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Overview: VARMAX Procedure
Given a multivariate time series, the VARMAX procedure estimates the model parameters and generates
forecasts that are associated with vector autoregressive moving average processes with exogenous regressors
(VARMAX) models. Often, economic or financial variables are not only contemporaneously correlated
with each other, but also correlated with each other’s past values. You can use the VARMAX procedure
to model these types of time relationships. In many economic and financial applications, the variables of
interest (dependent, response, or endogenous variables) are influenced by variables external to the system
under consideration (independent, input, predictor, regressor, or exogenous variables). The VARMAX
procedure enables you to model the dynamic relationships both among the dependent variables and between
the dependent and independent variables.

A VARMAX model is defined in terms of the orders of the autoregressive or moving average processes
(or both). When you use the VARMAX procedure, these orders can be specified by options or they can
be automatically determined according to the information criteria. The VARMAX procedure supports the
following information criteria: Akaike’s information criterion (AIC), the corrected AIC (AICC), the Hannan-
Quinn criterion (HQC), the final prediction error (FPE), and the Schwarz Bayesian criterion (SBC), which is
also known as the Bayesian information criterion (BIC). For the definitions and usages of the information
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criteria, see the section “The Minimum Information Criterion (MINIC) Method” on page 2962 for more
details.

If you do not want to use automatic order selection, the VARMAX procedure provides the following
autoregressive order identification aids: partial cross-correlations, partial autoregressive coefficients, partial
canonical correlations, and Yule-Walker estimates.

For situations where the stationarity of the time series is in question, the VARMAX procedure provides the
following tests to aid in determining the presence of unit roots and cointegration: Dickey-Fuller tests, the
Stock-Watson common trends test for the possibility of cointegration among nonstationary vector processes
of integrated order one, and Johansen cointegration tests for nonstationary vector processes of integrated
order one and order two.

For stationary vector times series or nonstationary series that are made stationary by appropriate differencing
or cointegration, the VARMAX procedure provides the vector autoregressive and moving average (VARMA)
model and the vector error correction model (VECM). The vector error correction model can be in both
autoregressive (AR) and autoregressive and moving average (ARMA) forms.

To cope with the problem of high dimensionality in the parameters of the VAR model and the VECM, the
VARMAX procedure provides both the Bayesian vector autoregressive (BVAR) model and the Bayesian
vector error correction model (BVECM). Bayesian models are used when prior information about the model
parameters is available.

The VARMAX procedure also allows independent (exogenous) variables and their distributed lags to influence
dependent (endogenous) variables in various models. These models are identified by an X suffix added to the
original model name; for example, VARMAX, VECMX, BVARX, and BVECMX.

Correlations in the second moments of the vector time series might exist; this is called conditional het-
eroscedasticity. The VARMAX procedure supports three forms of multivariate generalized autoregressive
conditional heteroscedasticity (GARCH) models to model the conditional heteroscedasticity: the Baba-Engle-
Kroner-Kraft (BEKK) GARCH model, the constant conditional correlation (CCC) GARCH model, and the
dynamic conditional correlation (DCC) GARCH model. For CCC and DCC GARCH models, five subforms
of univariate GARCH models are supported: the GARCH model, the exponential GARCH (EGARCH)
model, the quadratic GARCH (QGARCH) model, the threshold GARCH (TGARCH) model, and the power
GARCH (PGARCH) model.

You can use the VARMAX-GARCH model or the VEC-ARMAX-GARCH model to simultaneously model
both the first and second moments of the time series.

Forecasting is one of the main objectives of multivariate time series analysis. After successfully fitting the
VARMAX, BVARX, VECMX, BVECMX, and multivariate GARCH models, the VARMAX procedure
computes predicted values and conditional heteroscedasticity based on the parameter estimates and the past
values of the vector time series. Out-of-sample multistep-ahead forecasts are also supported.

The following model parameter estimation methods are supported:

� the least squares (LS) method, which can be applied to VARX models

� the maximum likelihood (ML) method, which can be applied to all types of models

� the conditional maximum likelihood (CML) method, which can be applied to VARMAX models

When you use the ML or CML method, you can start your optimization with the default or with different
initial parameter values.
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The VARMAX procedure supports the estimation of the restricted model when you impose linear constraints
on the parameters of interest. The VARMAX procedure also supports various hypothesis tests of long-run
effects and adjustment coef�cients by using the likelihood ratio test that is based on Johansen cointegration
analysis. It also supports the likelihood ratio test of weak exogeneity for each variable. In fact, because the
VARMAX procedure outputs log-likelihood values for all models, you can always use the likelihood ratio test
to check any linear hypothesis on parameters that are estimated in the models by estimating the restricted and
unrestricted models separately. The VARMAX procedure also supports another alternative test, the Wald test.

After �tting the model parameters, the VARMAX procedure uses the following tests to provide model checks
and residual analysis: Durbin-Watson (DW) statistics, theF test for autoregressive conditional heteroscedastic
(ARCH) disturbance, theF test for AR disturbance, the Jarque-Bera normality test, and the Portmanteau test.

The VARMAX procedure supports several modeling features, including seasonal deterministic terms, linear
and quadratic time trends, subset models, multiple regression with distributed lags, the dead-start model
(which does not have present values of the exogenous variables), and so on.

The VARMAX procedure provides a Granger causality test to determine the Granger-causal relationships
between two distinct groups of variables. It also provides the following: the in�nite order AR representation,
the impulse response function (also called in�nite order MA representation), the decomposition of the
predicted error covariances, roots of the characteristic functions for both the AR and MA parts to evaluate the
proximity of the roots to the unit circle, and contemporaneous relationships among the components of the
vector time series.

Getting Started: VARMAX Procedure

This section provides several examples of the types of models that the VARMAX procedure supports.

Vector Autoregressive Model

Let yt D .y 1t ; : : : ; ykt /0; t D 1; 2; : : : ; denote ak-dimensional time series vector of random variables of
interest. Thepth-order VAR process is written as

yt D � C ˆ 1yt � 1 C � � � C ˆ p yt � p C � t

where� t D .� 1t ; : : : ; � kt /0 is a vector white noise process such thatE.� t / D 0, E.� t � 0
t / D † , and

E.� t � 0
s/ D 0 for t ¤ s; � D .� 1; : : : ; � k /0 is a constant vector; andˆ i is ak � k matrix.
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Analyzing and modeling the series jointly enables you to understand the dynamic relationships over time
among the series and to improve the accuracy of forecasts for individual series by using the additional
information available from the related series and their forecasts.

Consider the �rst-order stationary bivariate vector autoregressive model:

yt D
�

1:2 � 0:5
0:6 0:3

�
yt � 1 C � t ; with † D

�
1:0 0:5
0:5 1:25

�

The following IML procedure statements simulate a bivariate vector time series from this model to provide
test data for the VARMAX procedure:

proc iml;
sig = {1.0 0.5, 0.5 1.25};
phi = {1.2 -0.5, 0.6 0.3};
/ * simulate the vector time series * /
call varmasim(y,phi) sigma = sig n = 100 seed = 34657;
cn = {�y1� �y2�};
create simul1 from y[colname=cn];
append from y;

quit;

The following statements plot the simulated vector time seriesyt , which is shown in Figure 42.1:

data simul1;
set simul1;
date = intnx( �year�, �01jan1900�d, _n_-1 );
format date year4.;

run;

proc sgplot data=simul1;
series x=date y=y1 / lineattrs=(pattern=solid);
series x=date y=y2 / lineattrs=(pattern=dash);
yaxis label="Series";

run;
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Figure 42.1 Plot of the Generated Data Process

The following statements �t a VAR(1) model to the simulated data:

/ * --- Vector Autoregressive Model --- * /

proc varmax data=simul1;
id date interval=year;
model y1 y2 / p=1 noint lagmax=3

print=(estimates diagnose);
output out=for lead=5;

run;
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First, you specify the input data set in the PROC VARMAX statement. Then, you use the MODEL statement
to designate the dependent variables,y1 andy2. To estimate a zero-mean VAR model, you specify the order
of the autoregressive model in the P= option and the NOINT option. The MODEL statement �ts the model to
the data and prints parameter estimates and their signi�cance. The PRINT=ESTIMATES option prints the
matrix form of parameter estimates, and the PRINT=DIAGNOSE option prints various diagnostic tests. The
LAGMAX=3 option prints the output for the residual diagnostic checks.

To output the forecasts to a data set, you specify the OUT= option in the OUTPUT statement. If you want to
forecast �ve steps ahead, you use the LEAD=5 option. The ID statement speci�es the yearly interval between
observations and provides the Time column in the forecast output.

The VARMAX procedure output is shown in Figure 42.2 through Figure 42.10. The VARMAX procedure
�rst displays descriptive statistics, as shown in Figure 42.2. The Type column indicates that the variables are
dependent variables. The N column indicates the number of nonmissing observations.

Figure 42.2 Descriptive Statistics

Figure 42.3 shows the model type and the estimation method that is used to �t the model to the simulated data.
It also shows the AR coef�cient matrix in terms of lag 1, the schematic representation, and the parameter
estimates and their signi�cance that can indicate how well the model �ts the data.

The “AR” table shows the AR coef�cient matrix. The “Schematic Representation” table schematically
represents the parameter estimates and enables you to easily verify their signi�cance in matrix form.

In the “Model Parameter Estimates” table, the �rst column shows the variable on the left side of the
equation; the second column is the parameter name ARl _i _j , which indicates the (i, j) element of the lagl
autoregressive coef�cient; the next four columns provide the estimate, standard error,t value, andp-value for
the parameter; and the last column is the regressor that corresponds to the displayed parameter.
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Figure 42.3 Model Type and Parameter Estimates

The �tted VAR(1) model with estimated standard errors in parentheses is given as

yt D

0

B
B
@

1:160 � 0:511
.0:055/ .0:059/

0:546 0:385
.0:058/ .0:062/

1

C
C
A yt � 1 C � t

Clearly, all parameter estimates in the coef�cient matrixˆ 1 are signi�cant.

The model can also be written as two univariate regression equations:

y1t D 1:160 y1;t � 1 � 0:511 y2;t � 1 C � 1t

y2t D 0:546 y1;t � 1 C 0:385 y2;t � 1 C � 2t

The table in Figure 42.4 shows the innovation covariance matrix estimates, the log likelihood, and the
various information criteria results. The variable names in the table for the innovation covariance matrix
estimatesO† are printed for convenience:y1 means the innovation fory1, andy2 means the innovation
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for y2. The log likelihood for a VAR model that is estimated through least squares method is de�ned
as � T .log. j O† ML j/ C k/=2, whereT .D 100 � 1 D 99/ is the sample size except the presample being
skipped because of the AR lag order,k.D 2/ is the number of dependent variables, andO† ML is the
maximum likelihood estimate (MLE) of innovation covariance matrix. The matrixO† ML is computed from the
reported least squares estimate of the innovation covariance matrix,O† , by adjusting the degrees of freedom.
O† ML D T � r b

T
O† , whererb .D 2/ is the number of parameters in each equation. You can use the information

criteria to compare the �t of competing models to a set of data. The model that has a smaller value of the
information criterion is preferred when it is compared to other models. For more information about how to
calculate the information criteria, see the section “Multivariate Model Diagnostic Checks” on page 2981.

Figure 42.4 Innovation Covariance Estimates, Log Likelihood, and Information Criteria

Figure 42.5 shows the cross covariances of the residuals. The values of the lag 0 are slightly different from
Figure 42.4 because of the different degrees of freedom.

Figure 42.5 Multivariate Diagnostic Checks

Figure 42.6 and Figure 42.7 show tests for white noise residuals that are based on the cross correlations of
the residuals. The output shows that you cannot reject the null hypothesis that the residuals are uncorrelated.
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Figure 42.6 Multivariate Diagnostic Checks, Continued

Figure 42.7 Multivariate Diagnostic Checks, Continued

The VARMAX procedure provides diagnostic checks for the univariate form of the equations. The table in
Figure 42.8 describes how well each univariate equation �ts the data. From the two univariate regression
equations shown in Figure 42.3, the values ofR2 in the second column of Figure 42.8 are 0.84 and 0.79.
The standard deviations in the third column are the square roots of the diagonal elements of the covariance
matrix from Figure 42.4. TheF statistics in the fourth column test the null hypotheses� 11 D � 12 D 0 and
� 21 D � 22 D 0, where� ij is the (i, j) element of the matrix̂ 1. The last column shows thep-values of the
F statistics. The results show that each univariate model is signi�cant.

Figure 42.8 Univariate Diagnostic Checks

The check for white noise residuals in terms of the univariate equation is shown in Figure 42.9. This output
contains information that indicates whether the residuals are correlated and heteroscedastic. In the �rst table,
the second column contains the Durbin-Watson test statistics to test the null hypothesis that the residuals are
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uncorrelated. The third and fourth columns show the Jarque-Bera normality test statistics and theirp-values
to test the null hypothesis that the residuals have normality. The last two columns showF statistics and their
p-values for ARCH(1) disturbances to test the null hypothesis that the residuals have equal covariances. The
second table includesF statistics and theirp-values for AR(1), AR(1,2), AR(1,2,3) and AR(1,2,3,4) models
of residuals to test the null hypothesis that the residuals are uncorrelated.

Figure 42.9 Univariate Diagnostic Checks, Continued

The table in Figure 42.10 shows forecasts, their prediction errors, and 95% con�dence limits. For more
information, see the section “Forecasting” on page 2953.

Figure 42.10 Forecasts

Bayesian Vector Autoregressive Model

The Bayesian vector autoregressive (BVAR) model avoids problems of collinearity and overparameterization
that often occur with the use of VAR models. BVAR models avoid these problems by imposing priors on the
AR parameters.

The following statements �t a BVAR(1) model to the simulated data:
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/ * --- Bayesian Vector Autoregressive Process --- * /

proc varmax data=simul1;
model y1 y2 / p=1 noint

prior=(lambda=0.9 theta=0.1);
run;

The hyperparameters, LAMBDA=0.9 and THETA=0.1, in the PRIOR= option control the prior covariance.
Part of the VARMAX procedure output is shown in Figure 42.11, whose parameter estimates are slightly
different from those in Figure 42.3. By choosing the appropriate priors, you might be able to obtain more
accurate forecasts by using a BVAR model instead of an unconstrained VAR model. For more information,
see the section “Bayesian VAR and VARX Modeling” on page 2970.

Figure 42.11 Parameter Estimates for the BVAR(1) Model

Vector Error Correction Model

A vector error correction model (VECM) can lead to a better understanding of the nature of any nonstation-
arity among the different component series and can also improve longer-term forecasting compared to an
unconstrained model.

The VECM(p) form with the cointegration rank,r. � k/ , is written as

• yt D � C …yt � 1 C
p � 1X

i D 1

ˆ �
i • yt � i C � t
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where• is the differencing operator, such that• yt D yt � yt � 1; … D �� 0, where� and� arek � r
matrices; and̂ �

i is ak � k matrix.

The VECM(p) form has an equivalent VAR(p) representation as described in the section “Vector Autoregres-
sive Model” on page 2858.

yt D � C .I k C …C ˆ �
1 /yt � 1 C

p � 1X

i D 2

.ˆ �
i � ˆ �

i � 1/yt � i � ˆ �
p � 1yt � p C � t

whereI k is ak � k identity matrix.

An example of the second-order nonstationary vector autoregressive model is

yt D
�

� 0:2 0:1
0:5 0:2

�
yt � 1 C

�
0:8 0:7

� 0:4 0:6

�
yt � 2 C � t

with

† D
�

100 0
0 100

�
and y� 1 D y0 D

�
0
0

�

This process can be given the following VECM(2) representation with the cointegration rank one:

• yt D
�

� 0:4
0:1

�
.1; � 2/yt � 1 �

�
0:8 0:7

� 0:4 0:6

�
• yt � 1 C � t

The following PROC IML statements generate simulated data for this VECM(2) form and the PROC SGPLOT
statements plot the data, as shown in Figure 42.12:

proc iml;
sig = 100 * i(2);
phi = {-0.2 0.1, 0.5 0.2, 0.8 0.7, -0.4 0.6};
call varmasim(y,phi) sigma=sig n=100 initial=0

seed=45876;
cn = {�y1� �y2�};
create simul2 from y[colname=cn];
append from y;

quit;

data simul2;
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set simul2;
date = intnx( �year�, �01jan1900�d, _n_-1 );
format date year4. ;

run;

proc sgplot data=simul2;
series x=date y=y1 / lineattrs=(pattern=solid);
series x=date y=y2 / lineattrs=(pattern=dash);
yaxis label="Series";

run;

Figure 42.12 Plot of Generated Data Process

Cointegration Testing

The following statements use the Johansen cointegration rank test. The COINTTEST=(JOHANSEN) option
performs the Johansen trace test and is equivalent to specifying the COINTTEST option with no additional
suboptions or specifying the COINTTEST=(JOHANSEN=(TYPE=TRACE)) option.
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/ * --- Cointegration Test --- * /

proc varmax data=simul2;
model y1 y2 / p=2 noint dftest cointtest=(johansen);

run;

Figure 42.13 shows the output for Dickey-Fuller tests for the nonstationarity of each series and the Johansen
cointegration rank test between series.

Figure 42.13 Dickey-Fuller Tests and Cointegration Rank Test

In Dickey-Fuller tests, the second column speci�es three types of models, which are zero mean, single mean,
or trend. The third column (Rho) and the �fth column (Tau) are the test statistics that are used to test the null
hypothesis that the series has a unit root. Other columns are theirp-values. You can see that both series have
unit roots. For a description of Dickey-Fuller tests, see the section “PROBDF Function for Dickey-Fuller
Tests” on page 187 in Chapter 6, “SAS Macros and Functions.”

In the “Cointegration Rank Test Using Trace” table, the last two columns explain the drift in the model or
process. Because the NOINT option is speci�ed, the model is

• yt D …yt � 1 C ˆ �
1• yt � 1 C � t

The column Drift in ECM indicates that there is no separate drift in the error correction model, and the
column Drift in Process indicates that the process has a constant drift before differencing.

H0 is the null hypothesis, and H1 is the alternative hypothesis. The �rst row tests the cointegration rank
r D 0 againstr > 0 , and the second row testsr D 1 againstr > 1 . The trace test statistics in the fourth
column are computed by� T

P k
i D r C 1 log.1 � � i / , whereT is the available number of observations and� i

is the eigenvalue in the third column. Thep-values for these statistics are output in the �fth column. If you
compare thep-value in each row to the signi�cance level of interest (such as 5%), the null hypothesis that
there is no cointegrated process (H0:r D 0) is rejected, whereas the null hypothesis that there is at most one
cointegrated process (H0:r D 1) cannot be rejected.

The following statements �t a VECM(2) form to the simulated data:
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/ * --- Vector Error Correction Model --- * /

proc varmax data=simul2;
model y1 y2 / p=2 noint lagmax=3

print=(iarr estimates);
cointeg rank=1 normalize=y1;

run;

The results in Figure 42.13 indicate that the time series are cointegrated with rank = 1. So you might want
to specify the RANK=1 option in the COINTEG statement. For normalizing the value of the cointegrated
vector, you specify the normalized variable by using the NORMALIZE= option in the COINTEG statement.
The COINTEG statement produces the estimates of the long-run parameter,� , and the adjustment coef�cient,
� . The PRINT=(IARR) option provides the VAR(2) representation.

The VARMAX procedure output is shown in Figure 42.14 through Figure 42.17. In Figure 42.14, “1”
indicates the �rst column of the� and� matrices. Because the cointegration rank is 1 in the bivariate system,
� and� are two-dimensional vectors. The estimated cointegrating vector isO� D .1; � 1:96/0. Therefore,
the long-run relationship betweeny1t andy2t is y1t D 1:96y2t . The �rst element ofO� is 1 becausey1 is
speci�ed as the normalized variable. Asymptotically,� follows a normal distribution, and thet values and
p-values of its elements are shown in the “Alpha and Beta Parameter Estimates” table; however, because�
follows a nonnormal distribution, the corresponding standard errors,t values, andp-values are missing. The
Variable column shows the variables that correspond to the coef�cients. For example, for the coef�cient� ij

(theith element in thejth column of� ), ALPHAi _j , the variable is the inner product of the transpose of the
jth column of� (Beta[,j]0) and the vector of lag 1 dependent variablesyt � 1 (_DEP_(t–1)).

Figure 42.14 Parameter Estimates for the VECM(2) Form
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Figure 42.15 shows the parameter estimates in terms of lag 1 coef�cients,yt � 1, and lag 1 �rst-differenced
coef�cients,• yt � 1, and their signi�cance. “Alpha * Beta0” indicates the coef�cients ofyt � 1 and is obtained
by multiplying the Alpha and Beta estimates in Figure 42.14. The parameter AR1_i _j (which is shown
in the “Model Parameter Estimates” table) corresponds to the elements in the “Alpha * Beta0” matrix. The
parameter AR2_i _j corresponds to the elements in the differenced lagged AR coef�cient matrix. The “D_”
pre�xed to a variable name in Figure 42.15 implies differencing.

Figure 42.15 Parameter Estimates for the VECM(2) Form, Continued

Figure 42.16 shows the parameter estimates of the innovations covariance matrix and their signi�cance.

Figure 42.16 Parameter Estimates for the VECM(2) Form, Continued
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The �tted model is represented as

• yt D

0

B
B
@

� 0:467 0:913
.0:048/ .0:094/

0:107 � 0:209
.0:051/ .0:100/

1

C
C
A yt � 1 C

0

B
B
@

� 0:743 � 0:746
.0:045/ .0:048/

0:405 � 0:572
.0:049/ .0:051/

1

C
C
A • yt � 1 C � t

Figure 42.17 Change the VECM(2) Form to the VAR(2) Model

The PRINT=(IARR) option in the previous SAS statements prints the reparameterized coef�cient estimates.
Because LAGMAX=3 in those statements, the coef�cient matrix of lag 3 is zero.

The VECM(2) form in Figure 42.17 can be rewritten as the following second-order vector autoregressive
model:

yt D
�

� 0:210 0:167
0:512 0:220

�
yt � 1 C

�
0:743 0:746

� 0:405 0:572

�
yt � 2 C � t

Bayesian Vector Error Correction Model

Bayesian inference on a cointegrated system begins by using the priors of� , which are obtained from the
VECM(p) form. Bayesian vector error correction models can improve forecast accuracy for cointegrated
processes.

To use a Bayesian vector error correction model, you specify both the PRIOR= option in the MODEL
statement and the COINTEG statement. The following statements �t a BVECM(2) form to the simulated
data:

/ * --- Bayesian Vector Error Correction Model --- * /

proc varmax data=simul2;
model y1 y2 / p=2 noint

prior=( lambda=0.5 theta=0.2 )
print=(estimates);

cointeg rank=1 normalize=y1;
run;
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The VARMAX procedure output in Figure 42.18 shows the model type �tted to the data, the estimates
of the adjustment coef�cient (� ), the parameter estimates in terms of lag 1 coef�cients (yt � 1), and lag 1
�rst-differenced coef�cients (• yt � 1).

Figure 42.18 Parameter Estimates for the BVECM(2) Form

Vector Autoregressive Model with Exogenous Variables

A VAR process can be affected by other observable variables that are determined outside the system of
interest. Such variables are called exogenous (independent) variables. Exogenous variables can be stochastic
or nonstochastic. The process can also be affected by the lags of exogenous variables. A model used to
describe this process is called a VARX(p,s) model.

The VARX(p,s) model is written as

yt D � C
pX

i D 1

ˆ i yt � i C
sX

i D 0

‚ �
i xt � i C � t

wherext D .x 1t ; : : : ; xrt /0 is anr-dimensional time series vector and‚ �
i is ak � r matrix.

For example, a VARX(1,0) model is

yt D � C ˆ 1yt � 1 C ‚ �
0xt C � t

whereyt D .y 1t ; y2t ; y3t /0andxt D .x 1t ; x2t /0.
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The following statements �t the VARX(1,0) model to the given data:

data grunfeld;
input year y1 y2 y3 x1 x2 x3;
label y1=�Gross Investment GE�

y2=�Capital Stock Lagged GE�
y3=�Value of Outstanding Shares GE Lagged�
x1=�Gross Investment W�
x2=�Capital Stock Lagged W�
x3=�Value of Outstanding Shares Lagged W�;

datalines;
1935 33.1 1170.6 97.8 12.93 191.5 1.8
1936 45.0 2015.8 104.4 25.90 516.0 .8
1937 77.2 2803.3 118.0 35.05 729.0 7.4
1938 44.6 2039.7 156.2 22.89 560.4 18.1

... more lines ...

/ * --- Vector Autoregressive Process with Exogenous Variables --- * /

proc varmax data=grunfeld;
model y1-y3 = x1 x2 / p=1 lagmax=5

printform=univariate
print=(impulsx=(all) estimates);

run;

The VARMAX procedure output is shown in Figure 42.19 through Figure 42.21.

Figure 42.19 shows the descriptive statistics for the dependent (endogenous) and independent (exogenous)
variables with labels.

Figure 42.19 Descriptive Statistics for the VARX(1, 0) Model
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Figure 42.20 shows the parameter estimates for the constant, the lag zero coef�cients of exogenous variables,
and the lag one AR coef�cients. From the schematic representation of parameter estimates, the signi�cance
of the parameter estimates can be easily veri�ed. The symbol “C” means the constant and “XL0” means the
lag zero coef�cients of exogenous variables.

Figure 42.20 Parameter Estimates for the VARX(1, 0) Model
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Figure 42.21 shows the parameter estimates and their signi�cance.

Figure 42.21 Parameter Estimates for the VARX(1, 0) Model Continued

The �tted model is given as

0

B
B
B
B
@
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C
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@
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1

A

C

0
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B
B
B
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0:237 0:008 0:029
.0:207/ .0:016/ .0:049/
� 2:467 0:164 � 0:841
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0:951 0:002 0:938
.0:078/ .0:006/ .0:018/

1

C
C
C
C
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B
B
B
@

y1;t � 1

y2;t � 1

y3;t � 1
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C
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� 1t

� 2t
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Parameter Estimation and Testing on Restrictions

In the previous example, the VARX(1,0) model is written as

yt D � C ‚ �
0xt C ˆ 1yt � 1 C � t
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with

‚ �
0 D

0

@
� �

11 � �
12

� �
21 � �

22
� �

31 � �
32

1

A ˆ 1 D

0

@
� 11 � 12 � 13

� 21 � 22 � 23

� 31 � 32 � 33

1

A

In Figure 42.21 of the preceding section, you can see several insigni�cant parameters. For example, the
coef�cients XL0_1_2, AR1_1_2, and AR1_3_2 are insigni�cant.

The following statements restrict the coef�cients of� �
12 D � 12 D � 32 D 0 for the VARX(1,0) model.

/ * --- Models with Restrictions and Tests --- * /

proc varmax data=grunfeld;
model y1-y3 = x1 x2 / p=1 print=(estimates);
restrict XL(0,1,2)=0, AR(1,1,2)=0, AR(1,3,2)=0;

run;

The output in Figure 42.22 shows that three parameters� �
12 , � 12 , and� 32 are replaced by the restricted

values, zeros, and their standard errors are also zeros to indicate that the parameters are �xed to these values.

Figure 42.22 Parameter Estimation with Restrictions

The output in Figure 42.23 shows the estimates of the Lagrangian parameters and their signi�cance. Based
on thep-values associated with the Lagrangian parameters, you cannot reject the null hypotheses� �

12 D 0,
� 12 D 0, and� 32 D 0 with the 0.05 signi�cance level.
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Figure 42.23 RESTRICT Statement Results

The TEST statement in the following example tests� 31 D 0 and� �
12 D � 12 D � 32 D 0 for the VARX(1,0)

model:

proc varmax data=grunfeld;
model y1-y3 = x1 x2 / p=1;
test AR(1,3,1)=0;
test XL(0,1,2)=0, AR(1,1,2)=0, AR(1,3,2)=0;

run;

The output in Figure 42.24 shows that the �rst column in the output is the index corresponding to each TEST
statement. You can reject the hypothesis test� 31 D 0 at the 0.05 signi�cance level, but you cannot reject the
joint hypothesis test� �

12 D � 12 D � 32 D 0 at the 0.05 signi�cance level.

Figure 42.24 TEST Statement Results

Causality Testing

The following statements use the CAUSAL statement to compute the Granger causality test for a VAR(1)
model. For the Granger causality tests, the autoregressive order should be de�ned by the P= option in the
MODEL statement. The variable groups are de�ned in the CAUSAL statement as well. Regardless of
whether the variables speci�ed in the GROUP1= and GROUP2= options are designated as dependent or
exogenous (independent) variables in the MODEL statement, the CAUSAL statement �ts the VAR(p) model
by considering the variables in the two groups as dependent variables.

/ * --- Causality Testing --- * /

proc varmax data=grunfeld;
model y1-y3 = x1 x2 / p=1 noprint;
causal group1=(x1) group2=(y1-y3);
causal group1=(y3) group2=(y1 y2);

run;
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The output in Figure 42.25 is associated with the CAUSAL statement. The �rst CAUSAL statement �ts the
VAR(1) model by using the variablesy1, y2, y3, andx1. The second CAUSAL statement �ts the VAR(1)
model by using the variablesy1, y3, andy2.

Figure 42.25 CAUSAL Statement Results

The null hypothesis of the Granger causality test is that GROUP1 is in�uenced only by itself, and not by
GROUP2.

The �rst column in the output is the index corresponding to each CAUSAL statement. The output shows that
you cannot reject thatx1 is in�uenced by itself and not by.y1; y2; y3/ at the 0.05 signi�cance level for Test
1. You can reject thaty3 is in�uenced by itself and not by.y1; y2/ for Test 2. See the section “VAR and
VARX Modeling” on page 2963 for details.

Multivariate GARCH Models

Modeling and forecasting the volatility of time series has been the focus of many researchers and practitioners,
especially in the �elds of risk management, portfolio optimization, and asset pricing. One of the most
powerful tools for volatility modeling is the autoregressive conditional heteroscedasticity (ARCH) model
proposed by Engle (1982) and extended by Bollerslev (1986) to the generalized autoregressive conditional
heteroscedasticity (GARCH) model. The VARMAX procedure supports three forms of multivariate GARCH
models: BEKK, CCC, and DCC. This section shows some examples of how to specify, estimate, and compare
various forms of multivariate GARCH models.

Data about two indices, the Dow Jones Industrial Average index and the Standard & Poor's 500 index, are
obtained from Yahoo Finance and used in this section. The sample contains daily data from February 16,
2005, to February 13, 2015. The following statements input the daily prices and then generate the daily
returns:

data indices;
input date : MMDDYY10. DJIA SP500;
logDJIA = log(DJIA); logSP500 = log(SP500);
rDJIA = (logDJIA-lag(logDJIA)) * 100;
rSP500 = (logSP500-lag(logSP500)) * 100;

datalines;
2/16/2005 10834.88 1210.34
2/17/2005 10754.26 1200.75
2/18/2005 10785.22 1201.59
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... more lines ...

2/12/2015 17972.38 2088.48
2/13/2015 18019.35 2096.99
;

To model the volatility of bivariate returns, rDJIA and rSP500, you can start with the BEKK GARCH(1,1)
model. The following equations describe the bivariate BEKK GARCH(1,1) model:

r t D H
1
2

t � t

H t D C C A0
1r t � 1r 0

t � 1A1 C G0
1H t � 1G1

D
�

c11 c12

c12 c22

�
C

�
a11;1 a12;1

a21;1 a22;1

� 0�
r1;t � 1

r2;t � 1

� �
r1;t � 1

r2;t � 1

� 0�
a11;1 a12;1

a21;1 a22;1

�

C
�

g11;1 g12;1

g21;1 g22;1

� 0�
h11;t � 1 h12;t � 1

h12;t � 1 h22;t � 1

� �
g11;1 g12;1

g21;1 g22;1

�

In these equations,r t is the vector of returns at timet, H t is the conditional covariance matrix ofr t , H
1
2

t

denotes the square root ofH t such that the square of matrixH
1
2

t is H t , � t is the innovation at timet and
follows an iid bivariate standard normal distribution,C is a2 � 2 symmetric parameter matrix,A1 is a2 � 2
full parameter matrix for the �rst lag of the ARCH term, andG1 is a2 � 2 full parameter matrix for the �rst
lag of the GARCH term. Hence, there are 11 parameters in total for a bivariate BEKK GARCH(1,1) model;
that is, a vector

�
c11 ; c12 ; c22 ; a11;1 ; a21;1 ; a12;1 ; a22;1 ; g11;1 ; g21;1 ; g12;1 ; g22;1

� 0.

You can use the FORM=BEKK option in the GARCH statement to specify the BEKK GARCH form, or
you can omit this option because BEKK is the default value for the FORM= option. The Q= option in
the GARCH statement speci�es the lags of the ARCH terms, and the P= option in the GARCH statement
speci�es the lags of the GARCH terms. The forecasts of conditional covariance matrices are output to a SAS
data set when you specify the OUTHT= option in the GARCH statement. The parameter estimates and their
covariance matrix are output to a SAS data set when you specify the OUTEST= option together with the
OUTCOV option in the PROC VARMAX statement.

The following statement speci�es the BEKK GARCH(1,1) model:

/ * --- BEKK --- * /

proc varmax data=indices outest=oebekk outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=bekk outht=ohbekk;

run;

Figure 42.26 shows the log likelihood and the information criteria. They are used later in the model
comparison.
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Figure 42.26 BEKK GARCH Log Likelihood and Information Criteria

Figure 42.27 shows the parameters estimates for the BEKK GARCH(1,1) model. For the constant term
C, GCHCi_j, i; j D 1; 2, correspond to parameterscij , respectively. BecauseC is symmetric,GCHC2_1is
omitted. For the ARCH and GARCH terms,ACHl_i_j, l D 1; i; j D 1; 2, correspond toaij;l , respectively,
andGCHl_i_j, l D 1; i; j D 1; 2, correspond togij;l , respectively.

Figure 42.27 BEKK GARCH Parameter Estimates

As shown in Figure 42.27, the standard errors ofGCHC1_1andGCHC1_2are both zeros. It might be a sign
that the numerical optimization for the BEKK GARCH model converges to a local minimum instead of
the global minimum, which often happens for nonlinear optimization of complex models that have many
parameters. A possible way to solve this problem is to try different initial values. To obtain reasonable initial
values, the following statements �t a diagonal BEKK GARCH model (that is, a restricted BEKK GARCH
model in which the ARCH and GARCH parameter matrices are diagonal):

/ * --- Diagonal BEKK --- * /

proc varmax data=indices outest=oebekk outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=bekk;
restrict ach(1,1,2), ach(1,2,1), gch(1,1,2), gch(1,2,1);

run;
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The parameter estimates of the diagonal BEKK GARCH model are shown in Figure 42.28. As expected,
the standard errors of the off-diagonal elements of the ARCH and GARCH parameter matrices (namely
ACH1_1_2, ACH1_2_1, GCH1_1_2, andGCH1_2_1) are all zeros because they are restricted in the RESTRICT
statement. All other parameters have valid standard errors.

Figure 42.28 Diagonal BEKK GARCH Parameter Estimates

Figure 42.29 shows the log likelihood and the information criteria. The log likelihood for the diagonal BEKK
GARCH model is larger than that of the previous estimated BEKK GARCH model (which is shown in
Figure 42.26). The larger value con�rms that the previous BEKK GARCH model does not converge to the
global minimium.

Figure 42.29 Diagonal BEKK GARCH Log Likelihood and Information Criteria

The following statements reestimate the BEKK GARCH model whose initial values are parameter estimates
of the diagonal BEKK GARCH model (which are shown in Figure 42.28):

/ * --- BEKK with Initial Values --- * /

proc varmax data=indices outest=oebekk outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=bekk;
initial gchc(1,1)=0.01407, gchc(1,2)=0.01446, gchc(2,2)=0.01598,
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ach(1,1,1)=0.25702, ach(1,2,2)=0.26061,
gch(1,1,1)=-0.95794, gch(1,2,2)=-0.95694,
ach(1,1,2), ach(1,2,1), gch(1,1,2), gch(1,2,1);

run;

The parameter estimates of the reestimated BEKK GARCH models are shown in Figure 42.30. The standard
errors of all parameters are valid.

Figure 42.30 Reestimated BEKK GARCH Parameter Estimates

Figure 42.31 shows the log likelihood and information criteria of the reestimated BEKK GARCH model.
As expected, the log likelihood of the reestimated BEKK GARCH model is larger than that of the diagonal
BEKK GARCH model. Moreover, the reestimated BEKK GARCH model has a smaller SBC, compared to
the SBC of the diagonal BEKK GARCH model (which is shown in Figure 42.29). The smaller SBC means
that the BEKK GARCH model should be chosen instead of the diagonal BEKK GARCH model.

Figure 42.31 Reestimated BEKK GARCH Log Likelihood and Information Criteria

The number of parameters for a BEKK GARCH model increases very quickly as the number of dependent
variables increases. There are.p C q/k 2 C k.k C 1/=2 parameters for ak-variate BEKK GARCH(p, q)
model. For example, a 16-variate BEKK GARCH(1,1) model has 648 parameters to be estimated.

Compared with BEKK GARCH models, CCC GARCH models are much more parsimonious. In a CCC
GARCH model, each series follows a GARCH process and their composition through the constant conditional
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correlation matrix constructs the conditional covariance matrices. A bivariate CCC GARCH(1,1) has the
form

r t D H
1
2

t � t

H t D D t SDt

D t D
� p

h11;t 0
0

p
h22;t

�

S D
�

1 s12

s12 1

�

h11;t D c11 C a11;1 r 2
1;t � 1 C g11;1 h11;t � 1

h22;t D c22 C a22;1 r 2
2;t � 1 C g22;1 h22;t � 1

whereD t is the diagonal matrix with conditional standard deviations andS is the time-invariant con-
ditional correlation matrix. Hence, there are seven parameters to be estimated; that is, a vector�
s12 ; c11 ; c22 ; a11;1 ; a22;1 ; g11;1 ; g22;1

� 0. A k-variate CCC GARCH(p, q) model has.p C q C 1/k C
k.k � 1/=2 parameters. For example, a 16-variate CCC GARCH(1,1) model has 168 parameters to be
estimated, about1=4of the number that a BEKK GARCH(1,1) model has.

The following statements estimate a CCC GARCH(1,1) model:

/ * --- CCC --- * /

proc varmax data=indices outest=oeccc outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=ccc outht=ohccc;

run;

Figure 42.32 shows the parameter estimates for the CCC GARCH(1,1) model. For the constant conditional
correlation matrixS, CCC1_2corresponds to the parameters12 .

Figure 42.32 CCC GARCH Parameter Estimates
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Figure 42.33 shows the log likelihood and the information criteria. Compared to the SBC for the BEKK
GARCH model (shown in Figure 42.31), the SBC for the CCC GARCH model is much larger, which means
the CCC GARCH model should not be preferred.

Figure 42.33 CCC GARCH Log Likelihood and Information Criteria

The CCC GARCH model is not preferred over the BEKK GARCH model in this case because the basic
assumption in the CCC GARCH model—that the conditional correlation matrix is time-invarying—might not
hold. A DCC GARCH model relaxes this assumption and models the time-varying conditional correlation
matrix in an ARMA form. A bivariate DCC GARCH(1,1) has the form

r t D H
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t � t

H t D D t St D t

D t D
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h11;t 0
0

p
h22;t

�

h11;t D c11 C a11;1 r 2
1;t � 1 C g11;1 h11;t � 1

h22;t D c11 C a22;1 r 2
2;t � 1 C g22;1 h22;t � 1

St D
�
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r1;t � 1p
h11;t � 1

r2;t � 1p
h22;t � 1

C �q 12;t � 1

q11;t D .1 � � � �/ C �
r 2
1;t � 1
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C �q 11;t � 1
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whereSt is the time-varying conditional correlation matrix at timet. Compared to the CCC GARCH model,
two more parameters,� and� , are added into the DCC GARCH model. There are nine parameters in total;
that is, a vector

�
�; �; s 12 ; c11 ; c22 ; a11;1 ; a22;1 ; g11;1 ; g22;1

� 0.
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The following statements estimate a DCC GARCH model:

/ * --- DCC --- * /

proc varmax data=indices outest=oedcc outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=dcc outht=ohdcc;

run;

Figure 42.34 shows the parameter estimates for the DCC GARCH(1,1) model.DCCAcorresponds to the
parameter� , DCCBcorresponds to the parameter� , andDCCS1_2corresponds to the parameters12 , the
off-diagonal element in the unconditional correlation matrix. The standard errors of many parameter estimates
are zeros, which might be a sign that the model does not converge to the global minimum.

Figure 42.34 DCC GARCH Parameter Estimates

Figure 42.35 shows the log likelihood and the information criteria.

Figure 42.35 DCC GARCH Log Likelihood and Information Criteria

Because a CCC GARCH model can be regarded as a restricted DCC GARCH model in which� and�
in the conditional correlation equations are restricted to zeros, it is expected that the log likelihood of the
“unrestricted” DCC GARCH model should always be larger than (or at least equal to) the log likelihood of the
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corresponding CCC GARCH model, even though DCC might have a larger information criterion and not be
chosen. Hence, it is unexpected that the log likelihood of the DCC GARCH model (shown in Figure 42.35)
is smaller than that of the CCC GARCH model (shown in Figure 42.33). This unexpected phenomenon
con�rms that the numerical optimization for the DCC GARCH model converges to a local minimum instead
of the global minimum. Different initial values should be tried. In addition to some reasonable values for
parameters DCCA and DCCB, the INITIAL statement speci�es the initial values for the DCC GARCH model
parameters in the following statements; these values are based on the corresponding parameter estimates of
the CCC GARCH model (shown in Figure 42.32):

/ * --- DCC with Initial Values --- * /

proc varmax data=indices outest=oedcc outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=dcc outht=ohdcc;
initial DCCA=0.01, DCCB=0.98, DCCS(1,2) = 0.97294,

GCHC(1,1) = 0.03713, GCHC(2,2) = 0.04004,
ACH(1,1,1) = 0.06862, ACH(1,2,2) = 0.06684,
GCH(1,1,1) = 0.88472, GCH(1,2,2) = 0.88916;

run;

Figure 42.36 shows the parameter estimates for the reestimated DCC GARCH(1,1) model. All standard
errors of parameter estimates are valid.

Figure 42.36 Reestimated DCC GARCH Parameter Estimates

As shown in Figure 42.37, the log likelihood of the DCC GARCH model increases dramatically. Compared
to the SBC of the CCC GARCH model (shown in Figure 42.33), the SBC for the DCC GARCH model
is much smaller, and the DCC GARCH model is chosen. However, compared to the SBC for the BEKK
GARCH model (shown in Figure 42.31), the SBC for the DCC GARCH model is a little larger, The BEKK
GARCH model should be chosen although it has two more parameters than the DCC GARCH model.
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Figure 42.37 Reestimated DCC GARCH Log Likelihood and Information Criteria

Compared to the BEKK GARCH model, in addition to parsimony, another advantage of the DCC (and
also the CCC) GARCH model is that you can use subforms other than GARCH to model the conditional
covariance of each series. For example, you can use the threshold GARCH (TGARCH) model for modeling
the conditional covariances of rDJIA and rSP500. A bivariate DCC TGARCH(1,1) has the same form as the
bivariate DCC GARCH(1,1) except that the conditional covariance equations are replaced by

h11;t D c11 C a11;1 r 2
1;t � 1 C 1r 1;t � 1 <0 b11;1 r 2

1;t � 1 C g11;1 h11;t � 1

h22;t D c11 C a22;1 r 2
2;t � 1 C 1r 2;t � 1 <0 b22;1 r 2

2;t � 1 C g22;1 h22;t � 1

where the indicator function1A is 1 if A is true and 0 otherwise. Compared to the DCC GARCH model, two
more parameters,b11;1 andb22;1 , are added to the DCC TGARCH model to catch the so-called leverage
effect (that is, the positive and negative returns have different impacts on future volatility).

The following statements include the SUBFORM=TARCH option to �t a bivariate DCC TGACH(1,1) model
with the same initial values that are used for the previous DCC GARCH(1,1) model:

proc varmax data=indices outest=oedcct outcov;
model rDJIA rSP500 / noint;
garch p=1 q=1 form=dcc outht=ohdcct subform=tgarch;
initial DCCA=0.01, DCCB=0.98, DCCS(1,2) = 0.97294,

GCHC(1,1) = 0.03713, GCHC(2,2) = 0.04004,
ACH(1,1,1) = 0.06862, ACH(1,2,2) = 0.06684,
GCH(1,1,1) = 0.88472, GCH(1,2,2) = 0.88916;

output out=odcct lead=0;
run;

Figure 42.38 shows the parameter estimates for the DCC TGARCH(1,1) model.TACH1_1_1 andTACH1_2_2
correspond to the parametersb11;1 andb22;1 , respectively. They are signi�cant, which means that the
leverage effect exists.
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Figure 42.38 DCC TGARCH Parameter Estimates

Figure 42.39 shows the log likelihood and the information criteria. The SBC for the DCC TGARCH model
is smaller than the SBC for the BEKK GARCH model (which is shown in Figure 42.31). The smaller SBC
means that the DCC TGARCH model is the �nal winner.

Figure 42.39 DCC TGARCH Log Likelihood and Information Criteria

Other subforms of GARCH models—the exponential GARCH (EGARCH) model, the quadratic GARCH
(QGARCH) model, and the power GARCH (PGARCH) model—are also supported for the CCC and DCC
GARCH models. Furthermore, the multivariate GARCH models can be used together with VARMAX or
vector error correction models. For more information and examples, see the sections “Multivariate GARCH
Modeling” on page 3006 and “Example 42.4: Analysis of Euro Foreign Exchange Reference Rates” on
page 3063.
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Syntax: VARMAX Procedure

PROC VARMAX options ;
BOUND restriction, . . . , restriction ;
BY variables ;
CAUSAL GROUP1= (variables) GROUP2=(variables) ;
COINTEG RANK=number < options > ;
GARCH options ;
ID variable INTERVAL=value < ALIGN=value > ;
INITIAL equation, . . . , equation ;
MODEL dependents < = regressors > < , dependents < = regressors > . . . > < / options > ;
NLOPTIONS options ;
OUTPUT < options > ;
RESTRICT restriction, . . . , restriction ;
TEST restriction, . . . , restriction ;

Functional Summary

The statements and options available in the VARMAX procedure are summarized in Table 42.1.

Table 42.1 VARMAX Functional Summary

Description Statement Option

Data Set Options
Speci�es the input data set VARMAX DATA=
Writes parameter estimates to an output data set VARMAX OUTEST=
Includes covariances in the OUTEST= data set VARMAX OUTCOV
Writes the diagnostic checking tests for a model and
the cointegration test results to an output data set

VARMAX OUTSTAT=

Writes actuals, predictions, residuals, and con�-
dence limits to an output data set

OUTPUT OUT=

Writes the conditional covariance matrix to an out-
put data set

GARCH OUTHT=

BY Groups
Speci�es BY-group processing BY

ID Variable
Speci�es the identifying variable ID
Speci�es the time interval between observations ID INTERVAL=
Controls the alignment of SAS date values ID ALIGN=

Options to Control the Optimization Process
Speci�es the optimization options NLOPTIONS
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Table 42.1 continued

Description Statement Option

Printing Control Options
Speci�es how many lags to print results MODEL LAGMAX=
Suppresses the printed output MODEL NOPRINT
Requests all printing options MODEL PRINTALL
Requests the printing format MODEL PRINTFORM=
Controls plots produced through ODS GRAPHICS VARMAX PLOTS=

PRINT= Option
Prints the correlation matrix of parameter estimatesMODEL CORRB
Prints the cross-correlation matrices of independent
variables

MODEL CORRX

Prints the cross-correlation matrices of dependent
variables

MODEL CORRY

Prints the covariance matrices of prediction errors MODEL COVPE
Prints the cross-covariance matrices of the indepen-
dent variables

MODEL COVX

Prints the cross-covariance matrices of the depen-
dent variables

MODEL COVY

Prints the covariance matrix of parameter estimatesMODEL COVB
Prints the decomposition of the prediction error co-
variance matrix

MODEL DECOMPOSE

Prints the residual diagnostics MODEL DIAGNOSE
Prints the contemporaneous relationships among the
components of the vector time series

MODEL DYNAMIC

Prints the parameter estimates MODEL ESTIMATES
Prints the in�nite order AR representation MODEL IARR
Prints the impulse response function MODEL IMPULSE=
Prints the impulse response function in the transfer
function

MODEL IMPULSX=

Prints the partial autoregressive coef�cient matricesMODEL PARCOEF
Prints the partial canonical correlation matrices MODEL PCANCORR
Prints the partial correlation matrices MODEL PCORR
Prints the eigenvalues of the companion matrix MODEL ROOTS
Prints the Yule-Walker estimates MODEL YW

Model Estimation and Order Selection Options
Speci�es the initial parameter values for non-linear
optimization when the model is estimated through
the maximum likelihood method

INITIAL

Centers the dependent variables MODEL CENTER
Speci�es the degrees of differencing for the speci�ed
model variables

MODEL DIF=

Speci�es the degrees of differencing for all indepen-
dent variables

MODEL DIFX=
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Table 42.1 continued

Description Statement Option

Speci�es the degrees of differencing for all depen-
dent variables

MODEL DIFY=

Speci�es the estimation method MODEL METHOD=
Selects the tentative order MODEL MINIC=
Suppresses the current values of independent vari-
ables

MODEL NOCURRENTX

Suppresses the intercept parameters MODEL NOINT
Speci�es the number of seasonal periods MODEL NSEASON=
Speci�es the order of autoregressive polynomial MODEL P=
Speci�es the Bayesian prior model MODEL PRIOR=
Speci�es the order of moving-average polynomial MODEL Q=
Centers the seasonal dummies MODEL SCENTER
Speci�es the degree of time trend polynomial MODEL TREND=
Speci�es the denominator for error covariance ma-
trix estimates

MODEL VARDEF=

Speci�es the lag order of independent variables MODEL XLAG=

GARCH-Related Options
Speci�es how to calculate the constant (uncon-
ditional) correlation matrix in the CCC (DCC)
GARCH model

GARCH CORRCONSTANT=

Speci�es the type of the multivariate GARCH modelGARCH FORM=
Speci�es the order of the GARCH polynomial GARCH P=
Speci�es the order of the ARCH polynomial GARCH Q=
Speci�es the type of the univariate GARCH model
for each innovation in the CCC or DCC GARCH
model

GARCH SUBFORM=

Cointegration-Related Options
Speci�es the restriction on the drift in the VECM COINTEG ECTREND
Prints the results from the weak exogeneity test of
the long-run parameters

COINTEG EXOGENEITY

Speci�es the restriction on the cointegrated coef�-
cient matrix

COINTEG H=

Speci�es the restriction on the adjustment coef�cient
matrix

COINTEG J=

Speci�es the nonlinear constraints that the adjust-
ment coef�cient matrix and the cointegrated coef�-
cient matrix are both full rank

COINTEG NLC

Speci�es the variable name whose cointegrating vec-
tors are normalized

COINTEG NORMALIZE=

Speci�es a cointegration rank COINTEG RANK=
Prints the Johansen cointegration rank test MODEL COINTTEST=

(JOHANSEN= )
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Table 42.1 continued

Description Statement Option

Prints the Stock-Watson common trends test MODEL COINTTEST=(SW= )
Prints the Dickey-Fuller unit root test MODEL DFTEST=
Speci�es the vector error correction model (obso-
lete)1

MODEL ECM=

Tests and Restrictions on Parameters
Tests the Granger causality CAUSAL GROUP1=

GROUP2=
Places and tests restrictions on parameter estimates BOUND
Places and tests restrictions on parameter estimates RESTRICT
Tests hypotheses on parameter estimates TEST

Forecasting Control Options
Speci�es the size of con�dence limits for forecastingOUTPUT ALPHA=
Starts forecasting before end of the input data OUTPUT BACK=
Speci�es how many periods to forecast OUTPUT LEAD=
Suppresses the printed forecasts OUTPUT NOPRINT

PROC VARMAX Statement

PROC VARMAX options ;

The following options can be used in the PROC VARMAX statement:

DATA=SAS-data-set
speci�es the input SAS data set. If the DATA= option is not speci�ed, the PROC VARMAX statement
uses the most recently created SAS data set.

OUTEST=SAS-data-set
writes the parameter estimates to the output data set.

COVOUT

OUTCOV
writes the covariance matrix for the parameter estimates to the OUTEST= data set. This option is valid
only if the OUTEST= option is speci�ed.

OUTSTAT=SAS-data-set
writes residual diagnostic results to an output data set. If the COINTTEST=(JOHANSEN) option is
speci�ed, the results of this option are also written to the output data set.

The following statements are the examples of these options in the PROC VARMAX statement:

1Starting with SAS/ETS 14.1, it is recommended that you use the COINTEG statement instead.
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proc varmax data=one outest=est outcov outstat=stat;
model y1-y3 / p=1;

run;

proc varmax data=one outest=est outstat=stat;
model y1-y3 / p=1 cointtest=(johansen);

run;

PLOTS< (global-plot-option) > = plot-request-option < (options) >

PLOTS< (global-plot-option) > = ( plot-request-option < (options) > ... plot-request-option < (options) > )
controls the plots produced through ODS Graphics. When you specify only one plot, you can omit the
parentheses around the plot request. Some examples follow:

plots=none
plots=all
plots(unpack)=residual(residual normal)
plots=(forecasts model)

For general information about ODS Graphics, see Chapter 21, “Statistical Graphics Using ODS”
(SAS/STAT User's Guide).

proc varmax data=one plots=impulse(simple);
model y1-y3 / p=1;

run;

proc varmax data=one plots=(model residual);
model y1-y3 / p=1;

run;

proc varmax data=one plots=forecasts;
model y1-y3 / p=1;
output lead=12;

run;

The �rst VARMAX program produces the simple response impulse plots. The second VARMAX
program produces the plots associated with the model and prediction errors. The plots associated
with prediction errors are the ACF, PACF, IACF, distribution, white-noise, and Normal quantile
plots and the prediction error plot. The third VARMAX program produces the FORECASTS and
FORECASTSONLY plots.

The global-plot-option applies to the impulse and prediction error analysis plots generated by the
VARMAX procedure. The followingglobal-plot-option is available:

UNPACK displays each graph separately. (By default, some graphs can appear together in a
single panel.)
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The followingplot-request-options are available:

ALL produces all plots appropriate for the particular analysis.

FORECASTS < (forecasts-plot-options ) > produces plots of the forecasts. The forecasts-only plot
that shows the multistep forecasts in the forecast region is produced by default. The
following forecasts-plot-options are available:

ALL produces the FORECASTSONLY and the FORECASTS plots.
This is the default.

FORECASTS produces a plot that shows the one-step-ahead as well as the
multistep forecasts.

FORECASTSONLY produces a plot that shows only the multistep forecasts.

IMPULSE < (impulse-plot-options ) > produces the plots of impulse response function and the im-
pulse response of the transfer function.

ALL produces all impulse plots. This is the default.

ACCUM produces the accumulated impulse plot.

ORTH produces the orthogonalized impulse plot.

SIMPLE produces the simple impulse plot.

MODEL produces plots of dependent variables listed in the MODEL statement and plots of
the one-step-ahead predicted values for each dependent variables.

NONE suppresses all plots.

RESIDUAL < (residual-plot-options ) > produces plots associated with the prediction errors ob-
tained after modeling the data. The followingresidual-plot-options are available:

ALL produces all plots associated with the analysis of the prediction
errors. This is the default.

RESIDUAL produces prediction error plot.

DIAGNOSTICS produces a panel of plots useful in assessing the autocorrelations
and white-noise of the prediction errors. The panel consists of
the following:

� the autocorrelation plot of the prediction errors

� the partial autocorrelation plot of the prediction errors

� the inverse autocorrelation plot of the prediction errors

� the log scaled white noise plot of the prediction errors

NORMAL produces a panel of plots useful in assessing normality of the
prediction errors. The panel consists of the following:

� distribution of the prediction errors with overlaid the normal
curve

� normal quantile plot of the prediction errors
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Other Options

In addition, any of the following MODEL statement options can be speci�ed in the PROC VARMAX state-
ment, which is equivalent to specifying the option for every MODEL statement: CENTER, DFTEST=, DIF=,
DIFX=, DIFY=, LAGMAX=, METHOD=, MINIC=, NOCURRENTX, NOINT, NOPRINT, NSEASON=,
P=, PRINT=, PRINTALL, PRINTFORM=, Q=, SCENTER, TREND=, VARDEF=, and XLAG= options.

The following is an example of the options in the PROC VARMAX statement:

proc varmax data=one lagmax=3 method=ml;
model y1-y3 / p=1;

run;

BOUND Statement

BOUND restriction, . . . , restriction ;

The BOUND statement sets up linear bounds for parameters when the maximum likelihood method is applied
to the estimation of VARMAX, VECM, VARMAX-GARCH, and VEC-ARMAX-GARCH models. Only
one BOUND statement is allowed. If you specify more than onerestriction, separate them with commas.
The restrictions are speci�ed in the same manner as therestrictions in the RESTRICT statement. For
information about how to de�ne restrictions by using matrix expressions, operators, and functions, see the
section “RESTRICT Statement” on page 2922. Both equality and inequality constraints are allowed in the
BOUND statement, although usually equality constraints are speci�ed in the RESTRICT statement and
inequality constraints are speci�ed in the BOUND statement.

To use the BOUND statement, you need to know the form of the model. If you do not specify the GARCH
statement, the COINTEG statement, or the ECM=, P=, Q=, or XLAG= option in the MODEL statement,
then the BOUND statement is not applicable. If you specify the ECM=(NORMALIZE=), METHOD=LS, or
PRIOR= option in the MODEL statement, or if you specify the EXOGENEITY, H=, J=, or NORMALIZE=
option in the COINTEG statement, the BOUND statement is ignored. Nonlinear restrictions on parameters
are not supported.

The following is an example of the BOUND statement for a bivariate (k=2) zero-mean VARMA(1,1) model,
which is by default estimated by maximum likelihood method because the MA term is present:

proc varmax data=one;
model y1 y2 / noint p=1 q=1;
bound -1<=AR<=1, 0<MA;

run;

This BOUND statement speci�es that all AR parameters must be between� 1 and 1 and that all MA
parameters must be positive.

You can use the BOUND statement together with the RESTRICT statement, as in the following bivariate
(k=2) zero-mean VARMA(1,1) model:

proc varmax data=one;
model y1 y2 / noint p=1 q=1;
bound AR+MA>=0.001;
restrict AR(1,1,2) = 0.5;

run;
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BY Statement

BY variables ;

A BY statement can be used with PROC VARMAX to obtain separate analyses on observations in groups
de�ned by the BY variables.

When a BY statement appears, the procedure expects the input data set to be sorted in order of the BY
variables.

If your input data set is not sorted in ascending order, use one of the following alternatives:

� Sort the data using the SORT procedure with a similar BY statement.

� Specify the BY statement option NOTSORTED or DESCENDING in the BY statement for the
VARMAX procedure. The NOTSORTED option does not mean that the data are unsorted but rather
that the data are arranged in groups (according to values of the BY variables) and that these groups are
not necessarily in alphabetical or increasing numeric order.

� Create an index on the BY variables using the DATASETS procedure.

For more information about the BY statement, see inSAS Language Reference: Concepts. For more
information about the DATASETS procedure, see the discussion in theBase SAS Procedures Guide.

The following is an example of the BY statement:

proc varmax data=one;
by region;
model y1-y3 / p=1;

run;

CAUSAL Statement

CAUSAL GROUP1= (variables) GROUP2=(variables) ;

A CAUSAL statement prints the Granger causality test by �tting the VAR(p) model by using all variables
de�ned in GROUP1 and GROUP2. Any number of CAUSAL statements can be speci�ed. The CAUSAL
statement proceeds with the MODEL statement and uses the variables and the autoregressive order,p,
speci�ed in the MODEL statement. Variables in the GROUP1= and GROUP2= options should be de�ned in
the MODEL statement. If the P=0 option is speci�ed in the MODEL statement, the CAUSAL statement is
not applicable.

The null hypothesis of the Granger causality test is that GROUP1 is in�uenced only by itself, and not by
GROUP2. If the hypothesis test fails to reject the null, then the variables listed in GROUP1 might be
considered as independent variables.

See the section “VAR and VARX Modeling” on page 2963 for details.

The following is an example of the CAUSAL statement. You specify the CAUSAL statement with the
GROUP1= and GROUP2= options.
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proc varmax data=one;
model y1-y3 = x1 / p=1;
causal group1=(x1) group2=(y1-y3);
causal group1=(y2) group2=(y1 y3);

run;

The �rst CAUSAL statement �ts the VAR(1) model by using the variablesy1, y2, y3, andx1 and tests the
null hypothesis thatx1 causes the other variables,y1, y2, andy3, but the other variables do not causex1.
The second CAUSAL statement �ts the VAR(1) model by using the variablesy1, y3, andy2 and tests the
null hypothesis thaty2 causes the other variables,y1 andy3, but the other variables do not causey2.

COINTEG Statement

COINTEG RANK=number < options > ;

The COINTEG statement �ts the vector error correction model to the data, tests the restrictions of the long-run
parameters and the adjustment parameters, and tests for weak exogeneity in the long-run parameters. The
P= option in the MODEL statement speci�es the autoregressive order of the VECM. Only one COINTEG
statement is allowed.

The cointegrated system uses maximum likelihood estimation. If there are no moving average (MA) terms
speci�ed by the Q= option in the MODEL statement, no GARCH terms speci�ed in the GARCH statement,
and no general restrictions speci�ed in the BOUND and RESTRICT statements, then PROC VARMAX
applies the maximum likelihood analysis proposed by Johansen and Juselius (1990); Johansen (1995a, b).
Otherwise, the likelihood is maximized using an optimizer whose options can be speci�ed in the NLOPTIONS
statement.

The following statements �t a VECM(2):

proc varmax data=one;
model y1-y3 / p=2;
cointeg rank=1;

run;

To test restrictions on� and� , you specify the J= option and the H= option, respectively. You specify the
EXOGENEITY option in the COINTEG statement for tests of weak exogeneity in the long-run parameters.

The following example of the COINTEG statement speci�es tests of restrictions on� and� , along with tests
of weak exogeneity:

proc varmax data=one;
model y1-y3 / p=2;
cointeg rank=1 h=(1 0, -1 0, 0 1)

j=(1 0, 0 0, 0 1) exogeneity;
run;

You must specify the following option:

RANK=number
speci�es the cointegration rank of the cointegrated system. The rank of cointegration should be greater
than 0 and less than the number of dependent (endogenous) variables. Ifnumber is different from
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the value of the RANK= option speci�ed in the ECM= option in the MODEL statement, thenumber
speci�ed here is used for the rank.

You can also specify the followingoptions in the COINTEG statement:

ECTREND
speci�es the restriction on the drift in the VECM. This option is used in the following cases:

� There is no separate drift in the VECM, but a constant enters only through the error correction
term. For example, for VECM(p),

• yt D � . � 0; � 0/. y0
t � 1; 1/0C

p � 1X

i D 1

ˆ �
i • yt � i C � t

An example of the ECTREND option follows:

model y1 y2 / p=2;
cointeg rank=1 ectrend;

� There is a separate drift and no separate linear trend in the VECM, but a linear trend enters only
through the error correction term. For example, for VECM(p),

• yt D � . � 0; � 1/. y0
t � 1; t /0C

p � 1X

i D 1

ˆ �
i • yt � i C � 0 C � t

An example of the ECTREND option with the TREND= option follows:

model y1 y2 / p=2 trend=linear;
cointeg rank=1 ectrend;

If you specify both this option and the NSEASON option in the MODEL statement, then the NSEASON
option is ignored. If you specify the NOINT option in the MODEL statement, then this option is
ignored.

EXOGENEITY
formulates the likelihood ratio tests for testing weak exogeneity in the long-run parameters. The null
hypothesis is that one variable is weakly exogenous for the others.

H=(matrix)
speci�es the restrictionsH on thek � r or .k C 1/ � r cointegrated coef�cient matrixQ� such that
Q� D H� , whereH is known and� is unknown. If you do not specify the ECTREND option, then the
cointegrated coef�cient matrixQ� is the cointegrating matrix� and theH matrix has dimensionk � m.
If you specify the ECTREND option, then the cointegrated coef�cient matrixQ� is the cointegrating
matrix � stacked with the coef�cient row vector� 0 or � 1 for the constant or linear trend in the error
correction term, and theH matrix has dimension.k C 1/ � m. Herek is the number of dependent
variables andm is r � m < k , wherer is de�ned in the RANK=r option.

For example, consider a VECM(2) with rank equal to 1 on four dependent variables. Then,� D
.� 11 ; � 21 ; � 31 ; � 41 /0. To test the null hypothesis� 11 C � 21 D 0 (that is,H0

? � D 0, whereH? D
.1 � 1 0 0/0), you can use the following statements to specify the restriction matrixH:



2900 F Chapter 42: The VARMAX Procedure

model y1-y4 / p=2;
cointeg rank=1 h=(1 0 0, -1 0 0, 0 1 0, 0 0 1);

Here the dimension of matrixH is 4 � 3 becausek D 4 andm D 3, and each row of the matrixH is
separated by commas. Note thatH0

? H D 0; that is, theH andH? matrices are orthogonal.

When the series has no separate deterministic trend, and therefore you specify the ECTREND option,
the constant term should be restricted by� 0

? � D 0. The matrix� ? is a k � .k � r/ full-rank
matrix orthogonal to� , such thatrank. � ? / D k � r and� 0

? � D 0. The Q� becomes.� 0; � 0/0 or
Q� D .� 11 ; � 21 ; � 31 ; � 41 ; � .0/

11 /0. As for the previous test of� 11 C � 21 D 0 (that is,H0
?

Q� D 0, where
H? D .1 � 1 0 0 0/0), you can specify the restriction matrixH as follows:

model y1-y4 / p=2;
cointeg rank=1 ectrend

h=(1 0 0 0, -1 0 0 0, 0 1 0 0, 0 0 1 0, 0 0 0 1);

Because the dimension is changed in theH? matrix, the dimension ofH matrix has to be adjusted
accordingly.

When the cointegrated system contains three dependent variables and the RANK=2 option is speci�ed,
the test of� 1j D � � 2j for j D 1; 2 can be run with the following restriction matrixH, where
H? D .1 1 0/0andH0

? � D 0:

cointeg rank=2 h=(1 0, -1 0, 0 1);

There are many ways to achieve a matrix that is orthogonal to a particular matrix. The following
statements illustrate how to obtain the orthogonal matrix through QR decomposition:

proc iml;
/ * For a given matrix H_dot, * /
H_dot = {1 1 0}�;
/ * get its QR decomposition, i.e., H_dot = QR. * /
call qr(Q, R, piv, lindep, H_dot);
/ * Then, the matrix orthogonal to H_dot

can be extracted from Q. * /
H = Q[,ncol(H_dot)+1:nrow(H_dot)];
/ * Finally, normalize each column of H if necessary. * /
do i = 1 to ncol(H);

k = 0;
do j = nrow(H) to 1 by -1;

if (H[j,i]^=0) then k=j;
end;
if (k=0) then

print "Error: H is not full rank!";
else

do j = nrow(H) to 1 by -1;
H[j,i] = H[j,i] / H[k,i];

end;
end;
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print "The given matrix is:";
print H_dot;
print "The matrix orthogonal to it is:";
print H;

quit;

J=(matrix)
speci�es the restrictionsJ on thek � r adjustment matrix� such that� D J , whereJ is known
and is unknown. Thek � m matrix J is speci�ed by using this option, wherek is the number of
dependent variables,m is r � m < k , andr is de�ned in the RANK=r option.

For example, suppose the system contains four variables, the RANK=1 option is speci�ed, and you
want to test� j D 0 for j D 2; 3; 4—that is,J0

? � D 0, where

J? D

0

B
B
@

0 0 0
1 0 0
0 1 0
0 0 1

1

C
C
A

Then you can specify the restriction matrixJ as follows:

cointeg rank=1 j=(1, 0, 0, 0);

Suppose the system contains three variables, the RANK=2 option is speci�ed, and you want to test
� 2j D 0 for j D 1; 2—that is,J0

? � D 0, whereJ? D .0 1 0/0. Then you can specify the restriction
matrix J as follows:

cointeg rank=2 j=(1 0, 0 0, 0 1);

NLC
speci�es the nonlinear constraints that� and� are full column rank. Although the constraints are
required for a well-de�ned VECM, only the TECH=QUANEW and TECH=NMSIMP optimization
methods in the NLOPTIONS statement support nonlinear constraints. The full-rank constraints are not
imposed by default so that other optimization methods, such as TECH=CONGRA or TECH=TRUREG,
can be tried. The NLC option works only when numerical optimization is used for estimating VECM
(for example, when the BOUND, INITIAL, or RESTRICT statement is speci�ed, or the VEC-ARMA
or VEC-ARMA-GARCH model is estimated). That is, the NLC option is ignored if the closed-form
solution of parameter estimates and maximum likelihood analysis, which is provided in Johansen and
Juselius (1990) and Johansen (1995a, b), can be applied.

NORMALIZE=variable
speci�es a single dependent (endogenous)variable whose cointegrating vectors are normalized. If
thevariable is different from the variable speci�ed in the COINTTEST=(JOHANSEN=) or ECM=
option in the MODEL statement, thevariable in this option is used. If this option is not speci�ed,
cointegrating vectors are not normalized.

If the EXOGENEITY, H=, J=, or NORMALIZE= option is speci�ed, the BOUND, GARCH, INITIAL, and
RESTRICT statements are all ignored, and the Q= option in the MODEL statement is also ignored.
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GARCH Statement

GARCH options ;

The GARCH statement speci�es a GARCH-type multivariate conditional heteroscedasticity model.

You can specify the following options:

CORRCONSTANT=ESTIMATE | EXPECT
speci�es how to calculate the constant or unconditional correlation matrix in the CCC or DCC GARCH
model, respectively. If you specify CORRCONSTANT=EXPECT, the constant conditional correlation
matrix in the CCC GARCH model or the unconditional correlation matrix in the DCC GARCH
model is calculated through the standardized residuals, given the other parameters. After parameter
estimates are output, the constant or unconditional correlation matrix for the CCC or DCC GARCH
model is output in the CCCCorrConstant or DCCCorrConstant ODS table, respectively. If you specify
CORRCONSTANT=ESTIMATE, the correlation matrix is estimated like all other parameters in the
model. By default, CORRCONSTANT=ESTIMATE.

FORM=value
speci�es the representation for a GARCH model. Valid values are as follows:

BEKK speci�es a BEKK representation. This is the default.

CCC speci�es a constant conditional correlation representation.

DCC speci�es a dynamic conditional correlation representation.

OUTHT=SAS-data-set
writes the conditional covariance matrix to an output data set.

P=number

P=(number-list)
speci�es the order of the process or the subset of GARCH terms to be �tted. For example, you can
specify the P=(1,3) option. The P=3 option is equivalent to the P=(1,2,3) option. By default, P=0.

Q=number

Q=(number-list)
speci�es the order of the process or the subset of ARCH terms to be �tted. This option is required in
the GARCH statement. For example, you can specify the Q=(2) option. The Q=2 option is equivalent
to the Q=(1,2) option.

SUBFORM=value
speci�es the type of the univariate GARCH model for each innovation in the CCC or DCC GARCH
model. If you specify the FORM=BEKK option, the SUBFORM= option is ignored. The values of the
SUBFORM= option are as follows:

EGARCH speci�es the exponential GARCH, or EGARCH, model.

GARCH speci�es the GARCH model with no constraints.

GJR | TGARCH speci�es the GJR GARCH (also called threshold GARCH, or TGARCH) model.
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PGARCH speci�es the power GARCH, or PGARCH, model.

QGARCH speci�es the quadratic GARCH, or QGARCH, model.

By default, SUBFORM=GARCH.

If you specify the ECM=(NORMALIZE=) or PRIOR= option in the MODEL statement, or if you specify the
EXOGENEITY, H=, J=, or NORMALIZE= option in the COINTEG statement, the GARCH statement is
ignored.

For the VAR(1)–ARCH(1) model,

model y1 y2 / p=1;
garch q=1 form=bekk;

For the multivariate GARCH(1,1) model,

model y1 y2;
garch q=1 p=1 form=ccc;

Other multivariate GARCH-type models are

model y1 y2 = x1 / xlag=1;
garch q=1;

model y1 y2 / q=1;
garch q=1 p=1;

For more information, see the section “Multivariate GARCH Modeling” on page 3006.

ID Statement

ID variable INTERVAL=value < ALIGN=value > ;

The ID statement speci�es a variable that identi�es observations in the input data set. The datetime variable
speci�ed in the ID statement is included in the OUT= data set if the OUTPUT statement is speci�ed. The ID
variable is usually a SAS datetime variable. The values of the ID variable are extrapolated for the forecast
observations based on the value of the INTERVAL= option.

ALIGN= value
controls the alignment of SAS dates used to identify output observations. The ALIGN= option allows
the following values: BEGINNING | BEG | B, MIDDLE | MID | M, and ENDING | END | E. The
default is BEGINNING. The ALIGN= option is used to align the ID variable to the beginning, middle,
or end of the time ID interval speci�ed by the INTERVAL= option.

INTERVAL= value
speci�es the time interval between observations. This option is required in the ID statement. The
INTERVAL= option is used in conjunction with the ID variable to check that the input data are in order
and have no missing periods. The INTERVAL= option is also used to extrapolate the ID values past
the end of the input data when the OUTPUT statement is speci�ed.

The following is an example of the ID statement:
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proc varmax data=one;
id date interval=qtr align=mid;
model y1-y3 / p=1;

run;

INITIAL Statement

INITIAL equation, . . . , equation ;

The INITIAL statement sets up the initial parameter values for nonlinear optimization when the maximum
likelihood method is applied to the estimation of VARMAX, VECM, VARMAX-GARCH, or VEC-ARMAX-
GARCH models. Only one INITIAL statement is allowed. If you specify more than oneequation, separate
them with commas. Theequations are speci�ed in the same manner as therestrictions in the RESTRICT
statement. For information about how to de�ne equations by using matrix expressions, operators, and
functions, see the section “RESTRICT Statement” on page 2922.

To use the INITIAL statement, you need to know the form of the model. If you do not specify the GARCH
statement, the COINTEG statement, or the ECM=, P=, Q=, or XLAG= option in the MODEL statement,
then the INITIAL statement is not applicable. If you specify the ECM=(NORMALIZE=), METHOD=LS, or
PRIOR= option in the MODEL statement, or if you specify the EXOGENEITY, H=, J=, or NORMALIZE=
option in the COINTEG statement, the INITIAL statement is ignored. Nonlinear restrictions on parameters
are not supported.

The initial parameter values are the solution of the speci�ed linear equations. If you do not specify initial
values for all parameters, the default initial value for any parameter that is not speci�ed in the INITIAL
statement is 0, except for the following:

� The diagonal elements of theCOVparameter matrix are set to ones if theCOVparameter matrix is to be
estimated.

� The diagonal elements of theGCHCparameter matrix are set to ones if theGCHCparameter matrix is to
be estimated and the SUBFORM=EGARCH option is not speci�ed.

� The diagonal elements of thePACHparameter matrix are set to ones if the SUBFORM=PGARCH
option is speci�ed.

The following is an example of the INITIAL statement for a bivariate (k=2) zero-mean VARMA(1,1) model,
which is estimated by the maximum likelihood method by default because a moving average (MA) term is
present:

proc varmax data=one;
model y1 y2 / noint p=1 q=1;
initial AR = 0, MA = 0,

COV={1 0.5, 0.5 4};
run;

Like the RESTRICT statement, the preceding INITIAL statement can be abbreviated as follows:
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initial AR = MA = 0,
COV={1 0.5, 0.5 4};

or

initial AR, MA, COV={1 0.5, 0.5 4};

Furthermore, you can omitARandMAin the INITIAL statement as follows, because by default theARandMA
matrices are set to zeros if they are not speci�ed in the INITIAL statement:

initial COV={1 0.5, 0.5 4};

If you use the INITIAL statement for a vector error correction model (VECM), you must specify initial
values for both theALPHAandBETAmatrices and make sure they are both full rank; otherwise, the INITIAL
statement is ignored.

In the following example, the INITIAL statement is ignored because initial values forALPHAandBETAare
not speci�ed:

proc varmax data=one;
model y1 y2 / noint p=1;
cointeg rank=1;
initial cov=I(2) * 4;

run;

In the following example, the INITIAL statement is ignored because initial values forALPHAare not speci�ed:

proc varmax data=one;
model y1 y2 / noint p=1;
cointeg rank=1;
initial beta=1;

run;

In the following example, the INITIAL statement is ignored because the initialBETAmatrix is not full rank:

proc varmax data=one;
model y1 y2 y3 / noint p=1;
cointeg rank=2;
initial alpha={1 0, 0 1, 0 0},

beta ={1 2, 2 4, 3 6};
run;

In the following example, the INITIAL statement works �ne because the speci�ed initialALPHAandBETA
matrices are both full rank:

proc varmax data=one;
model y1 y2 y3 / noint p=1;
cointeg rank=2;
initial alpha={1 0, 0 1, 0 0},

beta ={1 2, 2 4, 3 5};
run;
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MODEL Statement

MODEL dependents < = regressors >
< , dependents < = regressors > . . . >
< / options > ;

The MODEL statement speci�es dependent (endogenous) variables and independent (exogenous) variables
for the VARMAX model. The multivariate model can have the same or different independent variables
corresponding to the dependent variables. As a special case, the VARMAX procedure allows you to analyze
one dependent variable. Only one MODEL statement is allowed.

For example, the following statements are equivalent ways of specifying the multivariate model for the vector
.y1; y2; y3/ :

model y1 y2 y3 </options>;
model y1-y3 </options>;

The following statements are equivalent ways of specifying the multivariate model with independent variables,
wherey1; y2; y3, andy4 are the dependent variables andx1; x2; x3; x4, andx5 are the independent
variables:

model y1 y2 y3 y4 = x1 x2 x3 x4 x5 </options>;
model y1 y2 y3 y4 = x1-x5 </options>;
model y1 = x1-x5, y2 = x1-x5, y3 y4 = x1-x5 </options>;
model y1-y4 = x1-x5 </options>;

When the multivariate model has different independent variables that correspond to each of the dependent
variables, equations are separated by commas (,) and the model can be speci�ed as illustrated by the following
MODEL statement:

model y1 = x1-x3, y2 = x3-x5, y3 y4 = x1-x5 </options>;

The following options can be used in the MODEL statement after a forward slash (/):

CENTER
centers the dependent (endogenous) variables by subtracting their means. Note that centering is done
after differencing when the DIF= or DIFY= option is speci�ed. If there are exogenous (independent)
variables, this option is not applicable.

model y1 y2 / p=1 center;

DIF(variable (number-list) < ... variable (number-list) >)

DIF=(variable (number-list) < ... variable (number-list) >)
speci�es the degrees of differencing to be applied to the speci�ed dependent or independent variables.
Thenumber-list must contain one or more numbers, each of which should be greater than zero. The
differencing can be the same for all variables, or it can vary among variables. For example, the
DIF=(y1(1,4)y3(1) x2(2)) option speci�es that the seriesy1 is differenced at lag 1 and at lag 4, which
is

.1 � B 4/.1 � B/y 1t D .y 1t � y1;t � 1/ � .y 1;t � 4 � y1;t � 5/
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The seriesy3 is differenced at lag 1, which is.y 3t � y3;t � 1/ ; and the seriesx2 is differenced at lag 2,
which is.x 2t � x2;t � 2/ .

The following uses the datady1, y2, x1, anddx2, wheredy1 D .1 � B/y 1t anddx2 D .1 � B/ 2x2t .

model y1 y2 = x1 x2 / p=1 dif=(y1(1) x2(2));

DIFX(number-list)

DIFX=(number-list)
speci�es the degrees of differencing to be applied to all independent variables. Thenumber-list must
contain one or more numbers, each of which should be greater than zero. For example, the DIFX=(1)
option speci�es that all of the independent series are differenced once at lag 1. The DIFX=(1,4) option
speci�es that all of the independent series are differenced at lag 1 and at lag 4. If independent variables
are speci�ed in the DIF= option, then the DIFX= option is ignored.

The following statement uses the datay1, y2, dx1, anddx2, wheredx1 D .1 � B/x 1t anddx2 D
.1 � B/x 2t .

model y1 y2 = x1 x2 / p=1 difx(1);

DIFY(number-list)

DIFY=(number-list)
speci�es the degrees of differencing to be applied to all dependent (endogenous) variables. The
number-list must contain one or more numbers, each of which should be greater than zero. For details,
see the DIFX= option. If dependent variables are speci�ed in the DIF= option, then the DIFY= option
is ignored.

model y1 y2 / p=1 dify(1);

METHOD=value
requests the type of estimates to be computed. The possible values of the METHOD= option are as
follows:

LS speci�es least squares estimates.

ML speci�es maximum likelihood estimates.

CML speci�es conditional maximum likelihood estimates.

For VARX models, you can apply least squares method, maximum likelihood method, or conditional
maximum likelihood method; for VARMAX models, you can apply either maximum likelihood method
or conditional maximum likelihood method; for other type of models, namely, vector error correction
models, GARCH models, and Bayesian models, the default maximum likelihood method is applied.

model y1 y2 / p=1 method=ml;
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NOCURRENTX
suppresses the current valuesxt of the independent variables. In general, the VARX(p; s) model is

yt D � C
pX

i D 1

ˆ i yt � i C
sX

i D 0

‚ �
i xt � i C � t

wherep is the number of lags of the dependent variables included in the model, ands is the number of
lags of the independent variables included in the model, including the contemporaneous values ofxt .

A VARX(1,2) model can be speci�ed as:

model y1 y2 = x1 x2 / p=1 xlag=2;

If the NOCURRENTX option is speci�ed, it suppresses the current valuesxt and starts withxt � 1. The
VARX(p; s) model is rede�ned as:

yt D � C
pX

i D 1

ˆ i yt � i C
sX

i D 1

‚ �
i xt � i C � t

This model withp D 1 ands D 2 can be speci�ed as:

model y1 y2 = x1 x2 / p=1 xlag=2 nocurrentx;

NOINT
suppresses the intercept parameter� .

model y1 y2 / p=1 noint;

NSEASON=number
speci�es the number of seasonal periods. When the NSEASON=number option is speci�ed, (number
–1) seasonal dummies are added to the regressors. If the NOINT option is speci�ed, the NSEASON=
option is not applicable. For more information, see the section “Seasonal Dummies and Time Trends”
on page 2969.

model y1 y2 / p=1 nseason=4;

SCENTER
centers seasonal dummies speci�ed by the NSEASON= option. The centered seasonal dummies are
generated byc � .1=s/, wherec is a seasonal dummy generated by the NSEASON=s option.

model y1 y2 / p=1 nseason=4 scenter;
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TREND=value
speci�es the degree of deterministic time trend included in the model. Valid values are as follows:

LINEAR includes a linear time trend as a regressor.

QUAD includes linear and quadratic time trends as regressors.

The TREND=QUAD option is not applicable for a cointegration analysis. For more information, see
the section “Seasonal Dummies and Time Trends” on page 2969.

model y1 y2 / p=1 trend=linear;

VARDEF=value
corrects for the degrees of freedom of the denominator for computing an error covariance matrix for
the METHOD=LS option. If the METHOD=ML option is speci�ed, the VARDEF=N option is always
used. Valid values are as follows:

DF speci�es that the number of nonmissing observation minus the number of regressors
be used.

N speci�es that the number of nonmissing observation be used.

model y1 y2 / p=1 vardef=n;

Printing Control Options

LAGMAX= number
speci�es the maximum number of lags for which results are computed and displayed by the
PRINT=(CORRX CORRY COVX COVY IARR IMPULSE= IMPULSX= PARCOEF PCANCORR
PCORR) options. This option is also used to limit the printed results for the cross covariances and
cross-correlations of residuals. The default is LAGMAX=min(12,T-2), whereT is the number of
nonmissing observations.

model y1 y2 / p=1 lagmax=6;

NOPRINT
suppresses all printed output.

model y1 y2 / p=1 noprint;

PRINTALL
requests all printing control options. The options set by the option PRINTALL are DFTEST=,
MINIC=, PRINTFORM=BOTH, and PRINT=(CORRB CORRX CORRY COVB COVPE COVX
COVY DECOMPOSE DYNAMIC IARR IMPULSE=(ALL) IMPULSX=(ALL) PARCOEF PCAN-
CORR PCORR ROOTS YW).

You can also specify this option as the option ALL.
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model y1 y2 / p=1 printall;

PRINTFORM=value
requests the printing format of the output generated by the PRINT= option and cross covariances and
cross-correlations of residuals. Valid values are as follows:

BOTH prints output in both MATRIX and UNIVARIATE forms.

MATRIX prints output in matrix form. This is the default.

UNIVARIATE prints output by variables.

model y1 y2 / p=1 print=(impulse) printform=univariate;

Printing Options

PRINT=(options)
The following options can be used in the PRINT=( ) option. The options are listed within parentheses.
If a number in parentheses follows an option listed below, then the option prints the number of lags spec-
i�ed by number in parentheses. The default is the number of lags speci�ed by the LAGMAX=number
option.

CORRB
prints the estimated correlations of the parameter estimates.

CORRX

CORRX(number)
prints the cross-correlation matrices of exogenous (independent) variables. Thenumber should be
greater than zero.

CORRY

CORRY(number)
prints the cross-correlation matrices of dependent (endogenous) variables. Thenumber should be
greater than zero.

COVB
prints the estimated covariances of the parameter estimates.

COVPE

COVPE(number)
prints the covariance matrices ofnumber -ahead prediction errors for the
VARMAX( p,q,s) model. Thenumber should be greater than zero. If the DIF= or DIFY= option is
speci�ed, the covariance matrices of multistep prediction errors are computed based on the differenced
data. This option is not applicable when the PRIOR= option is speci�ed. See the section “Forecasting”
on page 2953 for details.
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COVX

COVX(number)
prints the cross-covariance matrices of exogenous (independent) variables. Thenumber should be
greater than zero.

COVY

COVY(number)
prints the cross-covariance matrices of dependent (endogenous) variables. Thenumber should be
greater than zero.

DECOMPOSE

DECOMPOSE(number)
prints the decomposition of the prediction error covariances using up to the number of lags speci�ed by
number in parentheses for the VARMA(p,q) model. Thenumber should be greater than zero. It can be
interpreted as the contribution of innovations in one variable to the mean squared error of the multistep
forecast of another variable. The DECOMPOSE option also prints proportions of the forecast error
variance.

If the DIF= or DIFY= option is speci�ed, the covariance matrices of multistep prediction errors are
computed based on the differenced data. This option is not applicable when the PRIOR= option is
speci�ed. See the section “Forecasting” on page 2953 for details.

DIAGNOSE
prints the residual diagnostics and model diagnostics.

DYNAMIC
prints the contemporaneous relationships among the components of the vector time series.

ESTIMATES
prints the coef�cient estimates and a schematic representation of the signi�cance and sign of the
parameter estimates.

IARR

IARR(number)
prints the in�nite order AR representation of a VARMA process. Thenumber should be greater
than zero. If the ECM= option or the COINTEG statement is speci�ed, then the reparameterized AR
coef�cient matrices are printed.

IMPULSE

IMPULSE(number)

IMPULSE=(SIMPLE ACCUM ORTH STDERR ALL)

IMPULSE(number)=(SIMPLE ACCUM ORTH STDERR ALL)
prints the impulse response function. Thenumber should be greater than zero. It investigates the
response of one variable to an impulse in another variable in a system that involves a number of other
variables as well. It is an in�nite order MA representation of a VARMA process. See the section
“Impulse Response Function” on page 2943 for details.

The following options can be used in the IMPULSE=( ) option. The options are speci�ed within
parentheses.
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ACCUM prints the accumulated impulse response function.

ALL is equivalent to specifying all of SIMPLE, ACCUM, ORTH, and STDERR.

ORTH prints the orthogonalized impulse response function.

SIMPLE prints the impulse response function. This is the default.

STDERR prints the standard errors of the impulse response function, the accumulated impulse
response function, or the orthogonalized impulse response function.

If the exogenous variables are used to �t the model, then the STDERR option is ignored.

IMPULSX

IMPULSX(number)

IMPULSX=(SIMPLE ACCUM ALL)

IMPULSX(number)=(SIMPLE ACCUM ALL)
prints the impulse response function related to exogenous (independent) variables. Thenumber should
be greater than zero. See the section “Impulse Response Function” on page 2943 for details.

The following options can be used in the IMPULSX=( ) option. The options are speci�ed within
parentheses.

ACCUM prints the accumulated impulse response matrices for the transfer function.

ALL is equivalent to specifying both SIMPLE and ACCUM.

SIMPLE prints the impulse response matrices for the transfer function. This is the default.

PARCOEF

PARCOEF(number)
prints the partial autoregression coef�cient matrices,ˆ mm up to the lagnumber . Thenumber should
be greater than zero. With a VAR process, this option is useful for the identi�cation of the order since
theˆ mm have the property that they equal zero form > p under the hypothetical assumption of a
VAR(p) model. See the section “Tentative Order Selection” on page 2958 for details.

PCANCORR

PCANCORR(number)
prints the partial canonical correlations of the process at lagmand the test for testinĝ m=0 for m > p
up to the lagnumber . Thenumber should be greater than zero. The lagmpartial canonical correlations
are the canonical correlations betweenyt andyt � m , after adjustment for the dependence of these
variables on the intervening valuesyt � 1, . . . ,yt � mC 1. See the section “Tentative Order Selection” on
page 2958 for details.

PCORR

PCORR(number)
prints the partial correlation matrices. Thenumber should be greater than zero. With a VAR process,
this option is useful for a tentative order selection by the same property as the partial autoregression
coef�cient matrices, as described in the PRINT=(PARCOEF) option. See the section “Tentative Order
Selection” on page 2958 for details.
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ROOTS
prints the eigenvalues of thekp � kp companion matrix associated with the AR characteristic function
ˆ.B/ , wherek is the number of dependent (endogenous) variables, andˆ.B/ is the �nite order
matrix polynomial in the backshift operatorB, such thatB i yt D yt � i . These eigenvalues indicate
the stationary condition of the process since the stationary condition on the roots ofjˆ.B/ j D 0 in
the VAR(p) model is equivalent to the condition in the corresponding VAR(1) representation that
all eigenvalues of the companion matrix be less than one in absolute value. Similarly, you can use
this option to check the invertibility of the MA process. In addition, when the GARCH statement is
speci�ed, this option prints the roots of the GARCH characteristic polynomials to check covariance
stationarity for the GARCH process.

YW
prints Yule-Walker estimates of the preliminary autoregressive model for the dependent (endogenous)
variables. The coef�cient matrices are printed using the maximum order of the autoregressive process.

Some examples of the PRINT= option are as follows:

model y1 y2 / p=1 print=(covy(10) corry(10));
model y1 y2 / p=1 print=(parcoef pcancorr pcorr);
model y1 y2 / p=1 print=(impulse(8) decompose(6) covpe(6));
model y1 y2 / p=1 print=(dynamic roots yw);

Lag Speci�cation Options

P=number

P=(number-list)
speci�es the order of the vector autoregressive process. Subset models of vector autoregressive orders
can be speci�ed by listing the desired set of lags. For example, you can specify the P=(1,3,4) option.
The P=3 option is equivalent to the P=(1,2,3) option. The default is P=0.

If P=0 and there are no exogenous (independent) variables, then the AR polynomial order is automati-
cally determined by minimizing an information criterion. If P=0 and the PRIOR= or ECM= option or
COINTEG statement are speci�ed, then the AR polynomial order is determined automatically.

If the ECM= option or the COINTEG statement is speci�ed, then subset models of vector autoregressive
orders are not allowed and the AR maximum order speci�ed is used.

Examples illustrating the P= option follow:

model y1 y2 / p=3;
model y1 y2 / p=(1,3);
model y1 y2 / p=(1,3) prior;

Q=number

Q=(number-list)
speci�es the order of the moving-average error process. Subset models of moving-average orders can
be speci�ed by listing the desired set of lags. For example, you can specify the Q=(1,5) option. The
default is Q=0.
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model y1 y2 / p=1 q=1;
model y1 y2 / q=(2);

XLAG=number

XLAG=(number-list)
speci�es the lags of exogenous (independent) variables. Subset models of distributed lags can be
speci�ed by listing the desired set of lags. For example, XLAG=(2) selects only a lag 2 of the
exogenous variables. The default is XLAG=0. To exclude the present values of exogenous variables
from the model, the NOCURRENTX option must be used.

model y1 y2 = x1-x3 / xlag=2 nocurrentx;
model y1 y2 = x1-x3 / p=1 xlag=(2);

Tentative Order Selection Options

MINIC

MINIC=( P=number PERROR=number Q=number TYPE=value )
prints the information criterion for the appropriate AR and MA tentative order selection.

You can specify the following options within parentheses in the MINIC= option:

P=number

P=(pmin : pmax )
speci�es the range of AR orders to be considered in the tentative order selection. The default is
P=(0:5). P=3 is equivalent to P=(0:3).

PERROR=number

PERROR=(p �;min : p �;max )
speci�es the range of AR orders for obtaining the error series. The default is PERROR=(pmax W
pmax C qmax ).

Q=number

Q=(qmin : qmax )
speci�es the range of MA orders to be considered in the tentative order selection. The default is
Q=(0:5).

TYPE= AIC | AICC | FPE | HQC | SBC
speci�es the criterion for the model order selection. Valid criteria are as follows:

AIC speci�es Akaike's information criterion.

AICC speci�es the corrected Akaike's information criterion.

FPE speci�es the �nal prediction error criterion.

HQC speci�es the Hanna-Quinn criterion.

SBC speci�es the Schwarz Bayesian criterion. You can also specify this value as
TYPE=BIC.
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By default, TYPE=AICC.

The following examples show how to use the MINIC or MINIC= option:

model y1 y2 / minic;

model y1 y2 / minic=(type=aic p=13);

In the selection of AR and MA orders, the model that has the smallest criterion value is chosen. For
the de�nitions of the information criteria used in the MINIC option, see the section “The Minimum
Information Criterion (MINIC) Method” on page 2962.

Cointegration Related Options

Two options are related to integrated time series; one is the DFTEST option to test for a unit root and the
other is the COINTTEST option to test for cointegration.

DFTEST

DFTEST=(DLAG=number)

DFTEST=(DLAG=(number) . . . (number) )
prints the Dickey-Fuller unit root tests. The DLAG=(number ) . . . (number ) option speci�es the regular
or seasonal unit root test. Supported values ofnumber are in 1, 2, 4, 12. If thenumber is greater than
one, a seasonal Dickey-Fuller test is performed. If the TREND= option is speci�ed, the seasonal unit
root test is not available. The default is DLAG=1.

For example, the DFTEST=(DLAG=(1)(12)) option produces two tables: the Dickey-Fuller regular
unit root test and the seasonal unit root test.

Some examples of the DFTEST= option follow:

model y1 y2 / p=2 dftest;
model y1 y2 / p=2 dftest=(dlag=4);
model y1 y2 / p=2 dftest=(dlag=(1)(12));
model y1 y2 / p=2 dftest cointtest;

COINTTEST

COINTTEST=(JOHANSEN < (=options) > SW < (=options) > SIGLEVEL=number )
speci�es the cointegration tests.

You can specify the following options within parentheses in the COINTTEST= option:

JOHANSEN

JOHANSEN=(TYPE=value IORDER=number NORMALIZE=variable)
prints the cointegration rank test for multivariate time series based on Johansen's method. This
test is provided when the number of dependent (endogenous) variables is less than or equal to 64.
For more information, see the section “Vector Error Correction Modeling” on page 2986.
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The VARX(p,s) model can be written as the error correction model

• yt D …yt � 1 C
p � 1X

i D 1

ˆ �
i • yt � i C AD t C

sX

i D 0

‚ �
i xt � i C � t

where…, ˆ �
i , A, and‚ �

i are coef�cient parameters andD t is a deterministic term such as a
constant, a linear trend, or seasonal dummies.

TheI.1/ model is de�ned by one reduced-rank condition. If the cointegration rank isr < k , then
there existk � r matrices� and� of rankr such that… D �� 0.

TheI.1/ model is rewritten as theI.2/ model

• 2yt D …yt � 1 � ‰• yt � 1 C
p � 2X

i D 1

‰i • 2yt � i C AD t C
sX

i D 0

‚ �
i xt � i C � t

where‰D I k �
P p � 1

i D 1 ˆ �
i and‰i D �

P p � 1
j D i C 1 ˆ �

i .

TheI.2/ model is de�ned by two reduced-rank conditions. One is that… D �� 0, where� and�
arek � r matrices of full-rankr. The other is that� 0

? ‰� ? D �� 0, where� and� are.k � r/ � s
matrices withs � k � r , and� ? and� ? arek � .k � r/ matrices of full-rankk � r such that
� 0� ? D 0 and� 0� ? D 0.

You can specify the following options within parentheses in the JOHANSEN= option:

IORDER=1 | 2
speci�es the integrated order. You can specify the following values:

1 prints the cointegration rank test for an integrated order 1 and prints the
long-run parameter,� , and the adjustment coef�cient,� . If you specify
IORDER=1, then the AR order should be greater than or equal to 1. If
you specify P=0 in the MODEL statement, the value of P is set to 1 for
the Johansen test.

2 prints the cointegration rank test for integrated orders 1 and 2. If you
specify IORDER=2, then the AR order should be greater than or equal to
2. If you specify P=1 and IORDER=2, then the value of IORDER is set
to 1; if you specify P=0 and IORDER=2, then the value of P is set to 2.

By default, IORDER=1.

NORMALIZE=variable
speci�es the dependent (endogenous)variable whose cointegration vectors are to be normal-
ized. If thevariable is different from the variable speci�ed in the COINTEG statement or
in the ECM= option in the MODEL statement, then the value speci�ed in the COINTEG
statement is used. If you specify this option and you want to estimate an error correction
model, then the BOUND, GARCH, INITIAL, and RESTRICT statements are all ignored
and the Q= option in the MODEL statement is also ignored.
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TYPE=MAX | TRACE
speci�es the type of cointegration rank test to be printed. You can specify the following
values:

MAX prints the cointegration maximum eigenvalue test.

TRACE prints the cointegration trace test.

By default, TYPE=TRACE. If the NOINT option is not speci�ed, PROC VARMAX prints
two different cointegration rank tests in the presence of the unrestricted and restricted
deterministic terms (constant or linear trend) models. If you specify IORDER=2, the
procedure automatically sets the TYPE=TRACE option.

The following examples illustrate the JOHANSEN= option:

model y1 y2 / p=2 cointtest=(johansen=(type=max normalize=y1));

model y1 y2 / p=2 cointtest=(johansen=(iorder=2 normalize=y1));

SIGLEVEL=value
sets the size (the signi�cance level) of the common trends tests.

The SIGLEVEL=value can be set to 0.1, 0.05, or 0.01. By default, SIGLEVEL=0.05.

model y1 y2 / p=2 cointtest=(sw siglevel=0.1);

model y1 y2 / p=2 cointtest=(sw siglevel=0.01);

SW

SW=(TYPE=value LAG=number)
prints common trends tests for a multivariate time series based on the Stock-Watson method.
This test is provided when the number of dependent (endogenous) variables is less than or equal
to 6. For more information, see the section “Common Trends” on page 2984.

You can specify the following options within parentheses in the SW= option:

LAG=number
speci�es the number of lags. The default is LAG=max(1,p) for the TYPE=FILTDIF or
TYPE=FILTRES option, wherep is the AR maximum order speci�ed by the P= option. The
default is LAG=T 1=4 for the TYPE=KERNEL option, whereT is the number of nonmissing
observations. If the speci�ed LAG=number exceeds the default, then it is replaced by the
default.

TYPE=FILTDIF | FILTRES | KERNEL
speci�es the type of common trends test to be printed. You can specify the following values:

FILTDIF prints the common trends test based on the �ltering method applied to
the differenced series.

FILTRES prints the common trends test based on the �ltering method applied to
the residual series.
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KERNEL prints the common trends test based on the kernel method.

By default, TYPE=FILTDIF.

The following examples illustrate the SW option:

model y1 y2 / p=2 cointtest=(sw);

model y1 y2 / p=2 cointtest=(sw=(type=kernel));

model y1 y2 / p=2 cointtest=(sw=(type=kernel lag=3));

Bayesian VARX Estimation Options

PRIOR

PRIOR=(prior-options)
speci�es the prior value of parameters for the BVARX(p, s) model. The BVARX model allows for
a subset model speci�cation. If the ECM= option or the COINTEG statement is speci�ed with the
PRIOR option, the BVECMX(p, s) form is �tted. When the PRIOR option is speci�ed, the Q= option
in the MODEL statement is ignored, and the BOUND, GARCH, INITIAL, RESTRICT, and TEST
statements are all ignored. For more information, see the section “Bayesian VAR and VARX Modeling”
on page 2970.

The following options can be used with the PRIOR=(prior-options) option. Theprior-options are listed
within parentheses.

IVAR

IVAR=(variables)
speci�es an integrated BVAR(p) model. Thevariables should be speci�ed in the MODEL statement as
dependent variables. If you use the IVAR option withoutvariables, then it sets the overall prior mean
of the �rst lag of each variable equal to one in its own equation and sets all other coef�cients to zero. If
variables are speci�ed, it sets the prior mean of the �rst lag of the speci�ed variables equal to one in its
own equation and sets all other coef�cients to zero. When the seriesyt D .y 1; y2/0 follows a bivariate
BVAR(2) process, the IVAR or IVAR=(y1 y2) option is equivalent to specifyingMEAN=(1 0 0 0 0
1 0 0).

If the PRIOR=(MEAN=) or ECM= option or the COINTEG statement is speci�ed, the IVAR= option
is ignored.

LAMBDA= value
speci�es the prior standard deviation of the AR coef�cient parameter matrices. It should be a positive
number. The default is LAMBDA=1. As the value of the LAMBDA= option is increased, the BVAR(p)
model becomes closer to a VAR(p) model.

MEAN=(vector )
speci�es the mean vector in the prior distribution for the AR coef�cients. If the vector is not speci�ed,
the prior value is assumed to be a zero vector. See the section “Bayesian VAR and VARX Modeling”
on page 2970 for details.
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You can specify the mean vector by order of the equation. Let.�; ˆ 1; : : : ; ˆ p / be the parameter sets
to be estimated and̂ D .ˆ 1; : : : ; ˆ p / be the AR parameter sets. The mean vector is speci�ed by
row-wise fromˆ ; that is, the MEAN=(vec.ˆ 0/ ) option.

For the PRIOR=(mean) option in the BVAR(2),

ˆ D
�

� 1;11 � 1;12 � 2;11 � 2;12

� 1;21 � 1;22 � 2;21 � 2;22

�
D

�
2 0:1 1 0

0:5 3 0 � 1

�

where� l;ij is an element of̂ , l is a lag,i is associated with the �rst dependent variable, andj is
associated with the second dependent variable.

model y1 y2 / p=2 prior=(mean=(2 0.1 1 0 0.5 3 0 -1));

The deterministic terms and exogenous variables are considered to shrink toward zero; you must omit
prior means of exogenous variables and deterministic terms such as a constant, seasonal dummies, or
trends.

For a Bayesian error correction model estimated when both the ECM= option (or the COINTEG
statement) and the PRIOR= option are used, a mean vector for only lagged AR coef�cients,ˆ �

i , in
terms of regressors• yt � i , for i D 1; : : : ; .p � 1/ is used in the VECM(p) representation. The diffused
prior variance of� is used, since� is replaced byO� estimated in a nonconstrained VECM(p) form.

• yt D � zt � 1 C
p � 1X

i D 1

ˆ �
i • yt � i C AD t C

sX

i D 0

‚ �
i xt � i C � t

wherezt D � 0yt .

For example, in the case of a bivariate (k D 2) BVECM(2) form, the option

MEAN D .� �
1;11 � �

1;12 � �
1;21 � �

1;22 /

where� �
1;ij is the (i, j) element of the matrix̂ �

1 .

NREP=number
determines the number of repetitions that are used to compute the measure of forecast accuracy. See
the equation in the section “Forecasting of BVAR Modeling” on page 2971 for details. The default is
NREP=0:5T, whereT is the number of observations. If NREP is above0:5T, it is decreased to0:5T;
if NREP is below the value of the LEAD= option, it is increased to the value of the LEAD= option.

THETA=value
speci�es the prior standard deviation of the AR coef�cient parameter matrices. Thevalue is in the
interval (0,1). The default is THETA=0.1. As the value of the THETA= option approaches 1, the
speci�ed BVAR(p) model approaches a VAR(p) model.

Some examples of the PRIOR= option follow:

model y1 y2 / p=2 prior;
model y1 y2 / p=2 prior=(theta=0.2 lambda=5);
model y1 y2 = x1 / p=2 prior=(theta=0.2 lambda=5);
model y1 y2 = x1 / p=2

prior=(theta=0.2 lambda=5 mean=(2 0.1 1 0 0.5 3 0 -1));

See the section “Bayesian VAR and VARX Modeling” on page 2970 for details.
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Vector Error Correction Model Options

ECM=(RANK=number < ECTREND > < NORMALIZE=variable > )
speci�es a vector error correction model.

The ECM= option is obsolete. Use the COINTEG statement instead.

You must specify the following option within parentheses in the ECM= option:

RANK=number
speci�es the cointegration rank of the cointegrated system. The rank of cointegration should
be greater than 0 and less than the number of dependent (endogenous) variables. Ifnumber is
different from the RANK= option speci�ed in the COINTEG statement, the value speci�ed in the
COINTEG statement is used for the rank.

You can also specify the following options within parentheses in the ECM= option:

ECTREND
speci�es the restriction on the drift in the VECM. This option is used in the following cases:

� There is no separate drift in the VECM, but a constant enters only through the error correction
term. For example, for VECM(p),

• yt D � . � 0; � 0/. y0
t � 1; 1/0C

p � 1X

i D 1

ˆ �
i • yt � i C � t

An example of the ECTREND option follows:

model y1 y2 / p=2 ecm=(rank=1 ectrend);

� There is a separate drift and no separate linear trend in the VECM, but a linear trend enters
only through the error correction term. For example, for VECM(p),

• yt D � . � 0; � 1/. y0
t � 1; t /0C

p � 1X

i D 1

ˆ �
i • yt � i C � 0 C � t

An example of the ECTREND option with the TREND= option follows:

model y1 y2 / p=2 ecm=(rank=1 ectrend) trend=linear;

If you specify both this option and the NSEASON option in the MODEL statement, then the
NSEASON option is ignored. If you specify the NOINT option in the MODEL statement, then
this option is ignored.

NORMALIZE=variable
speci�es a single dependent (endogenous)variable whose cointegrating vectors are normalized. If
thevariable is different from the variable speci�ed in the NORMALIZE= option in the COINTEG
statement, the variable speci�ed in the NORMALIZE= option in the COINTEG statement is
used. If this option is not speci�ed, cointegrating vectors are not normalized. If you specify this
option, then the BOUND, GARCH, INITIAL, and RESTRICT statements are all ignored and the
Q= option in the MODEL statement is also ignored.

The following examples illustrate the ECM= option:
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model y1 y2 / p=2 ecm=(rank=1 normalize=y1);

model y1 y2 / p=2 ecm=(rank=1 ectrend) trend=linear;

For more information, see the section “Vector Error Correction Modeling” on page 2986.

NLOPTIONS Statement

NLOPTIONS options ;

The VARMAX procedure uses the nonlinear optimization (NLO) subsystem to perform nonlinear optimization
tasks. For a list of all the options in the NLOPTIONS statement, see Chapter 7, “Nonlinear Optimization
Methods.”

An example of the NLOPTIONS statement is as follows:

proc varmax data=one;
nloptions tech=qn maxit=1000 pall;
model y1 y2 / p=2;

run;

By default, the VARMAX procedure uses the dual quasi-Newton optimization method.

OUTPUT Statement

OUTPUT < options > ;

The OUTPUT statement generates and prints forecasts based on the model estimated in the previous MODEL
statement and, optionally, creates an output SAS data set that contains these forecasts.

When the GARCH model is estimated, the upper and lower con�dence limits of forecasts are calculated
according to the conditional covariance of errors.

ALPHA= number
sets the forecast con�dence limit size, wherenumber is between 0 and 1. When you specify the
ALPHA=number option, the upper and lower con�dence limits de�ne the 100(1 � � )% con�dence
interval. The default is ALPHA=0.05, which produces 95% con�dence intervals.

BACK= number
speci�es the number of observations before the end of the data at which the multistep forecasts begin.
The BACK= option value must be less than or equal to the number of observations minus the number
of lagged regressors in the model. The default is BACK=0, which means that the forecasts start at the
end of the available data.

LEAD=number
speci�es the number of multistep forecast values to compute. The default is LEAD=12.
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NOPRINT
suppresses the printed forecast values of each dependent (endogenous) variable.

OUT=SAS-data-set
writes the forecast values to an output data set. If the OUT= option is not included in the OUTPUT
statement, then the output data set is named using the DATAn naming convention.

Some examples of the OUTPUT statements follow:

proc varmax data=one;
model y1 y2 / p=2;
output lead=6 back=2;

run;

proc varmax data=one;
model y1 y2 / p=2;
output out=for noprint;

run;

RESTRICT Statement

RESTRICT restriction, . . . , restriction ;

The RESTRICT statement places linear restrictions on the parameters and provides constrained estimation.
Only one RESTRICT statement is allowed. If you specify more than onerestriction in a RESTRICT statement,
separate them with commas. Both equality and inequality constraints are allowed in the RESTRICT statement,
although usually equality constraints are speci�ed in the RESTRICT statement and inequality constraints are
speci�ed in the BOUND statement. If the least squares method is used, the inequality constraints are not
applicable.

To use the RESTRICT statement, you need to know the form of the model. If you do not specify the GARCH
statement, the COINTEG statement, or the ECM=, P=, Q=, or XLAG= option in the MODEL statement then
the RESTRICT statement is not applicable. If you specify the ECM=(NORMALIZE=) option or PRIOR=
option in the MODEL statement or if you specify the EXOGENEITY, H=, J=, or NORMALIZE= option in
the COINTEG statement, then the RESTRICT statement is ignored. Nonlinear restrictions on parameters are
not supported.

Restricted parameter estimates are computed by introducing a Lagrangian parameter for each restriction
(Pringle and Rayner 1971). The Lagrangian parameter measures the sensitivity of the sum of squared errors
to the restriction. The estimates of these Lagrangian parameters and their signi�cance are printed in the
Restrict ODS table.

Matrix Expression

The RESTRICT statement operates on matrices. That is, you can specify the parameter matrices or constant
matrices through the RESTRICT statement's built-in operators and functions. You can add elements of the
matricesA andB with the expressionA+B, and you can perform matrix multiplication with the expression
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A* B and elementwise multiplication with the expressionA#B. You can get the diagonal elements of the matrix
A through the functionDIAG(A) , and you can get then � n identity matrix through the functionI(n) .

Each restriction is written as a matrix expression composed of constants, operators, and functions.

Constants
Constants are either scalar constants (such as –1.2, 0.3, and so on) or matrix constants enclosed in braces
(such as the2 � 2 matrix, {1 2, 3 4} , or the1 � 3 row vector,{-0.2 5.3 12} ). Constants also include
the dependent variable names and exogenous variable names that represent their index values and are mostly
used in the subscripts or function arguments. For example, in the following PROC VARMAX statements, the
dependent and exogenous variables have the following index values (based on their orders in the MODEL
statement): GDP is equal to 1, CPI to 2, M2 to 3, FFR to 1, and CP to 2. Hence, the function callAR(2, GDP,
{CPI M2}) is equivalent toAR(2,1,{2 3}) , andXL(0, CPI, {FFR CP}) is equivalent toXL(0,2,{1
2}) . For more information about the use ofAR andXL functions to access parameters, see the section
“Functions” on page 2924.

proc varmax data=macrodata;
model GDP CPI M2 = FFR CP / p=12 xlag=12;
restrict AR(2, GDP, {CPI M2}) = 0,

XL(0, CPI, {FFR CP}) = 0;
run;

The matrix constant cannot be the �rst item in the RESTRICT statement. For example, you cannot specify
the following statement:

restrict {-0.1 -0.2, -0.3 -0.4} <= AR <= {0.1 0.2, 0.3 0.4};

However, you can put the �rst matrix constant in parentheses and specify the preceding example in the
following way:

restrict ({-0.1 -0.2, -0.3 -0.4}) <= AR <= {0.1 0.2, 0.3 0.4};

Operators
Operators de�ne the operations on operands. Table 42.2 lists all built-in operators supported by the RE-
STRICT statement.

Table 42.2 Operators

Operator Name Description

+ Addition Adds corresponding matrix elements
= Comparison, equal Compares matrix elements
< Comparison, less than Compares matrix elements
<= Comparison, not greater than Compares matrix elements
> Comparison, greater than Compares matrix elements
>= Comparison, not less than Compares matrix elements
|| Concatenation, horizontal Concatenates matrices horizontally
// Concatenation, vertical Concatenates matrices vertically
@ Direct product Takes the direct product of two matrices
: Index creation Creates an index vector
# Multiplication, elementwise Performs elementwise multiplication
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Table 42.2 continued

Operator Name Description

* Multiplication, matrix Performs matrix multiplication
� Sign reverse Reverses the signs of elements
Œ • Subscripts Selects submatrices
� Subtraction Subtracts corresponding matrix elements
� Transpose Transposes a matrix

For more information about each operator, see the section “Details of Operators” on page 2929.

Table 42.3 shows the precedence of matrix operators in the RESTRICT statement.

Table 42.3 Operator Precedence

Priority Group Operators
I (highest) Œ •(subscripts) � (transpose)
II � (sign reverse)
III * # @
IV � (subtraction) +
V || // :
VI (lowest) = < <= > >=

Each restriction can be a compound expression that involves several matrix operators and operands. The
rules for evaluating compound expressions are as follows:

� Evaluation follows the order of operator precedence, as described in Table 42.3. Group I has the
highest priority; that is, Group I operators are evaluated �rst. Group II operators are evaluated after
Group I operators, and so on. For example,1 C 2 � 3 returns 7.

� If neighboring operators in an expression have equal precedence, the expression is evaluated from left
to right, except for the Group I operators. For example,1 � 2 � 3 returns� 4.

� All expressions in parentheses are evaluated �rst, following the two preceding rules. For example,
3 � .2 C 1/ returns 9.

Functions
Functions are mainly divided into two categories: one type of function refers to parameters to be estimated,
such asAR(L,I,J) andCCC(I,J) ; the other type does not, such asI(n) andDIAG(A) .

Functions that refer to the parameters are listed in Table 42.4. The arguments for functions can be matrices.
The simplest case, scalar arguments, is discussed �rst. For convenience, the scalar indicesi andj refer to the
position of the element in the coef�cient matrix, and scalarl refers to the lag value.
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Table 42.4 Functions That Refer to Parameters

Function Description

ACH(l,i,j) ARCH parameter of the lagl value of� t � 0
t in a GARCH model

ALPHA(i,j) The (i, j) element in the adjustment coef�cient matrix� for the vector error
correction model

AR(l,i,j) Autoregressive parameter of the lagl value of thejth dependent (endoge-
nous) variable,y j;t � l , to theith dependent variable at timet, y i t for models
other than error-correction models. For error correction models,AR(1,i,j)
is the (i, j) element in….D �� 0/ for yt � 1, andAR(l,i,j) , l > 1 , is the
autoregressive parameter of the lag.l � 1/ value of thejth differenced depen-
dent (endogenous) variable,•y j;t � .l � 1/ , to theith differenced dependent
variable at timet, •y i t

BETA(i,j) The (i, j) element in the cointegrating matrix� for the vector error correction
model

CCC(i,j) Constant conditional correlation parameter between theith andjth standard-
ized error processes for the CCC GARCH model

CONST(i) Intercept parameter of theith time series,y i t

COV(i,j) Covariance of innovations parameter between theith andjth error processes
when the maximum likelihood method is used for the �tted non-GARCH
model

DCCA() Parameter� in the correlation equation for the DCC GARCH model
DCCB() Parameter� in the correlation equation for the DCC GARCH model
DCCS(i,j) Unconditional correlation parameter between theith andjth standardized

error processes for the DCC GARCH model
EACH(l,i,j) Exponential ARCH parameter of the lagl value of� i t =� i t in the CCC or

DCC GARCH model when SUBFORM=EGARCH is speci�ed andi D j .
If i ¤ j , the value is set to 0

ECCONST(i) The ith element for the constant in the error correction term for the vec-
tor error correction model when the ECTREND option in the COINTEG
statement is speci�ed

ECLTREND(i) The ith element for the linear trend in the error correction term for vec-
tor error correction model when the ECTREND option in the COINTEG
statement is speci�ed

GCH(l,i,j) GARCH parameter of the lagl value of the covariance matrix,H t , in a
GARCH model

GCHC(i,j) Constant parameter of the covariance matrix,H t , in a GARCH model
LAMBDA(i) Power parameter for theith error process in the CCC or DCC GARCH

model when SUBFORM=PGARCH is speci�ed
LTREND(i) Linear trend parameter of theith time series,y i t , when the TREND= option

is speci�ed
MA(l,i,j) Moving average parameter of the lagl value of thejth error process,� j;t � l ,

to theith dependent variable at timet, y i t

PACH(l,i,j) Power ARCH parameter of the lagl value of � i t in the CCC or DCC
GARCH model when SUBFORM=PGARCH is speci�ed andi D j . If
i ¤ j , the value is set to 0.
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Table 42.4 continued

Function Description

QACH(l,i,j) Quadratic ARCH center parameter of the lagl value of� i t in the CCC or
DCC GARCH model when SUBFORM=QGARCH is speci�ed andi D j .
If i ¤ j , the value is set to 0.

QTREND(i) Quadratic trend parameter of theith time series,y i t , when TREND=QUAD
is speci�ed

SD(i,j) Same asSDUMMY(i, j)
SDUMMY(i,j) The jth seasonal dummy of theith time series at timet, y i t , wherej D

1; : : : ; .nseason� 1/, wherenseason is the value of the NSEASON= option
in the MODEL statement

TACH(l,i,j) Threshold ARCH parameter of the lagl value of1� i t <0 � 2
it in the CCC or

DCC GARCH model when SUBFORM=GJR is speci�ed andi D j . If
i ¤ j , the value is set to 0.

XL(l,i,j) Exogenous parameter of the lagl value of thejth exogenous (independent)
variable,xj;t � l , to theith dependent variable at timet, y i t

The functions that refer to parameters, as shown in Table 42.4, accept vector arguments and return the matrix
that is constructed by the corresponding parameters. According to the number of arguments, the following
list shows what matrix a function returns when the arguments are vectors:

� A function,FUNC0, that has zero arguments, always returns the corresponding scalar parameter.DCCA
andDCCBare types ofFUNC0.

� A function, FUNC1, that has one vector argumentI, whereI D .i 1 i2 : : : in I /0, returns a vector
R D .r 1 r2 : : : rn I /0, whererk D FUNC1(ik ) , k D 1; :::; nI . CONST, ECCONST, ECLTREND, LAMBDA,
LTREND, andQTRENDare types ofFUNC1.

� A function, FUNC2, that has two vector argumentsI andJ, whereI D .i 1 i2 : : : in I /0 andJ D
.j 1 j 2 : : : j nJ /0, returns a matrix

R D

0

B
B
@

r1;1 r1;2 � � � r1;n J

r2;1 r2;2 � � � r2;n J

� � �
rn I ;1 rn I ;2 � � � rn I ;n J

1

C
C
A

whererk;m D FUNC2(ik ; j m ) , k D 1; :::; nI ; m D 1; :::; nJ . ALPHA, BETA, CCC, COV, DCCS, GCHC, SD,
andSDUMMYand types ofFUNC2.

� A function, FUNC3, that has three vector argumentsL, I, andJ, whereL D .l 1 l2 : : : lnL /0, I D
.i 1 i2 : : : in I /0, andJ D .j 1 j 2 : : : j nJ /0, returns a matrix

R D

0

B
B
@

r1;1 r1;2 � � � r1;n L nJ

r2;1 r2;2 � � � r2;n L nJ

� � �
rn I ;1 rn I ;2 � � � rn I ;n L nJ

1

C
C
A



RESTRICT Statement F 2927

whererk;m D FUNC3(lm ; ik ; j m ) , k D 1; :::; nI ; m D 1; :::; nL nJ , andlm andj m are the quotient
and remainder ofm divided bynJ , respectively.ACH, AR, EACH, GCH, MA, PACH, QACH, TACH, andXL
are types ofFUNC3.

The functions that refer to parameters can accept empty arguments or omit any number of last arguments.
The empty or omitted arguments are replaced with all possible values for those arguments. For example,
PROC VARMAX is used to �t a bivariate (k=2) VARX(1,1) model with three exogenous variables as follows:

model y1 y2 = x1 x2 x3 / p=1 xlag=3;

In order to restrict the third exogenous variable from having an effect on the �rst dependent variable, and to
restrict the �rst exogenous variable from having an effect on the second dependent variable, you can use the
following statement:

restrict XL({0 1 2 3}, 1, 3) = 0,
XL({0 1 2 3}, 2, 1) = 0;

Taking advantage of empty arguments, you can specify the preceding example as follows:

restrict XL( , 1, 3) = 0,
XL( , 2, 1) = 0;

To get all coef�cients of the �rst lag exogenous variables on dependent variables, you can useXL(1, {1 2},
{1 2 3}) or XL(1, , ) or XL(1) . To get all coef�cients of exogenous variables on dependent variables,
you can useXL({0 1 2 3}, {1 2}, {1 2 3}) , or XL( , , ) or XL() or even justXL.

Another type of function does not refer to parameters but generates useful matrices. Table 42.5 lists all
built-in functions supported by the RESTRICT statement.

Table 42.5 Functions Not Referring to Parameters

Function Description

DIAG(A) Creates a diagonal matrix from a vector or extracts the diagonal ele-
ments of a matrix

I(n) Creates ann � n identity matrix
J(m,n,elem) Creates anm � n matrix with all elements equal toelem
SHAPE(A,m,n) Creates am � n matrix with elements of matrixA

For more information about each function in Table 42.5, see the section “Details of Functions” on page 2933.

Examples

The following examples show how to use the RESTRICT statement.

This example shows a bivariate (k=2) VAR(2) model:

proc varmax data=one;
model y1 y2 / p=2;
restrict AR(1,1,2)=0, AR(2,1,2)=0.3;

run;
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TheAR(1,1,2) andAR(2,1,2) parameters are �xed asAR(1,1,2)=0 andAR(2,1,2)=0.3 , respectively,
and other parameters are to be estimated.

The following example shows a bivariate (k=2) VAR(1) model, estimated using the ML method:

proc varmax data=two;
model y1 y2 = / p=1 method=ml;
restrict cov(1,1)=cov(2,2), cov(1,2)=0;

run;

TheCOV(1,1) andCOV(2,2) parameters are equal, and the correlation between the two series is �xed at
0. You can also express the preceding restrictions in matrix expressions as follows. This approach is very
convenient when the number of dependent variables is large:

proc varmax data=two;
model y1 y2 = / p=1 method=ml;
restrict cov = cov(1,1) * I(2);

run;

When restricting a linear combination of parameters to be 0, you can omit the equal sign. For example, the
following two RESTRICT statements are equivalent:

restrict AR(1)[1,1]-AR(1)[2,2], 2 * MA(1)[1,2]-MA(1)[2,1];

restrict AR(1)[1,1]-AR(1)[2,2] = 0, 2 * MA(1)[1,2]-MA(1)[2,1] = 0;

The following RESTRICT statement constrains four parameter estimates to be equal:

restrict AR(1)[1,1] = AR(1)[1,2],
AR(1)[1,2] = AR(1)[2,1],
AR(1)[2,1] = AR(1)[2,2];

This restriction can be abbreviated as follows:

restrict AR(1)[1,1] = AR(1)[1,2] = AR(1)[2,1] = AR(1)[2,2];

Or, in matrix expressions,

restrict AR(1,1:2,1:2) = J(2,2,AR(1,1,1));

The VARMA representationA.L/y t D ‚.L/" t , whereA.L/ D I k � A1L � � � � � Ap L p and‚.L/ D I k �
‚ 1L �� � �� ‚ qL q , is said to be in �nal equation form ifA.L/ D a.L/I k , wherea.L/ D 1� a1L �� � �� ap L p

is a scalar operator withap ¤ 0. If p andk are large, it would be dif�cult and inconvenient to restrict AR
parameters element by element in standard form to estimate the VARMA model in �nal equation form.
However, when you use matrix expressions, the restrictions become very simple, as shown in the following
statement for a trivariate (k D 3) VARMA( p, q) model, wherep might be any positive integer:

restrict AR = AR(,1,1) @ I(3);

For the vector error correction models, theAR(1,.,.) parameters (that is,…) are not supported in the
RESTRICT statement, becauseAR(1) is in fact the product of the estimated parameters� and the transpose of
� . Any linear constraints onAR(1) should be regarded as nonlinear constraints on the estimated parameters.
For the same reason, theCONST(.) or LTREND(.) functions are not supported in the RESTRICT statement
if the ECTREND option in the COINTEG statement is speci�ed. For example, the following statements are
supported:
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model y1-y4 / p=2;
cointeg rank=1 ectrend;
restrict ALPHA + BETA = 1.0,

ECCONST;

However, neither of the following sets of statements are supported:

model y1-y4 / p=2;
cointeg rank=1 ectrend;
restrict AR(1,1,1) = 0;

model y1-y4 / p=2;
cointeg rank=1 ectrend;
restrict CONST(2) = 0.2;

Details of Operators

This section describes all operators that are available in the RESTRICT statement. Each subsection shows
how the operator is used, followed by a description of the operator.

Addition Operator: +
matrix1 + matrix2

matrix + scalar

matrix + vector

The addition operator (+) computes a new matrix whose elements are the sums of the corresponding elements
of matrix1 andmatrix2 . If matrix1 andmatrix2 are bothn � p matrices, then the addition operator adds
the element in theith row andjth column of the �rst matrix to the element in theith row andjth column
of the second matrix, fori D 1; : : : ; n; j D 1; : : : ; p. For example,{1 2 3, 4 5 6} + {7 8 9, 10 11
12} results in{8 10 12, 14 16 18} .

You can also use the addition operator as follows to conveniently add a value to each element of a matrix, to
each column of a matrix, or to each row of a matrix:

� When you use thematrix + scalar form, the scalar value is added to each element of the matrix.

� When you use thematrix + vector form, the vector is added to each row or column of then � p
matrix.

– If you add ann � 1 column vector, each row of the vector is added to each row of the matrix.

– If you add a1 � p row vector, each column of the vector is added to each column of the matrix.

For example, you can obtain{2 3 4, 5 6 7} from {1 2 3, 4 5 6} + 1 or {1 2 3, 4 5 6} + {1 1
1} or {1 2 3, 4 5 6} + {1, 1} .

Comparison Operators: =, <, <=, >, >=
matrix1 = matrix2

matrix1 < matrix2
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matrix1 <= matrix2

matrix1 > matrix2

matrix1 >= matrix2

The comparison operators (=, <, <=, >, >=) compare two matrices element by element and return a list of
equivalent restrictions on only scalar constants and parameters.

For example, the RESTRICT statement with matrix expressions

restrict AR(1,{1,2},{1,2}) = MA(2,{3,4},{3,4});

is transformed into the following equivalent RESTRICT statement with scalar parameters:

restrict AR(1,1,1) = MA(2,3,3),
AR(1,1,2) = MA(2,3,4),
AR(1,2,1) = MA(2,4,3),
AR(1,2,2) = MA(2,4,4);

You can also use the comparison operators to conveniently compare all elements of a matrix with a scalar:

� If either argument is a scalar, then the VARMAX procedure performs an elementwise comparison
between each element of the matrix and the scalar.

You can also compare ann � p matrix with a row or column vector:

� If the comparison is with ann � 1 column vector, the VARMAX procedure compares each row of the
vector to each row of the matrix.

� If the comparison is with a1 � p row vector, the VARMAX procedure compares each column of the
vector to each column of the matrix.

For example, the following statements are equivalent:

restrict AR(1,1:2,1:3) >= 0.2;

restrict AR(1,1:2,1:3) >= {0.2, 0.2};

restrict AR(1,1:2,1:3) >= {0.2 0.2 0.2};

Concatenation Operator, Horizontal: ||
matrix1 k matrix2

The horizontal concatenation operator (||) produces a new matrix by horizontally joiningmatrix1 and
matrix2 . The matrices must have the same number of rows, which is also the number of rows in the new
matrix. The number of columns in the new matrix is the number of columns inmatrix1 plus the number of
columns inmatrix2 .

For example,{1 1 1, 7 7 7} || {0 0 0, 8 8 8} returns{1 1 1 0 0 0, 7 7 7 8 8 8} .
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Concatenation Operator, Vertical: //
matrix1 // matrix2

The vertical concatenation operator (//) produces a new matrix by vertically joiningmatrix1 andmatrix2 .
The matrices must have the same number of columns, which is also the number of columns in the new
matrix. The number of rows in the new matrix is the number of rows inmatrix1 plus the number of rows in
matrix2 .

For example,{1 1 1} // {0 0 0, 8 8 8} returns{1 1 1, 0 0 0, 8 8 8} .

Direct Product Operator: @
matrix1 @ matrix2

The direct product operator (@) computes a new matrix that is the direct product (also called theKronecker
product) of matrix1 andmatrix2 . For matricesA andB, the direct product is denoted byA 
 B. The
number of rows in the new matrix equals the product of the number of rows inmatrix1 and the number of
rows inmatrix2 ; the number of columns in the new matrix equals the product of the number of columns in
matrix1 and the number of columns inmatrix2 .

Speci�cally, if A is ann � p matrix andB is am � q matrix, then the Kronecker productA 
 B is the
following nm � pq block matrix:

A 
 B D

2

6
4

A11B � � � A1p B
:::

: : :
:::

An1 B � � � Anp B

3

7
5

For example,{1 2, 3 4} @ {0 2} returns{0 2 0 4, 0 6 0 8} , and{0 2} @ {1 2, 3 4} returns
{0 0 2 4, 0 0 6 8} . Note that the direct product of two matrices is not commutative.

Index Creation Operator: :
value1 : value2

The index creation operator (:) creates a column vector whose �rst element isvalue1 , whose second element
is value1 +1, and so on, until the last element, which is less than or equal tovalue2 .

For example,3 : 6 returns{3 4 5 6} .

If value1 is greater thanvalue2 , a reverse-order index is created. For example,6 : 3 returns{6 5 4 3} .

Neithervalue1 nor value2 is required to be an integer.

Multiplication Operator, Elementwise: #
matrix1 # matrix2

matrix # scalar

matrix # vector

The elementwise multiplication operator (#) computes a new matrix whose elements are the products of the
corresponding elements ofmatrix1 andmatrix2 .

For example,{1 2, 3 4} # {4 8, 0 5} returns{4 16, 0 20} .

In addition to multiplying matrices that have the same dimensions, you can use the elementwise multiplication
operator to multiply a matrix and a scalar:
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� When either argument is a scalar, each element inmatrix is multiplied by the scalar value.

When you use thematrix # vector form, each row or column of then � p matrix is multiplied by a
corresponding element of the vector:

� If you multiply by ann � 1 column vector, each row of the matrix is multiplied by the corresponding
row of the vector.

� If you multiply by a1 � p row vector, each column of the matrix is multiplied by the corresponding
column of the vector.

For example, a2 � 3 matrix can be multiplied on either side by a2 � 3, 1 � 3, 2 � 1, or 1 � 1 scalar.

The product of elementwise multiplication is also known as the Schur or Hadamard product. Elementwise
multiplication (which uses the # operator) should not be confused with matrix multiplication (which uses
the * operator).

Multiplication Operator, Matrix: *
matrix1 * matrix2

The matrix multiplication operator (*) computes a new matrix by performing matrix multiplication. The �rst
matrix must have the same number of columns as the second matrix has rows. The new matrix has the same
number of rows as the �rst matrix and the same number of columns as the second matrix. That is, ifA is an
n � p matrix andB is ap � m matrix, then the productA � B is ann � m matrix. The (i, j) element of the
product is the sum

P p
k D 1 A ik Bkj .

For example,{1 2, 3 4} * {1, 2} returns{5, 11} .

Sign Reversal Operator: –
- matrix

The sign reversal operator (� ) computes a new matrix whose elements are formed by reversing the sign of
each element inmatrix . The sign reversal operator is also called theunary minusoperator.

For example,-{-1 7 6, 2 0 -8} returns{1 -7 -6, -2 0 8} .

Subscripts: [ ]
matrix[rows, columns]

matrix[elements]

Subscripts are used with matrices to select submatrices, whererows , columns , andelements are expressions
that evaluate to scalars or vectors. If these expressions are numeric, they must contain valid subscript values
of rows and columns, or the indices, in the argument matrix.

For example,{1 2 3, 4 5 6, 7 8 9}[2,3] returns6, {1 2 3, 4 5 6, 7 8 9}[2,1:3] returns{4
5 6} , and{1 2 3, 4 5 6, 7 8 9}[,3] returns{3, 6, 9} . Because the VARMAX procedure stores
matrices in row-major order,{11 22 33, 44 55 66, 77 88 99}[{3 5 9}] returns{33, 55, 99} .
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Subtraction Operator: –
matrix1 - matrix2

matrix - scalar

matrix - vector

The subtraction operator (� ) computes a new matrix whose elements are formed by subtracting the corre-
sponding elements ofmatrix2 from those ofmatrix1 .

In addition to subtracting conformable matrices, you can also use the subtraction operator to subtract a scalar
from a matrix or subtract a vector from a matrix:

� When either argument is a scalar, the VARMAX procedure performs the subtraction between the scalar
and each element of the matrix argument. For example, when you use thematrix - scalar form,
the scalar value is subtracted from each element of the matrix.

� When you use thematrix - vector form, the vector is subtracted from each row or column of the
n � p matrix.

– If you subtract ann � 1 column vector, each row of the vector is subtracted from each row of the
matrix.

– If you subtract a1 � p row vector, each column of the vector is subtracted from each column of
the matrix.

For example,{1 2 3, 4 5 6} - {1 1 1, 1 1 1} returns{0 1 2, 3 4 5} . The same results can be
obtained by{1 2 3, 4 5 6} - 1 or {1 2 3, 4 5 6} - {1 1 1} or {1 2 3, 4 5 6} - {1, 1} .

Transpose Operator: �
matrix�

The transpose operator, denoted by the backquote character (�), exchanges the rows and columns ofmatrix ,
producing the transpose ofmatrix . If v is the value in theith row andjth column ofmatrix , then the
transpose ofmatrix containsv in thejth row andith column. Ifmatrix containsn rows andp columns, the
transpose hasp rows andn columns.

For example,{1 2, 3 4, 5 6}� returns{1 3 5, 2 4 6} .

Details of Functions

DIAG Function
DIAG(matrix)

TheDIAG function creates a diagonal matrix from a vector or extracts the diagonal elements of a matrix. The
matrix argument can be either a square matrix or a vector.

If matrix is a vector, theDIAG function creates a matrix whose diagonal elements are the values in the vector.
All off-diagonal elements are zeros.

If matrix is a square matrix, theDIAG function creates a vector from the diagonal elements of the matrix.

For example,DIAG({1 2 3, 4 5 6, 7 8 9}) returns{1, 5, 9} . Also, DIAG({1 5 9}) or DIAG({1,
5, 9}) or DIAG(DIAG({1 2 3, 4 5 6, 7 8 9})) returns{1 0 0, 0 5 0, 0 0 9} .
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I Function
I(dim)

The I function creates an identity matrix that containsdim rows and columns. The diagonal elements of an
identity matrix are ones; all other elements are zeros. The value ofdim must be an integer greater than or
equal to 1. Noninteger operands are rounded to the nearest integer.

For example,I(3) returns{1 0 0, 0 1 0, 0 0 1} .

J Function
J(nrow, ncol, value)

TheJ function creates a matrix that containsnrow rows andncol columns, in which all elements are equal
to value .

The argumentsnrow andncol are both integers;value can be any expression that returns a linear combina-
tion of scalar constants and parameters.

For example,J(2, 3, 1) returns{1 1 1, 1 1 1} . J(2, 3, 5+2 * AR(1,1,1)) returns the same result
asJ(2, 3, 1) * (5+2 * AR(1,1,1)) .

SHAPE Function
SHAPE(matrix, nrow, ncol)

The SHAPEfunction creates a new matrix from data inmatrix . The valuesnrow andncol specify the
number of rows and columns, respectively, in the new matrix. TheSHAPEfunction produces the result matrix
by traversing the argument matrix in row-major order until it reaches the speci�ed number of elements. If
necessary, the SHAPE function reuses elements.

For example,SHAPE({1 2 3, 4 5 6}, 3, 2) returns{1 2, 3 4, 5 6} ; SHAPE({1 2 3, 4 5 6},
5, 2) returns{1 2, 3 4, 5 6, 1 2, 3 4} ; and SHAPE({1 2 3, 4 5 6}, 1, 4) returns{1 2 3
4} .

TEST Statement

TEST restriction, . . . , restriction ;

The TEST statement performs the Wald test for the joint linear hypothesis that is speci�ed in the statement.
Each restriction speci�es a linear hypothesis to be tested. If you specify more than onerestriction, separate
them with commas. Specify therestrictions in the same manner as in the RESTRICT statement. For
information about how to de�ne restriction by using matrix expressions, operators, and functions, see the
section “RESTRICT Statement” on page 2922. You can specify any number of TEST statements.

To use the TEST statement, you need to know the form of the model. If you do not specify the GARCH
statement, the COINTEG statement, or the ECM=, P=, Q=, or XLAG= option in the MODEL statement, then
the TEST statement is not applicable. Nonlinear restrictions on parameters are not supported.

For information about the Wald test, see the section “Granger Causality Test” on page 2966.
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The following is an example of the TEST statement for a bivariate (k=2) VAR(2) model:

proc varmax data=one;
model y1 y2 / p=2;
test AR(1,1,2) = 0, AR(2,1,2) = 0;

run;

After estimating the parameters, the TEST statement tests the null hypothesis thatAR(1,1,2)=0 and
AR(2,1,2)=0 . Like the RESTRICT statement, the preceding TEST statement can be abbreviated as follows:

test AR(1,1,2) = AR(2,1,2) = 0;

or

test AR(1,1,2), AR(2,1,2);

Note that the following statements are different from the preceding statement:

test AR(1,1,2);
test AR(2,1,2);

These two TEST statements are to test two null hypotheses separately: one isAR(1,1,2)=0 , and the other is
AR(2,1,2)=0 .

For the vector error correction models, you can test the hypothesis on theAR(1,.,.) parameters (that is,
…) by using the TEST statement, because asymptotically these parameters follow a normal distribution and
the Wald test can be applied. For the same reason, you can use theCONST(.) or LTREND(.) function in the
TEST statement if the ECTREND option in the COINTEG statement is speci�ed. However, theBETA(.,.) ,
ECCONST(.) , andECLTREND(.) functions are not supported in the TEST statement. For example, the
following statements are supported,

model y1-y4 / p=2;
cointeg rank=1 ectrend;
test AR(1,1,1);
test CONST(2);

However, the following statements are not supported,

model y1-y4 / p=2;
cointeg rank=1 ectrend;
test BETA(1,1) = BETA(2,1) = 0;

or

model y1-y4 / p=2;
cointeg rank=1 ectrend;
test ECCONST(1) = 0.2;
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Details: VARMAX Procedure

Missing Values

The VARMAX procedure currently does not support missing values. PROC VARMAX uses the �rst
contiguous group of observations that have no missing values for any of the MODEL statement variables.
Observations at the beginning of the data set that have missing values for any MODEL statement variables
are not used or included in the output data set. At the end of the data set, observations can have dependent
(endogenous) variables with missing values and independent (exogenous) variables with nonmissing values.

VARMAX Model

The vector autoregressive moving-average model with exogenous variables is called the VARMAX(p,q,s)
model. The form of the model can be written as

yt D
pX

i D 1

ˆ i yt � i C
sX

i D 0

‚ �
i xt � i C � t �

qX

i D 1

‚ i � t � i

where the output variables of interest,yt D .y 1t ; : : : ; ykt /0, can be in�uenced by other input variables,
xt D .x 1t ; : : : ; xrt /0, which are determined outside of the system of interest. The variablesyt are referred to
as dependent, response, or endogenous variables, and the variablesxt are referred to as independent, input,
predictor, regressor, or exogenous variables. The unobserved noise variables,� t D .� 1t ; : : : ; � kt /0, are a
vector white noise process.

The VARMAX(p,q,s) model can be written

ˆ.B/ yt D ‚ � .B/ xt C ‚.B/ � t

where

ˆ.B/ D I k � ˆ 1B � � � � � ˆ p B p

‚ � .B/ D ‚ �
0 C ‚ �

1B C � � � C ‚ �
s B s

‚.B/ D I k � ‚ 1B � � � � � ‚ qB q

are matrix polynomials inB in the backshift operator, such thatB i yt D yt � i , theˆ i and‚ i arek � k
matrices, and the‚ �

i arek � r matrices.

The following assumptions are made:

� E.� t / D 0, E.� t � 0
t / D † , which is positive-de�nite, andE.� t � 0

s/ D 0 for t ¤ s.

� For stationarity and invertibility of the VARMAX process, the roots ofjˆ.z/ j D 0 andj‚.z/ j D 0 are
outside the unit circle.
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� The exogenous (independent) variablesxt are not correlated with residuals� t , E.xt � 0
t / D 0. The

exogenous variables can be stochastic or nonstochastic. When the exogenous variables are stochastic
and their future values are unknown, forecasts of these future values are needed to forecast the future
values of the endogenous (dependent) variables. On occasion, future values of the exogenous variables
can be assumed to be known because they are deterministic variables. The VARMAX procedure
assumes that the exogenous variables are nonstochastic if future values are available in the input
data set. Otherwise, the exogenous variables are assumed to be stochastic and their future values are
forecasted by assuming that they follow the VARMA(p,q) model, prior to forecasting the endogenous
variables, wherep andq are the same as in the VARMAX(p,q,s) model.

State Space Representation

Another representation of the VARMAX(p,q,s) model is in the form of a state variable or a state space model,
which consists of a state equation

zt D F zt � 1 C K xt C G� t

and an observation equation

yt D H zt

where

zt D

2

6
6
6
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6
6
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6
6
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6
6
6
6
4

yt
:::

yt � p C 1
xt
:::

xt � sC 1
� t
:::

� t � qC 1
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

‚ �
0
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:::
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:::
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:::
0r � k
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:::
0k � k
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7
7
7
7
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7
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7
7
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7
7
7
7
7
7
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7
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2
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ˆ 1 � � � ˆ p � 1 ˆ p ‚ �
1 � � � ‚ �

s� 1 ‚ �
s � ‚ 1 � � � � ‚ q� 1 � ‚ q

I k � � � 0 0 0 � � � 0 0 0 � � � 0 0
:::

:::
:::

:::
:::
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:::

:::
:::

:::
:::

:::
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:::

:::
:::
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:::

:::
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:::
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:::
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:::
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:::

:::
:::

:::
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H D ŒIk ; 0k � k ; : : : ; 0k � k ; 0k � r ; : : : ; 0k � r ; 0k � k ; : : : ; 0k � k •
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On the other hand, it is assumed thatxt follows a VARMA(p,q) model

xt D
pX

i D 1

A i xt � i C at �
qX

i D 1

Ci at � i

The model can also be expressed as

A.B/ xt D C.B/ at

whereA.B/ D I r � A1B � � � � � Ap B p andC.B/ D I r � C1B � � � � � CqB q are matrix polynomials inB,
and theA i andCi arer � r matrices. Without loss of generality, the AR and MA orders can be taken to be
the same as the VARMAX(p,q,s) model, andat and� t are independent white noise processes.

Under suitable conditions such as stationarity,xt is represented by an in�nite order moving-average process

xt D A.B/ � 1C.B/ at D ‰x .B/ at D
1X

j D 0

‰x
j at � j

where‰x .B/ D A.B/ � 1C.B/ D
P 1

j D 0 ‰x
j B j .

The optimal minimum mean squared error (minimum MSE)i-step-ahead forecast ofxt C i is

xt C i jt D
1X

j D i

‰x
j at C i � j

xt C i jt C 1 D xt C i jt C ‰x
i � 1at C 1

For i > q ,

xt C i jt D
pX

j D 1

A j xt C i � j j t

The VARMAX(p,q,s) model has an absolutely convergent representation as

yt D ˆ.B/ � 1 ‚ � .B/ xt C ˆ.B/ � 1 ‚.B/ � t

D ‰� .B/‰x .B/ at C ˆ.B/ � 1 ‚.B/ � t

D V.B/ at C ‰.B/� t

or

yt D
1X

j D 0

Vj at � j C
1X

j D 0

‰j � t � j

where‰.B/ D ˆ.B/ � 1 ‚.B/ D
P 1

j D 0 ‰j B j , ‰� .B/ D ˆ.B/ � 1 ‚ � .B/ , andV .B/ D ‰� .B/‰x .B/ D
P 1

j D 0 Vj B j .

The optimal (minimum MSE)i-step-ahead forecast ofyt C i is

yt C i jt D
1X

j D i

Vj at C i � j C
1X

j D i

‰j � t C i � j

yt C i jt C 1 D yt C i jt C Vi � 1at C 1 C ‰i � 1� t C 1
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for i D 1; : : : ; v with v D max.p; q C 1/. For i > q ,

yt C i jt D
pX

j D 1

ˆ j yt C i � j j t C
sX

j D 0

‚ �
j xt C i � j j t

D
pX

j D 1

ˆ j yt C i � j j t C ‚ �
0xt C i jt C

sX

j D 1

‚ �
j xt C i � j j t

D
pX

j D 1

ˆ j yt C i � j j t C ‚ �
0

pX

j D 1

A j xt C i � j j t C
sX

j D 1

‚ �
j xt C i � j j t

D
pX

j D 1

ˆ j yt C i � j j t C
uX

j D 1

.‚ �
0A j C ‚ �

j /xt C i � j j t

whereu D max.p; s/ .

De�ne …j D ‚ �
0A j C ‚ �

j . For i D v > q with v D max.p; q C 1/, you obtain

yt C v jt D
pX

j D 1

ˆ j yt C v� j jt C
uX

j D 1

…j xt C v� j jt for u � v

yt C v jt D
pX

j D 1

ˆ j yt C v� j jt C
rX

j D 1

…j xt C v� j jt for u > v

From the preceding relations, a state equation is

zt C 1 D F zt C K x�
t C Get C 1

and an observation equation is

yt D H zt

where

zt D
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yt C 1jt
:::

yt C v� 1jt
xt

xt C 1jt
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; x�
t D

2

6
6
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4

xt C v� u

xt C v� uC 1
:::

xt � 1

3

7
7
7
5

; et C 1 D
�
at C 1

� t C 1

�
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F D

2

6
6
6
6
6
6
6
6
6
6
6
6
4

0 I k 0 � � � 0 0 0 0 � � � 0
0 0 Ik � � � 0 0 0 0 � � � 0
:::

:::
:::

: : :
:::

:::
:::

:::
: : :

:::
ˆ v ˆ v� 1 ˆ v� 2 � � � ˆ 1 …v …v� 1 …v� 2 � � � …1

0 0 0 � � � 0 0 I r 0 � � � 0
0 0 0 � � � 0 0 0 Ir � � � 0
:::

:::
:::

: : :
:::

:::
:::

:::
: : :

:::
0 0 0 � � � 0 Av Av� 1 Av� 2 � � � A1

3

7
7
7
7
7
7
7
7
7
7
7
7
5

K D

2

6
6
6
6
6
6
6
6
6
6
4

0 0 � � � 0
0 0 � � � 0
:::

:::
: : :

:::
…u …u� 1 � � � …vC 1

0 0 � � � 0
:::

:::
: : :

:::
0 0 � � � 0

3

7
7
7
7
7
7
7
7
7
7
5

; G D

2

6
6
6
6
6
6
6
6
6
6
6
6
4

V0 I k
V1 ‰1
:::

:::
Vv� 1 ‰v� 1

I r 0r � k
‰x

1 0r � k
:::

:::
‰x

v� 1 0r � k

3

7
7
7
7
7
7
7
7
7
7
7
7
5

and

H D ŒIk ; 0k � k ; : : : ; 0k � k ; 0k � r ; : : : ; 0k � r •

Note that the matrixK and the input vectorx�
t are de�ned only whenu > v .

Dynamic Simultaneous Equations Modeling

In the econometrics literature, the VARMAX(p,q,s) model is sometimes written in a form that is slightly
different than the one shown in the previous section. This alternative form is referred to as adynamic
simultaneous equationsmodel or adynamic structural equationsmodel.

BecauseE.� t � 0
t / D † is assumed to be positive-de�nite, there exists a lower triangular matrixA0 that has

ones on the diagonals such thatA0†A 0
0 D † d , where† d is a diagonal matrix that has positive diagonal

elements.

A0yt D
pX

i D 1

A i yt � i C
sX

i D 0

C �
i xt � i C A0� t �

qX

i D 1

Ci A0� t � i

whereA i D A0ˆ i , C �
i D A0 ‚ �

i , andCi D A0 ‚ i A � 1
0 .
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As an alternative form,

A0yt D
pX

i D 1

A i yt � i C
sX

i D 0

C �
i xt � i C at �

qX

i D 1

Ci at � i

whereA i D A0ˆ i , C �
i D A0 ‚ �

i , Ci D A0 ‚ i A � 1
0 , andat D A0� t . The covariance matrix ofat is the

diagonal matrix† d . The PRINT=(DYNAMIC) option returns the parameter estimates that result from
estimating the model in this form.

A dynamic simultaneous equations model involves a leading (lower triangular) coef�cient matrix foryt at
lag 0 or a leading coef�cient matrix for� t at lag 0. Such a representation of the VARMAX(p,q,s) model can
be more useful in certain circumstances than the standard representation. From the linear combination of the
dependent variables obtained byA0yt , you can easily see the relationship between the dependent variables in
the current time.

The following statements provide the dynamic simultaneous equations of the VAR(1) model.

proc iml;
sig = {1.0 0.5, 0.5 1.25};
phi = {1.2 -0.5, 0.6 0.3};
/ * simulate the vector time series * /
call varmasim(y,phi) sigma = sig n = 100 seed = 34657;
cn = {�y1� �y2�};
create simul1 from y[colname=cn];
append from y;

quit;

data simul1;
set simul1;
date = intnx( �year�, �01jan1900�d, _n_-1 );
format date year4.;

run;

proc varmax data=simul1;
model y1 y2 / p=1 noint print=(dynamic);

run;

This is the same data set and model used in the section “Getting Started: VARMAX Procedure” on page 2858.
You can compare the results of the VARMA model form and the dynamic simultaneous equations model
form.
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Figure 42.40 Dynamic Simultaneous Equations (DYNAMIC Option)

In Figure 42.4 in the section “Getting Started: VARMAX Procedure” on page 2858, the covariance of� t

estimated from the VARMAX model form is

† � D
�

1:28875 0:39751
0:39751 1:41839

�

Figure 42.40 shows the results from estimating the model as a dynamic simultaneous equations model.
By the decomposition of† � , you get a diagonal matrix († a) and a lower triangular matrix (A0) such as
† a D A0† � A0

0 where

† a D
�

1:28875 0
0 1:29578

�
and A0 D

�
1 0

� 0:30845 1

�

The lower triangular matrix (A0) is shown in the left side of the simultaneous equations model. The parameter
estimates in equations system are shown in the right side of the two-equations system.

The simultaneous equations model is written as

�
1 0

� 0:30845 1

�
yt D

�
1:15977 � 0:51058
0:18861 0:54247

�
yt � 1 C at
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The resulting two-equation system can be written as

y1t D 1:15977y1;t � 1 � 0:51058y2;t � 1 C a1t

y2t D 0:30845y1t C 0:18861y1;t � 1 C 0:54247y2;t � 1 C a2t

Impulse Response Function

Simple Impulse Response Function (IMPULSE=SIMPLE Option)

The VARMAX(p,q,s) model has a convergent representation

yt D ‰� .B/ xt C ‰.B/� t

where‰� .B/ D ˆ.B/ � 1 ‚ � .B/ D
P 1

j D 0 ‰�
j B j and‰.B/ D ˆ.B/ � 1 ‚.B/ D

P 1
j D 0 ‰j B j .

The elements of the matrices‰j from the operator‰.B/, called the impulse response, can be interpreted as
the response of a variable to a shock in another variable. Let j;i n be the (i, n) element of‰j at lagj, where
n is the index for the impulse variable, andi is the index for the response variable (impulse! response); that
is to say, j;i n shows the reaction of thei-th variable to a unit shock in variablen, j periods ago, assuming
that the effect is not contaminated by other shocks (Lütkepohl 1993). For instance, j;11 is an impulse
response toy1t ! y1t , and j;12 is an impulse response toy2t ! y1t .

Accumulated Impulse Response Function (IMPULSE=ACCUM Option)

The accumulated impulse response function is the cumulative sum of the impulse response function,‰a
l D

P l
j D 0 ‰j .

Orthogonalized Impulse Response Function (IMPULSE=ORTH Option)

The MA representation of a VARMA(p,q) model with a standardized white noise innovation process offers
another way to interpret a VARMA(p,q) model. Since† is positive-de�nite, there is a lower triangular matrix
P such that† D PP 0. The alternate MA representation of a VARMA(p,q) model is written as

yt D ‰o.B/ ut

where‰o.B/ D
P 1

j D 0 ‰o
j B j , ‰o

j D ‰j P , andut D P � 1� t .

The elements of the matrices‰o
j , called theorthogonal impulse response, can be interpreted as the effects of

the components of the standardized shock processut on the processyt at lagj.

Impulse Response of Transfer Function (IMPULSX=SIMPLE Option)

The coef�cient matrix‰�
j from the transfer function operator‰� .B/ can be interpreted as the effects that

changes in the exogenous variablesxt have on the output variableyt at lagj; it is called an impulse response
matrix in the transfer function.
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Accumulated Impulse Response of Transfer Function (IMPULSX=ACCUM Option)

The accumulated impulse response in the transfer function is the cumulative sum of the impulse response in
the transfer function,‰� a

l D
P l

j D 0 ‰�
j .

The asymptotic distributions of the impulse functions can be seen in the section “VAR and VARX Modeling”
on page 2963.

The following statements provide the impulse response and the accumulated impulse response in the transfer
function for a VARX(1,0) model.

proc varmax data=grunfeld plot=impulse;
model y1-y3 = x1 x2 / p=1 lagmax=5

printform=univariate
print=(impulsx=(all) estimates);

run;

In Figure 42.41, the variablesx1 andx2 are impulses and the variablesy1, y2, andy3 are responses. You
can read the table matching the pairs ofimpulse ! responsesuch asx1 ! y1, x1 ! y2, x1 ! y3,
x2 ! y1, x2 ! y2, andx2 ! y3. In the pair ofx1 ! y1, you can see the long-run responses ofy1 to
an impulse inx1 (the values are 1.69281, 0.35399, 0.09090, and so on for lag 0, lag 1, lag 2, and so on,
respectively).

Figure 42.41 Impulse Response in Transfer Function (IMPULSX= Option)
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Figure 42.42 shows the responses ofy1, y2, andy3 to a forecast error impulse inx1.

Figure 42.42 Plot of Impulse Response in Transfer Function
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Figure 42.43 shows the accumulated impulse response in transfer function.

Figure 42.43 Accumulated Impulse Response in Transfer Function (IMPULSX= Option)
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Figure 42.44 shows the accumulated responses ofy1, y2, andy3 to a forecast error impulse inx1.

Figure 42.44 Plot of Accumulated Impulse Response in Transfer Function

The following statements provide the impulse response function, the accumulated impulse response function,
and the orthogonalized impulse response function with their standard errors for a VAR(1) model. Parts of the
VARMAX procedure output are shown in Figure 42.45, Figure 42.47, and Figure 42.49.

proc varmax data=simul1 plot=impulse;
model y1 y2 / p=1 noint lagmax=5

print=(impulse=(all))
printform=univariate;

run;
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Figure 42.45 is the output in a univariate format associated with the PRINT=(IMPULSE=) option for the
impulse response function. The keyword STD stands for the standard errors of the elements. The matrix
in terms of the lag 0 does not print since it is the identity. In Figure 42.45, the variablesy1 andy2 of the
�rst row are impulses, and the variablesy1 andy2 of the �rst column are responses. You can read the table
matching theimpulse ! responsepairs, such asy1 ! y1, y1 ! y2, y2 ! y1, andy2 ! y2. For
example, in the pair ofy1 ! y1 at lag 3, the response is 0.8055. This represents the impact on y1 of one-unit
change iny1 after 3 periods. As the lag gets higher, you can see the long-run responses ofy1 to an impulse
in itself.

Figure 42.45 Impulse Response Function (IMPULSE= Option)
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Figure 42.46 shows the responses ofy1 andy2 to a forecast error impulse iny1 with two standard errors.

Figure 42.46 Plot of Impulse Response
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Figure 42.47 is the output in a univariate format associated with the PRINT=(IMPULSE=) option for the
accumulated impulse response function. The matrix in terms of the lag 0 does not print since it is the identity.

Figure 42.47 Accumulated Impulse Response Function (IMPULSE= Option)
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