval medTerm

z2zeta + z2Mu;
z3zeta + z3Mu;

/= output the component estimates and the forecasts */
output out=dnsFor pdv;
run;

The DBLDOG optimization technique is used for parameter estimation since it is computationally more

ef cient in this example. The transition matrik,, in the VAR(1) speci cation ofzetais taken to be diagonal
(TYPE=VARMA(P(D)=1)) because the use of more general square matrix did not improve the model t
signi cantly. The mean vectomu (recall thatbeta D zeta C mu) is speci ed as a three-dimensional
random walk with zero disturbance covariance (signi ed by the absence of COV= option). The model
speci cation part of the program ends with the MODEL statement; the subsequent COMP and EVAL
statements de ne some useful linear combinations of the underlying state. Their estimates are computed after
the model tis completed and are output to the output datalssfor. ThednsFor data set also contains all

the program variables and the parameters de ned in the PARMS statement because the OUTPUT statement
contains the PDV option.

Output 34.7.1 shows the estimated mean vectgr (It shows that the mean long-term yield is 7.64.
Output 34.7.2 shows the estimates/ofv7 (used for de ning time-varying ;) and the maturity speci ¢
observation variances. Output 34.7.3 shows the estimate of the VAR(1) transition madiril Output 34.7.4
shows the associated disturbance covariance mhtrikhe model t summary is shown in Output 34.7.5.

Output 34.7.1 Estimate of the Mean Vector ( )
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Output 34.7.2 Estimates of v1-v7 and Observation Variances

Output 34.7.3 Transition Matrix, ~ , Associated with
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Output 34.7.4 Estimated Disturbance Covariance of

Output 34.7.5 Likelihood Computation Summary for the DNS Factor Model

The following statements produce the time series plots of the smoothed estimate of the idealized bond yield
( ¢. /) for bonds with maturities 30, 60, and 120 months (shown in Output 34.7.6). To simplify the display,
the plots exclude the time span prior to 1991.

proc sgplot data= dnsFor;
title "The Estimated Yield Surface and the Observed Yields ";
where maturity in (3 60 120) and date >= 31dec1990 d;
series x=date y=smoothed_yieldSurface / group=maturity;
scatter x=date y=yield / group=maturity;
refline 31dec2000d / axis=x lineattrs=GraphReference(pattern = Dash)
name="RefLine" label="Start of multistep forecasts";
run;
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