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Overview: SEVERITY Procedure

The SEVERITY procedure estimates parameters of any arbitrary continuous probability distribution that is
used to model the magnitude (severity) of a continuous-valued event of interest. Some examples of such
events are loss amounts paid by an insurance company and demand of a product as depicted by its sales.
PROC SEVERITY is especially useful when the severity of an event does not follow typical distributions
(such as the normal distribution) that are often assumed by standard statistical methods.

PROC SEVERITY provides a default set of probability distribution models that includes the Burr, exponential,
gamma, generalized Pareto, inverse Gaussian (Wald), lognormal, Pareto, Tweedie, and Weibull distributions.
In the simplest form, you can estimate the parameters of any of these distributions by using a list of severity
values that are recorded in a SAS data set. You can optionally group the values by a set of BY variables.
PROC SEVERITY computes the estimates of the model parameters, their standard errors, and their covariance
structure by using the maximum likelihood method for each of the BY groups.

PROC SEVERITY can fit multiple distributions at the same time and choose the best distribution according
to a selection criterion that you specify. You can use seven different statistics of fit as selection criteria. They
are log likelihood, Akaike’s information criterion (AIC), corrected Akaike’s information criterion (AICC),
Schwarz Bayesian information criterion (BIC), Kolmogorov-Smirnov statistic (KS), Anderson-Darling
statistic (AD), and Cramér-von Mises statistic (CvM).

You can request the procedure to output the status of the estimation process, the parameter estimates and their
standard errors, the estimated covariance structure of the parameters, the statistics of fit, estimated cumulative
distribution function (CDF) for each of the specified distributions, and the empirical distribution function
(EDF) estimate (which is used to compute the KS, AD, and CvM statistics of fit).

A high-performance version of PROC SEVERITY is available as the HPSEVERITY procedure in the SAS
High-Performance Econometrics product. The following key features make PROC SEVERITY and PROC
HPSEVERITY unique among SAS procedures that can estimate continuous probability distributions:

Both procedures enable you to fit a distribution model when the severity values are truncated or
censored or both. You can specify any combination of the following types of censoring and truncation
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effects: left-censoring, right-censoring, left-truncation, or right-truncation. This is especially useful
in applications with an insurance-type model where a severity (loss) is reported and recorded only
if it is greater than the deductible amount (left-truncation) and where a severity value greater than
or equal to the policy limit is recorded at the limit (right-censoring). Another useful application is
that of interval-censored data, where you know both the lower limit (right-censoring) and upper limit
(left-censoring) on the severity, but you do not know the exact value.

PROC SEVERITY also enables you to specify a probability of observability for the left-truncated data,
which is a probability of observing values greater than the left-truncation threshold. This additional
information can be useful in certain applications to more correctly model the distribution of the severity
of events.

Both procedures use an appropriate estimator of the empirical distribution function (EDF). EDF is
required to compute the KS, AD, and CvM statistics-of-fit. The procedures also provide the EDF
estimates to your custom parameter initialization method. When you specify truncation or censoring,
the EDF is estimated by using either Kaplan-Meier’s product-limit estimator or Turnbull’s estimator.
The former is used by default when you specify only one form of censoring effect (right-censoring
or left-censoring), whereas the latter is used by default when you specify both left-censoring and
right-censoring effects. Both procedures compute the standard errors for all EDF estimators.

Both procedures enable you to define any arbitrary continuous parametric distribution model and to
estimate its parameters. You just need to define the key components of the distribution, such as its
probability density function (PDF) and cumulative distribution function (CDF), as a set of functions
and subroutines written with the FCMP procedure, which is part of Base SAS software. As long as the
functions and subroutines follow certain rules, the SEVERITY and HPSEVERITY procedures can fit
the distribution model defined by them.

Both procedures can model the influence of exogenous or regressor variables on a probability distribu-
tion, as long as the distribution has a scale parameter. A linear combination of regression effects is
assumed to affect the scale parameter via an exponential link function.

If a distribution does not have a scale parameter, then either it needs to have another parameter that can
be derived from a scale parameter by using a supported transformation or it needs to be reparameterized
to have a scale parameter. If neither of these is possible, then regression effects cannot be modeled.

You can easily construct many types of regression effects by using various operators on a set of classifi-
cation and continuous variables. You can specify classification variables in the CLASS statement.

Both procedures enable you to specify your own objective function to be optimized for estimating the
parameters of a model. You can write SAS programming statements to specify the contribution of each
observation to the objective function. You can use keyword functions such as_PDF_and CDF_to
generalize the objective function to any distribution. If you do not specify your own objective function,
then the parameters of a model are estimated by maximizing the likelihood function of the data.

Both procedures enable you to create scoring functions that offer a convenient way to evaluate any
distribution function, such as PDF, CDF, QUANTILE, or your custom distribution function, for a fitted
model on new observations.

Both procedures use multithreading to significantly reduce the time it takes to fit a distribution model.
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Getting Started: SEVERITY Procedure

This section outlines the use of the SEVERITY procedure to fit continuous probability distribution models.
Three examples illustrate different features of the procedure.

A Simple Example of Fitting Predefined Distributions

The simplest way to use PROC SEVERITY is to fit all the predefined distributions to a set of values and let
the procedure identify the best fitting distribution.

Consider a lognormal distribution, whose probability density function (PDF) f and cumulative distribution
function (CDF) F are as follows, respectively, where  denotes the CDF of the standard normal distribution:

1 log.x/ 2

1 log.x/
fxl § /D —p—e and Fxl ; /D 29X
X

The following DATA step statements simulate a sample from a lognormal distribution with population
parameters D 1:5and D 0:25, and store the sample in the variable Y of a data set Work.Test_sev1:

[Frm— e Simple Lognormal Example -—-—-—————————- */
data test_sevl(keep=y label="Simple Lognormal Sample®);
call streaminit(45678);
label y="Response Variable~;
Mu = 1.5;
Sigma = 0.25;
don =1 to 100;
y = exp(Mu) * rand("LOGNORMAL")=**Sigma;
output;
end;
run;

The following statements fit all the predefined distribution models to the values of Y and identify the best
distribution according to the corrected Akaike’s information criterion (AICC):

proc severity data=test _sevl crit=aicc;
loss y;
dist _predefined_;

run;
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The PROC SEVERITY statement specifies the input data set along with the model selection criterion, the
LOSS statement specifies the variable to be modeled, and the DIST statement with the _PREDEFINED _
keyword specifies that all the predefined distribution models be fitted.

Some of the default output displayed by this step is shown in Figure 30.1 through Figure 30.5. First,
information about the input data set is displayed followed by the “Model Selection” table, as shown in
Figure 30.1. The model selection table displays the convergence status, the value of the selection criterion,
and the selection status for each of the candidate models. The Converged column indicates whether the
estimation process for a given distribution model has converged, might have converged, or failed. The
Selected column indicates whether a given distribution has the best fit for the data according to the selection
criterion. For this example, the lognormal distribution model is selected, because it has the lowest value for
the selection criterion.

Figure 30.1 Data Set Information and Model Selection Table
The SEVERITY Procedure
Input Data Set

Name WORK.TEST_SEV1
Label Simple Lognormal Sample

Model Selection
Distribution Converged AICC Selected

Burr Yes 322.50845 No
Exp Yes 508.12287 No
Gamma Yes 320.50264 No
Igauss Yes 319.61652 No
Logn Yes 319.56579 Yes
Pareto Yes 510.28172 No
Gpd Yes 510.20576 No
Weibull Yes 334.82373 No

Next, two comparative plots are prepared. These plots enable you to visually verify how the models differ
from each other and from the nonparametric estimates. The plot in Figure 30.2 displays the cumulative
distribution function (CDF) estimates of all the models and the estimates of the empirical distribution function
(EDF). The CDF plot indicates that the Exp (exponential), Pareto, and Gpd (generalized Pareto) distributions
are a poor fit as compared to the EDF estimate. The Weibull distribution is also a poor fit, although not as
poor as exponential, Pareto, and Gpd. The other four distributions seem to be quite close to each other and to
the EDF estimate.
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Figure 30.2 Comparison of EDF and CDF Estimates of the Fitted Models
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The plot in Figure 30.3 displays the probability density function (PDF) estimates of all the models and the
nonparametric kernel and histogram estimates. The PDF plot enables better visual comparison between
the Burr, Gamma, Igauss (inverse Gaussian), and Logn (lognormal) models. The Burr and Gamma differ
significantly from the Igauss and Logn distributions in the central portion of the range of Y values, while the
latter two fit the data almost identically. This provides a visual confirmation of the information in the “Model
Selection” table of Figure 30.1, which indicates that the AICC values of Igauss and Logn distributions are
very close.
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Figure 30.3 Comparison of PDF Estimates of the Fitted Models
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The comparative plots are followed by the estimation information for each of the candidate models. The
information for the lognormal model, which is the best fitting model, is shown in Figure 30.4. The first table
displays a summary of the distribution. The second table displays the convergence status. This is followed
by a summary of the optimization process which indicates the technique used, the number of iterations,
the number of times the objective function was evaluated, and the log likelihood attained at the end of the
optimization. Since the model with lognormal distribution has converged, PROC SEVERITY displays its
statistics of fit and parameter estimates. The estimates of Mu=1.49605 and Sigma=0.26243 are quite close to
the population parameters of Mu=1.5 and Sigma=0.25 from which the sample was generated. The p-value
for each estimate indicates the rejection of the null hypothesis that the estimate is 0, implying that both the

estimates are significantly different from 0.
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Figure 30.4 Estimation Details for the Lognormal Model

The parameter estimates of the Burr distribution are shown in Figure 30.5. These estimates are used in the
next example.

Figure 30.5 Parameter Estimates for the Burr Model
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An Example with Left-Truncation and Right-Censoring

PROC SEVERITY enables you to specify that the response variable values are left-truncated or right-censored.
The following DATA step expands the data set of the previous example to simulate a scenario that is typically
encountered by an automobile insurance company. The values of the varigpeesent the loss values on
claims that are reported to an auto insurance company. The vaTigBIESHOLD records the deductible on

the insurance policy. If the actual valueYofs less than or equal to the deductible, then it is unobservable
and does not get recorded. In other wofISRESHOLD speci es the left-truncation of. LIMIT records

the policy limit. If the value ofy is equal to or greater than the recorded value, then the observation is
right-censored.

[ * e Lognormal Model with left-truncation and censoring ----- */
data test_sev2(keep=y threshold limit
label= A Lognormal Sample With Censoring and Truncation );
set test_sevl;
label y=Censored & Truncated Response ;
if _n_ = 1 then call streaminit(45679);

/= make about 20% of the observations left-truncated */
if (rand( UNIFORM) < 0.2) then
threshold =y * (1 - rand( UNIFORM));
else
threshold = .;
[+ make about 15% of the observations right-censored */
iscens = (rand( UNIFORM) < 0.15);
if (iscens) then
limit = vy;
else
limit = .;
run;

The following statements use the AICC criterion to analyze which of the four prede ned distributions
(lognormal, Burr, gamma, and Weibull) has the best t for the data:

proc severity data=test sev2 crit=aicc
print=all plots=(cdfperdist pp qq);
loss y / It=threshold rc=limit;

dist logn burr gamma weibull;
run;

The LOSS statement speci es the left-truncation and right-censoring variables. The DIST statement speci es

the candidate distributions. The PRINT= option in the PROC SEVERITY statement requests that all the

displayed output be prepared. The PLOTS= option in the PROC SEVERITY statement requests that the CDF
plot, P-P plot, and Q-Q plot be prepared for each candidate distribution in addition to the default plots.

Some of the key results prepared by PROC SEVERITY are shown in Figure 30.6 through Figure 30.13. In
addition to the estimates of the range, mean, and standard deviatigthef “Descriptive Statistics for’

table shown in Figure 30.6 also indicates the number of observations that are left-truncated or right-censored.
The “Model Selection” table in Figure 30.6 shows that models with all the candidate distributions have
converged and that the Logn (lognormal) model has the best t for the data according to the AICC criterion.
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Figure 30.6 Summary Results for the Truncated and Censored Data

PROC SEVERITY also prepares a table that shows all the t statistics for all the candidate models. Itis
useful to see which model would be the best t according to each of the criteria. The “All Fit Statistics” table
prepared for this example is shown in Figure 30.7. It indicates that the lognormal model is chosen by all the

criteria.

Figure 30.7 Comparing All Statistics of Fit for the Truncated and Censored Data
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The plot that compares EDF and CDF estimates is shown in Figure 30.8. When you specify left-truncation,
both the EDF and CDF estimates are conditional on the response variable being greater than the smallest
left-truncation threshold in the sample.

Figure 30.8 EDF and CDF Estimates for the Truncated and Censored Data

When you specify the PLOTS=CDFPERDIST option, PROC SEVERITY prepares a plot that compares
the nonparametric EDF estimates with the parametric CDF estimates for each distribution. These plots for
lognormal and Weibull distributions are shown in Figure 30.9. These plots also contain the lower and upper
con dence limits of EDF for the speci ed con dence level. Because no con dence level is speci ed in the
EDFALPHA= option in the PROC SEVERITY statement, a default con dence level of 95% is used, which is
equivalent to specifying EDFALPHA=0.05. If the CDF estimates lie entirely within the EDF con dence
interval, then you can be 95% con dent that the parametric and nonparametric estimates are in agreement.
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Figure 30.9 Comparing EDF and CDF Estimates for Lognormal and Weibull Models Fitted to Truncated
and Censored Data

There are two additional ways to compare nonparametric (empirical) and parametric estimates for each model
that has not failed to converge:

A P-P plot is a scatter plot of the EDF and the CDF estimates. The model for which the points are
scattered closer to the unit-slope reference line is a better t. The P-P plot for the lognormal distribution
is shown in Figure 30.10. It indicates that the EDF and the CDF match very closely. In contrast, the
P-P plot for the Weibull distribution, also shown in Figure 30.10, indicates a poor t.

Figure 30.10 P-P Plots for Lognormal and Weibull Models Fitted to Truncated and Censored Data

A Q-Q plot is a scatter plot of empirical quantiles and the quantiles of a parametric distribution. Like
the P-P plot, points scattered closer to the unit-slope reference line indicate a better t. The Q-Q plots
of lognormal and Weibull distributions are shown in Figure 30.11, which con rm the conclusions
arrived at by comparing the P-P plots.
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Figure 30.11 Q-Q Plots for Lognormal and Weibull Models Fitted to Truncated and Censored Data

Specifying Initial Values for Parameters

All the prede ned distributions have parameter initialization functions built into them. For the current
example, Figure 30.12 shows the initial values that are obtained by the prede ned method for the Burr
distribution. It also shows the summary of the optimization process and the nal parameter estimates.

Figure 30.12 Burr Model Summary for the Truncated and Censored Data
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You can specify a different set of initial values if estimates are available from tting the distribution to similar
data. For this example, the parameters of the Burr distribution can be initialized with the nal parameter
estimates of the Burr distribution that were obtained in the rst example (shown in Figure 30.5). One of the
ways in which you can specify the initial values is as follows:

[ * e Specifying initial values using INIT= option ------- */
proc severity data=test sev2 crit=aicc print=all plots=none;
loss y / It=threshold rc=limit;

dist burr(init=(theta=4.62348 alpha=1.15706 gamma=6.41227));
run;

The names of the parameters that are speci ed in the INIT option must match the parameter names in the
de nition of the distribution. The results obtained with these initial values are shown in Figure 30.13. These
results indicate that new set of initial values causes the optimizer to reach the same solution with fewer
iterations and function evaluations as compared to the default initialization.

Figure 30.13 Burr Model Optimization Summary for the Truncated and Censored Data

An Example of Modeling Regression Effects

Consider a scenario in which the magnitude of the response variable might be affected by some regressor
(exogenous or independent) variables. The SEVERITY procedure enables you to model the effect of such
variables on the distribution of the response variable via an exponential link function. In particular, if you

havek random regressor variables denotedxpy(j D 1;:::;Kk), then the distribution of the response
variableY is assumed to have the form
X
Y exp. ixil F.l
jD1
whereF denotes the distribution of with parameters and j.j D 1;:::;k/ denote the regression

parameters (coef cients). For the effective distributionYoto be a valid distribution from the same
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parametric family a§ , it is necessary foF to have a scale parameter. The effective distributiox oan be
written as

Y F.;ef

where denotes the scale parameter andenotes the set of nonscale parameters. The saalaffected by
the regressors as

X
D o exp. ij/
iD1

where o denotes dasevalue of the scale parameter.

Given this form of the model, PROC SEVERITY allows a distribution to be a candidate for modeling
regression effects only if it has an untransformed or a log-transformed scale parameter.

All the prede ned distributions, except the lognormal distribution, have a direct scale parameter (that is, a

parameter that is a scale parameter without any transformation). For the lognormal distribution, the parameter
is a log-transformed scale parameter. This can be veri ed by replacingh a parameter D e , which

results in the following expressions for the PDBnd the CDH- in terms of and , respectively, wheré

denotes the CDF of the standard normal distribution:

1 log.x/ log./ 2

f-x';/D—%ez and Fxl;/ D~ logx/log. /-
X

With this parameterization, the PDF satisesthe | ; / D if. XI11; / condition and the CDF satis es
theF.x1;/ D F.XI1; / condition. This makes a scale parameter. Hence,D log. / is a log-
transformed scale parameter and the lognormal distribution is eligible for modeling regression effects.

The following DATA step simulates a lognormal sample whose scale is decided by the values of the three
regressorX1, X2, andx3 as follows:

Dlog./ D1CO0:75X1 X2C 0:25X3

[ * e Lognormal Model with Regressors ------------ */
data test sev3(keep=y x1-x3
label= A Lognormal Sample Affected by Regressors);
array x{ *} x1-x3;
array b{4} TEMPORARY_ (1 0.75 -1 0.25);
call streaminit(45678);
label y= Response Influenced by Regressors;

Sigma = 0.25;
do n =1 to 100;
Mu = b(1); / * log of base value of scale */

do i =1 to dim(x);
x(i) rand( UNIFORM );

Mu Mu + b(i+1) * x(i);
end;
y = exp(Mu) * rand(LOGNORMAL) +** Sigma;
output;
end;

run;
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The following PROC SEVERITY step ts the lognormal, Burr, and gamma distribution models to this
data. The regressors are speci ed in the SCALEMODEL statement. The DFMIXTURE= option in the

SCALEMODEL statement speci es the method of computing the CDF estimates that are used to compute
the EDF-based statistics of t.

proc severity data=test _sev3 crit=aicc print=all;
loss y;
scalemodel x1-x3 / dfmixture=full;

dist logn burr gamma;
run;

Some of the key results prepared by PROC SEVERITY are shown in Figure 30.14 through Figure 30.18.
The descriptive statistics of all the variables are shown in Figure 30.14.

Figure 30.14 Summary Results for the Regression Example

The comparison of the t statistics of all the models is shown in Figure 30.15. It indicates that the lognormal
model is the best model according to each of the likelihood-based statistics, whereas the gamma model is the
best model according to two of the three EDF-based statistics.
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Figure 30.15 Comparison of Statistics of Fit for the Regression Example

The distribution information and the convergence results of the lognormal model are shown in Figure 30.16.
The iteration history gives you a summary of how the optimizer is traversing the surface of the log-likelihood
function in its attempt to reach the optimum. Both the change in the log likelihood and the maximum gradient
of the objective function with respect to any of the parameters typically approach O if the optimizer converges.

Figure 30.16 Convergence Results for the Lognormal Model with Regressors
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The nal parameter estimates of the lognormal model are shown in Figure 30.17. All the estimates are
signi cantly different from 0. The estimate that is reported for the paraméteis the base value for the
log-transformed scale parameterLetx;.1 i 3/ denote the observed value for regressorlf the
lognormal distribution is chosen to modélthen the effective value of the parametewvaries with the
observed values of regressors as

D 1:04047C 0:65221% 0:91116% C 0:16243 %

These estimated coef cients are reasonably close to the population parameters (that is, within one or two
standard errors).

Figure 30.17 Parameter Estimates for the Lognormal Model with Regressors

The estimates of the gamma distribution model, which is the best model according to a majority of the
EDF-based statistics, are shown in Figure 30.18. The estimate that is reported for the paraeteisrthe

base value for the scale parametetf the gamma distribution is chosen to modekhen the effective value

of the scale parameter isD 0:14293exp.0:64562% 0:89831% C 0:14901 %/.

Figure 30.18 Parameter Estimates for the Gamma Model with Regressors
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Syntax: SEVERITY Procedure

The following statements are available in the SEVERITY procedure:

PROC SEVERITY options ;
BY variable-list ;
LOSS <response-variable > </ censoring-truncation-options > ;
WEIGHT weight-variable ;
CLASS variable <(options) > ... <variable < (options) > > </ global-options > ;
SCALEMODEL regression-effect-list </ scalemodel-options > ;
DIST distribution-name-or-keyword < (distribution-option) <distribution-name-or-keyword
< (distribution-option) >> ... > </ preprocess-options > ;
OUTSCORELIB <OUTLIB=> fcmp-library-name options ;
NLOPTIONS options ;
Programming statements ;

Functional Summary

Table 30.1 summarizes the statements and options that control the SEVERITY procedure.

Table 30.1 SEVERITY Functional Summary

Description Statement Option
Statements
Speci es BY-group processing BY

Speci es the response variable to model along LOSS
with censoring and truncation effects

Speci es the weight variable WEIGHT

Speci es the classi cation variables CLASS

Speci es the regression effects to model SCALEMODEL
Speci es distributions to t DIST

Speci es the library to write scoring functionsto OUTSCORELIB
Speci es optimization options NLOPTIONS

Speci es programming statements that de ne arProgramming statements
objective function

Input and Output Options

Speci es that the OUTEST= data set contain PROC SEVERITY CovouT
covariance estimates

Speci es the input data set PROC SEVERITY DATA=
Speci es the input data set for parameter estimat€ROC SEVERITY INEST=

Speci es the input item store for parameter PROC SEVERITY INSTORE=
initialization

Limits the length of effect names PROC SEVERITY NAMELEN=
Speci es the output data set for CDF estimates PROC SEVERITY OUTCDF=
Speci es the output data set for parameter PROC SEVERITY OUTEST=

estimates
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Table 30.1 continued

Description Statement Option

Speci es the output data set for model informatio®ROC SEVERITY OUTMODELINFO=
Speci es the output data set for statistics of t PROC SEVERITY OUTSTAT=

Speci es the output item store for contextand PROC SEVERITY OUTSTORE=
estimation results

Data Interpretation Options

Speci es left-censoring LOSS LEFTCENSORED=
Speci es left-truncation LOSS LEFTTRUNCATED=
Speci es the probability of observability LOSS PROBOBSERVED=
Speci es right-censoring LOSS RIGHTCENSORED=
Speci es right-truncation LOSS RIGHTTRUNCATED=

Model Estimation Options

Speci es the model selection criterion PROC SEVERITY

Speci es the method for computing mixture SCALEMODEL
distribution
Speci es initial values for model parameters DIST

Speci es the objective function symbol PROC SEVERITY
Speci es the offset variable in the scale regressicdBCALEMODEL
model

Speci es the denominator for computing
covariance estimates

PROC SEVERITY

Empirical Distribution Function (EDF)

Estimation Options

Speci es the con dence level for reporting the PROC SEVERITY
con dence interval for EDF estimates

Speci es the nonparametric method of CDF
estimation

Speci es the sample to be used for computing titROC SEVERITY
EDF estimates

PROC SEVERITY

EMPIRICALCDF=MODIFIEDKM Options

Speci es the value for the lower bound on risk PROC SEVERITY
set size

Speci es thec value for the lower bound on risk PROC SEVERITY
set size

Speci es the absolute lower bound on risk set siZBROC SEVERITY

EMPIRICALCDF=TURNBULL Options

Speci es that the nal EDF estimates be PROC SEVERITY
maximum likelihood estimates
Speci es the relative convergence criterion PROC SEVERITY

Speci es the maximum number of iterations PROC SEVERITY

CRITERION=
DFMIXTURE=

INIT=
OBJECTIVE=
OFFSET=

VARDEF=

EDFALPHA=

EMPIRICALCDF=

INITSAMPLE

ALPHA=

RSLB=

ENSUREMLE

EPS=
MAXITER=
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Table 30.1 continued
Description Statement Option

Speci es the threshold below which an EDF PROC SEVERITY ZEROPROB=
estimate is deemed to be 0

Scoring Function Generation Options

Speci es that scoring functions of all models be OUTSCORELIB COMMONPACKAGE
written to one package

Speci es the output data set for BY-group OUTSCORELIB OUTBYID=

identi ers

Speci es the output library for scoring functions OUTSCORELIB OUTLIB=

Displayed Output and Plotting Options

Speci es that distributions be listed to the log  DIST LISTONLY
without estimating any models that use them

Limits or suppresses the display of class levels PROC SEVERITY NOCLPRINT
Suppresses all displayed and graphical output PROC SEVERITY NOPRINT
Speci es which graphical output to prepare PROC SEVERITY PLOTS=
Speci es which output to display PROC SEVERITY PRINT=

Speci es that distributions be validated without DIST VALIDATEONLY

estimating any models that use them

PROC SEVERITY Statement
PROC SEVERITY options ;

The PROC SEVERITY statement invokes the procedure. You can specify two typpsoos in the PROC
SEVERITY statement. One set ofitions controls input and output. The other sebptions controls the
model estimation and selection process.

The followingoptions control the input data sets used by PROC SEVERITY and various forms of output
generated by PROC SEVERITY. Thetions are listed in alphabetical order.

COvouT
speci es that the OUTEST= data set contain the estimate of the covariance structure of the parameters.
This option has no effect if you do not specify the OUTEST= option. For more information about
how the covariance is reported in the OUTEST= data set, see the section “OUTEST= Data Set” on
page 2179.

DATA=SAS-data-set
names the input data set. If you do not specify the DATA= option, then the most recently created SAS
data set is used.
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EDFALPHA=con dence-level
speci es the con dence level in the (0,1) range that is used for computing the con dence intervals for
the EDF estimates. The lower and upper con dence limits that correspond to this level are reported in
the OUTCDF= data set, if speci ed, and are displayed in the plot that is created when you specify the
PLOTS=CDFPERDIST option.

If you do not specify the EDFALPHA= option, then PROC SEVERITY uses a default value of 0.05.

INEST=SAS-data-set
names the input data set that contains the initial values of the parameter estimates to start the opti-
mization process. The initial values that you specify in the INIT= option in the DIST statement take
precedence over any initial values that you specify in the INEST= data set. For more information about
the variables in this data set, see the section “INEST= Data Set” on page 2177.

If you specify the SCALEMODEL statement, then PROC SEVERITY reads the INEST= data set only

if the SCALEMODEL statement contains singleton continuous effects. For more generic regression
effects, you should save the estimates by specifying the OUTSTORE= item store in a step and then use
the INSTORE= option to read those estimates. The INSTORE= option is the newer and more exible
method of specifying initial values for distribution and regression parameters.

INITSAMPLE (initsample-option)

INITSAMPLE (initsample-option .. . initsample-option)
speci es that a sample of the input data be used for initializing the distribution parameters. If you
specify more than oniaitsample-option, then separate them with spaces.

When you do not specify initial values for the distribution parameters, PROC SEVERITY needs to
compute the empirical distribution function (EDF) estimates as part of the default method for parameter
initialization. The EDF estimation process can be expensive, especially when you specify censoring
or truncation effects for the loss variable. Furthermore, it is not amenable to parallelism due to the
sequential nature of the algorithm for truncation effects. You can use the INITSAMPLE option to
specify that only a fraction of the input data be used in order to reduce the time taken to compute the
EDF estimates. PROC SEVERITY uses the uniform random sampling method to select the sample,
the size and randomness of which is controlled by the follovinitgample-options:

FRACTION=number
speci es the fraction, between 0 and 1, of the input data to be used for sampling.

SEED=number
speci es the seed to be used for the uniform random number generator. This option enables you
to select the same sample from the same input data across different runs of PROC SEVERITY,
which can be useful for replicating the results across different runs. If you do not specify the seed
value, PROC SEVERITY generates a seed that is based on the system clock.

SIZE=number
speci es the size of the sample. If the data are distributed across different nodes, then this size
applies to the sample that is prepared at each node. For example, let the input data set of size
100,000 observations be distributed across 10 nodes such that each node has 10,000 observations.
If you specify SIZE=1000, then each node computes a local EDF estimate by using a sample
of size 1,000 selected randomly from its 10,000 observations. If you specify both of the SIZE=
and FRACTION= options, then the value that you specify in the SIZE= option is used and the
FRACTION= option is ignored.
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If you do not specify the INITSAMPLE option, then PROC SEVERITY computes the EDF estimates
by using all valid observations in the DATA= data set, or by using all valid observations in the current
BY group if you specify a BY statement.

INSTORE=store-name (Experimental )
names the item store that contains the context and results of the severity model estimation process. An
item store has a binary le format that cannot be modi ed. You must specify an item store that you
have created in another PROC SEVERITY step by using the OUTSTORE= option.

Thestore-name is a usual one- or two-level SAS name, as for SAS data sets. If you specify a one-level
name, then PROC SEVERITY reads the item store from the WORK library. If you specify a two-level
name of the formibname.membername, then PROC SEVERITY reads the item store fromthr&ame
library.

This option is more exible than the INEST= option, because it can read estimates of any type of scale
regression model; the INEST= option can read only scale regression models that contain singleton
continuous effects.

For more information about how the input item store is used for parameter initialization, see the
sections “Parameter Initialization” on page 2122 and “Parameter Initialization for Regression Models”
on page 2124.

NAMELEN=number
speci es the length to which long regression effect names are shortened. The default and minimum
value is 20.

This option does not apply to the names of singleton continuous effects if you have not speci ed any
CLASS variables.

NOCLPRINT<=number >
suppresses the display of the “Class Level Information” table if you do not spagaifiger. If you
specifynumber, the values of the classi cation variables are displayed for only those variables whose
number of levels is less thammber. Specifying anumber helps to reduce the size of the “Class Level
Information” table if some classi cation variables have a large number of levels. This option has no
effect if you do not specify the CLASS statement.

NOPRINT
turns off all displayed and graphical output. If you specify this option, then any value that you specify
for the PRINT=and PLOTS= options is ignored.

OUTCDF=SAS-data-set
names the output data set to contain estimates of the cumulative distribution function (CDF) value
at each of the observations. The information is output for each speci ed model whose parameter
estimation process converges. The data set also contains the estimates of the empirical distribution
function (EDF). For more information about the variables in this data set, see the section “OUTCDF=
Data Set” on page 2178.

OUTEST=SAS-data-set
names the output data set to contain estimates of the parameter values and their standard errors for
each model whose parameter estimation process converges. For more information about the variables
in this data set, see the section “OUTEST= Data Set” on page 2179.
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If you specify the SCALEMODEL statement such that it contains at least one effect that is not a
singleton continuous effect, then the OUTEST= data set that this option creates cannot be used as an
INEST= data set in a subsequent PROC SEVERITY step. In such cases, it is recommended that you
use the newer OUTSTORE-= option to save the estimates and specify those estimates in a subsequent
PROC SEVERITY step by using the INSTORE= option.

OUTMODELINFO=SAS-data-set
names the output data set to contain the information about each candidate distribution. For more
information about the variables in this data set, see the section “OUTMODELINFO= Data Set” on
page 2180.

OUTSTAT=SAS-data-set
names the output data set to contain the values of statistics of t for each model whose parameter
estimation process converges. For more information about the variables in this data set, see the section
“OUTSTAT= Data Set” on page 2181.

OUTSTORE=store-name (Experimental )
names the item store to contain the context and results of the severity model estimation process. The
resulting item store has a binary le format that cannot be modi ed. You can specify this item store in
a subsequent PROC SEVERITY step by using the INSTORE= option.

Thestore-name is a usual one- or two-level SAS name, as for SAS data sets. If you specify a one-level
name, then the item store resides in the WORK library and is deleted at the end of the SAS session.
Because item stores are meant to be consumed by a subsequent PROC SEVERITY step for parameter
initialization, typical usage speci es a two-level name of the fditmiame.membername.

This option is more useful than the OUTEST= option, especially when you specify a scale regression

model that contains interaction effects or effects that have CLASS variables. You can initialize such

scale regression models in a subsequent PROC SEVERITY step only by specifying the item store that
this option creates as an INSTORE= item store in that step.

PLOTS <(global-plot-options) > < =plot-request-option >

PLOTS < (global-plot-options) > < =(plot-request-option . . . plot-request-option) >
speci es the desired graphical output. If you specify more thanghoteal-plot-option, then separate
them with spaces and enclose them in parentheses. If you specify more thaloteagquest-option,
then separate them with spaces and enclose them in parentheses.

You can specify the followinglobal-plot-options:

HISTOGRAM
plots the histogram of the response variable on the PDF plots.

KERNEL
plots the kernel estimate of the probability density of the response variable on the PDF plots.

ONLY
turns off the default graphical output and creates only the requested plots.
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You can specify the followinglot-request-options:

ALL
creates all the graphical output.

CDF

creates a plot that compares the cumulative distribution function (CDF) estimates of all the
candidate distribution models to the empirical distribution function (EDF) estimate. The plot does
not contain CDF estimates for models whose parameter estimation process does not converge.

CDFPERDIST

creates a plot of the CDF estimates of each candidate distribution model. A plot is not created for
models whose parameter estimation process does not converge.

NONE

creates none of the graphical output. If you specify this option, then it overrides all the other
plot-request-options. The default graphical output is also suppressed.

PDF
creates a plot that compares the probability density function (PDF) estimates of all the candidate

distribution models. The plot does not contain PDF estimates for models whose parameter
estimation process does not converge.

PDFPERDIST

creates a plot of the PDF estimates of each candidate distribution model. A plot is not created for
models whose parameter estimation process does not converge.

PP

creates the probability-probability plot (known as the P-P plot), which compares the CDF estimate
of each candidate distribution model to the empirical distribution function (EDF). The data that
are shown in this plot are used for computing the EDF-based statistics of t.

QQ
creates the quantile-quantile plot (known as the Q-Q plot), which compares the empirical quantiles
to the quantiles of each candidate distribution model.

If you do not specify the PLOTS= option or if you do not specify the ONjlybal-plot-option, then
the default graphical output is equivalent to specifying PLOTS(HISTOGRAM KERNEL)=(CDF PDF).

PRINT < (global-display-option) > < =display-option >
PRINT < (global-display-option) > < = (display-option . .. display-option) >

speci es the desired displayed output. If you specify more thandisptay-option, then separate them
with spaces and enclose them in parentheses.

You can specify the followinglobal-display-option:

ONLY
turns off the default displayed output and displays only the requested output.
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You can specify the followinglisplay-options:

ALL
displays all the output.

ALLFITSTATS
displays the comparison of all the statistics of t for all the models in one table. The table does
not include the models whose parameter estimation process does not converge.

CONVSTATUS
displays the convergence status of the parameter estimation process.

DESCSTATS
displays the descriptive statistics for the response variable. If you specify the SCALEMODEL
statement, then this option also displays the descriptive statistics for the regression effects that do
not contain a CLASS variable.

DISTINFO
displays the information about each speci ed distribution. For each distribution, the information
includes the name, description, validity status, and number of distribution parameters.

ESTIMATES | PARMEST

displays the nal estimates of parameters. The estimates are not displayed for models whose
parameter estimation process does not converge.

INITIALVALUES
displays the initial values and bounds used for estimating each model.

NLOHISTORY

displays the iteration history of the nonlinear optimization process used for estimating the
parameters.

NLOSUMMARY
displays the summary of the nonlinear optimization process used for estimating the parameters.

NONE

displays none of the output. If you specify this option, then it overrides all other display options.
The default displayed output is also suppressed.

SELECTION | SELECT
displays the model selection table.

STATISTICS | FITSTATS
displays the statistics of t for each model. The statistics of t are not displayed for models
whose parameter estimation process does not converge.

If you do not specify the PRINT= option or if you do not specify the ONglébal-display-option,
then the default displayed output is equivalent to specifying PRINT=(SELECTION CONVSTATUS
NLOSUMMARY STATISTICS ESTIMATES).
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VARDEF=DF | N
speci es the denominator to use for computing the covariance estimates. You can specify one of the
following values:

DF
speci es that the number of nonmissing observations minus the model degrees of freedom
(number of parameters) be used.

speci es that the number of nonmissing observations be used.

For more information about the covariance estimation, see the section “Estimating Covariance and
Standard Errors” on page 2121.

The followingoptions control the model estimation and selection process:

CRITERION | CRITERIA | CRIT=criterion-option
speci es the model selection criterion.

If you specify two or more candidate models for estimation, then the one with the best value for the
selection criterion is chosen as the best model. If you specify the OUTSTAT= data set, then the best
model's observation has a value of 1 forthe SELECTED _ variable.

You can specify one of the followingriterion-options:

AD
speci es the Anderson-Darling (AD) statistic value, which is computed by using the empirical
distribution function (EDF) estimate, as the selection criterion. A lower value is deemed better.

AIC
speci es Akaike's information criterion (AIC) as the selection criterion. A lower value is deemed
better.

AICC
speci es the nite-sample corrected Akaike's information criterion (AICC) as the selection
criterion. A lower value is deemed better.

BIC
speci es the Schwarz Bayesian information criterion (BIC) as the selection criterion. A lower
value is deemed better.

CUSTOM
speci es the custom objective function as the selection criterion. You can specify this only if you
also specify the OBJECTIVE= option. A lower value is deemed better.

CVM
speci es the Créner-von Mises (CvM) statistic value, which is computed by using the empirical
distribution function (EDF) estimate, as the selection criterion. A lower value is deemed better.

KS
speci es the Kolmogorov-Smirnov (KS) statistic value, which is computed by using the empirical
distribution function (EDF) estimate, as the selection criterion. A lower value is deemed better.
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LOGLIKELIHOOD | LL
species 2 log.L/ as the selection criterion, whekds the likelihood of the data. A lower
value is deemed better. This is the default.

For more information about theséterion-options, see the section “Statistics of Fit” on page 2144.

EMPIRICALCDF | EDF=method
speci es the method to use for computing the nonparametric or empirical estimate of the cumulative
distribution function of the data. You can specify one of the following valuesighod:

AUTOMATIC | AUTO
speci es that the method be chosen automatically based on the data speci cation. This option is
the default.

If you do not specify any censoring or truncation, then the standard empirical estimation method
(STANDARD) is chosen. If you specify both right-censoring and left-censoring, then Turnbull's
estimation method (TURNBULL) is chosen. For all other combinations of censoring and
truncation, the Kaplan-Meier method (KAPLANMEIER) is chosen.

KAPLANMEIER | KM
speci es that the product limit estimator proposed by Kaplan and Meier (1958) be used. Speci -
cation of this method has no effect when you specify both right-censoring and left-censoring.

MODIFIEDKM | MKM <(options)>
speci es that the modi ed product limit estimator be used. Speci cation of this method has no
effect when you specify both right-censoring and left-censoring.

This method allows Kaplan-Meier's product limit estimates to be more robust by ignoring the
contributions to the estimate due to small risk-set sizes. The risk set is the set of observations at
the risk of failing, where an observation is said to fail if it has not been processed yet and might
experience censoring or truncation. You can specify the minimum risk-set size that makes it
eligible to be included in the estimation either as an absolute lower bound on the size (RSLB=
option) or a relative lower bound determined by the formuta proposed by Lai and Ying
(1991). You can specify the valuesond by using the C= and ALPHA= options, respectively.

By default, the relative lower bound is used with values ef1 and = 0.5. However, you can
modify the default by using the followingptions:

ALPHA | A= number
speci es the value to use for when the lower bound on the risk set size is de ned¢as.
This value must satisfg < <1 .

C=number
speci es the value to use farwhen the lower bound on the risk set size is de nedas.
This value must satisfg > 0.

RSLB=number
speci es the absolute lower bound on the risk set size to be included in the estimate.

STANDARD | STD
speci es that the standard empirical estimation method be used. If you specify both right-
censoring and left-censoring, then the speci cation of this method has no effect. If you specify
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any other combination of censoring or truncation effects, then this method ignores such effects,
and can thus result in estimates that are more biased than those obtained with other methods that
are more suitable for censored or truncated data.

TURNBULL | EM <( options)>
speci es that the Turnbull's method be used. This method is used when you specify both right-
censoring and left-censoring. An iterative expectation-maximization (EM) algorithm proposed
by Turnbull (1976) is used to compute the empirical estimates. If you also specify truncation,
then the modi cation suggested by Frydman (1994) is used. You can modify the default behavior
of the EM algorithm by using the followingptions:

ENSUREMLE
speci es that the nal EDF estimates be maximum likelihood estimates. The Kuhn-Tucker
conditions are computed for the likelihood maximization problem and checked to ensure
that EM algorithm converges to maximum likelihood estimates. The method generalizes
the method proposed by Gentleman and Geyer (1994) by taking into account any truncation
information that you might specify.

EPS=number
speci es the maximum relative error to be allowed between estimates of two consecutive
iterations. This criterion is used to check the convergence of the algorithm. If you do not
specify this option, then PROC SEVERITY uses a default value of 1.0E-8.

MAXITER=number
speci es the maximum number of iterations to attempt to nd the empirical estimates. If
you do not specify this option, then PROC SEVERITY uses a default value of 500.

ZEROPROB=number
speci es the threshold below which an empirical estimate of the probability is considered
zero. This option is used to decide if the nal estimate is a maximum likelihood estimate.
This option does not have an effect if you do not specify the ENSUREMLE option. If you
specify the ENSUREMLE option, but do not specify this option, then PROC SEVERITY
uses a default value of 1.0E-8.

For more information about each of the methods, see the section “Empirical Distribution Function
Estimation Methods” on page 2138.

OBJECTIVE=symbol-name
names the symbol that represents the objective function in the SAS programming statements that you
specify. For each model to be estimated, PROC SEVERITY executes the programming statements to
compute the value of this symbol for each observation. The values are added across all observations to
obtain the value of the objective function. The optimization algorithm estimates the model parameters
such that the objective function valuengnimized A separate optimization problem is solved for each
candidate distribution. If you specify a BY statement, then a separate optimization problem is solved
for each candidate distribution within each BY group.

For more information about writing SAS programming statements to de ne your own objective
function, see the section “Custom Objective Functions” on page 2173.
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BY Statement
BY variable-list ;

A BY statement can be used in the SEVERITY procedure to process the input data set in groups of
observations de ned by the BY variables.

If you specify the BY statement, then PROC SEVERITY expects the input data set to be sorted in the order
of the BY variables unless you specify the NOTSORTED option.

CLASS Statement

CLASS variable < (options) > ... <variable < (options) >> </ global-options > ;

The CLASS statement names the classi cation variables to be used in the scale regression model. These
variables enter the analysis not through their values, but through levels to which the unique values are mapped.
For more information about these mappings, see the section “Levelization of Classi cation Variables” on
page 2128.

If you specify a CLASS statement, then it must precede the SCALEMODEL statement.

You can specify options either as individual variabfgions or asglobal-options. You can specifyoptions

for each variable by enclosing the options in parentheses after the variable name. You can also specify
global-options for the CLASS statement by placing them after a slash@lfbal-options are applied to all

the variables that you specify in the CLASS statement. If you specify more than one CLASS statement, the
global-options that are speci ed in any one CLASS statement apply to all CLASS statements. However,
individual CLASS variableptions override theglobal-options.

You can specify the following values for either aption or aglobal-option:

DESCENDING

DESC
reverses the sort order of the classi cation variable. If you specify bottDEBECENDINGand
ORDER-= options, the SEVERITY procedure orders the levels of classi cation variables according to
the ORDER= option and then reverses that order.

ORDER=DATA | FORMATTED | INTERNAL

ORDER=FREQ | FREQDATA | FREQFORMATTED | FREQINTERNAL
speci es the sort order for the levels of classi cation variables. This order is used by the parame-
terization method to create the parameters in the model. By default, ORDER=FORMATTED. For
ORDER=FORMATTED and ORDER=INTERNAL, the sort order is machine-dependent. When
ORDER=FORMATTED is in effect for numeric variables for which you have supplied no explicit
format, the levels are ordered by their internal values.
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The following table shows how the SEVERITY procedure interprets values of the ORDER= option.

Value of ORDER=  Levels Sorted By

DATA Order of appearance in the input data set

FORMATTED External formatted values, except for numeric
variables that have no explicit format, which are
sorted by their unformatted (internal) values

FREQ Descending frequency count (levels that have
more observations come earlier in the order)
FREQDATA Order of descending frequency count, and within

counts by order of appearance in the input data set
when counts are tied

FREQFORMATTED Order of descending frequency count, and within
counts by formatted value when counts are tied

FREQINTERNAL Order of descending frequency count, and within
counts by unformatted (internal) value when
counts are tied

INTERNAL Unformatted value

For more information about sort order, see the chapter about the SORT procedaseirSAS
Procedures Guidand the discussion of BY-group processingiaS Language Reference: Concepts

REF='level' | keyword

REFERENCE="level' | keyword
speci es the reference level that is used when you specify PARAM=REFERENCE. For an individual
(but not a global) variable REFeption, you can specify thievel of the variable to use as the reference
level. Specify the formatted value of the variable if a format is assigned. For a Rftfem or
global-option, you can use one of the followirigywords.

FIRST designates the rst-ordered level as reference.
LAST designates the last-ordered level as reference.

By default, REF=LAST.

If you choose a reference level for any CLASS variable, all variables are parameterized in the reference
parameterization for computational ef ciency. In other words, the SEVERITY procedure applies a
single parameterization method to all classi cation variables.

Suppose that the variablemp has three levelsifot , warm ,and cold ) and that the variable
gender has two levels M and F ). The following statements t a scale regression model:

proc severity;
loss v;
class gender(ref=F) temp;
scalemodel gender *temp gender;
run;

Both CLASS variables are in reference parameterization in this model. The reference levEls are
for the variablegender and warm  for the variableemp, because the statements are equivalent to the
following statements:
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proc severity;
loss v;
class gender(ref=F) temp(ref=last);
scalemodel gender *temp gender;
run;

You can specify the followinglobal-options:

MISSING

treats missing values (*.", “.A", ..., “.Z" for numeric variables and blanks for character variables) as
valid values for the CLASS variable.

If you do not specify the MISSING option, observations that have missing values for CLASS variables
are removed from the analysis, even if the CLASS variables are not used in the model formulation.

PARAM=keyword

speci es the parameterization method for the classi cation variable or variables. You can specify the
following keywords:

GLM speci es a less-than-full-rank reference cell coding.

REFERENCE speci es a reference cell encoding. You can choose the reference value by specifying
an option for a speci orariable or set ofvariables in the CLASS statement, or you
can designate the rst- or last-ordered value by specifyintphal-option. By default,
REFERENCE=LAST.

The GLM parameterization is the default. For more information about how parameterization of
classi cation variables affects the construction and interpretation of model effects, see the section
“Speci cation and Parameterization of Model Effects” on page 2131.

TRUNCATE<=n>
speci es the truncation width of formatted values of CLASS variables when the optiaeapeci ed.

If nis not speci ed, the TRUNCATE option requests that classi cation levels be determined by using
no more than the rst 16 characters of the formatted values of CLASS variables.

DIST Statement

DIST distribution-name-or-keyword < (distribution-option) < distribution-name-or-keyword < (distribution-
option)>> ... > </ preprocess-options > ;

The DIST statement speci es candidate distributions to be estimated by the SEVERITY procedure. You can
specify multiple DIST statements, and each statement can contain one or more distribution speci cations.

For your convenience, PROC SEVERITY provides the following 10 different prede ned distributions (the
name in the parentheses is the name to use in the DIST statement): Burr (BURR), exponential (EXP), gamma
(GAMMA), generalized Pareto (GPD), inverse Gaussian or Wald (IGAUSS), lognormal (LOGN), Pareto
(PARETO), Tweedie (TWEEDIE), scaled Tweedie (STWEEDIE), and Weibull (WEIBULL). These are
described in detail in the section “Prede ned Distributions” on page 2108.
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You can specify any of the prede ned distributions or any distribution that you have de ned. If a distribution
that you specify is not a prede ned distribution, then you must submit the CMPLIB= system option with
appropriate libraries before you submit the PROC SEVERITY step to enable the procedure to nd the
functions associated with your distribution. The prede ned distributions are de ned iBabigelp.Svrtdist

library. However, you are not required to specify this library in the CMPLIB= system option. For more
information about de ning your own distributions, see the section “De ning a Severity Distribution Model
with the FCMP Procedure” on page 2148.

As a convenience, you can also use a shortcut keyword to indicate a list of distributions. You can specify one
or more of the following keywords:

ALL
speci es all the prede ned distributions and the distributions that you have de ned in the libraries that
you specify in the CMPLIB= system option. In addition to the eight prede ned distributions included
by the PREDEFINED _keyword, this list also includes the Tweedie and scaled Tweedie distributions
that are de ned in th&ashelp.Svrtdist library.

_PREDEFINED_
speci es the list of eight prede ned distributions: BURR, EXP, GAMMA, GPD, IGAUSS, LOGN,
PARETO, and WEIBULL. Although the TWEEDIE and STWEEDIE distributions are available in the
Sashelp.Svrtdist library along with these eight distributions, they are not included by this keyword. If
you want to tthe TWEEDIE and STWEEDIE distributions, then you must specify them explicitly or
use the _ALL_keyword.

_USER_
speci es the list of all the distributions that you have de ned in the libraries that you specify in the
CMPLIB= system option. This list does not include the distributions de ned irSdshelp.Svrtdist
library, even if you specify th€ashelp.Svrtdist library in the CMPLIB= option.

The use of these keywords, especially ALL , can result in a large list of distributions, which might take a
longer time to estimate. A warning is printed to the SAS log if the number of total distribution models to
estimate exceeds 10.

If you specify the OUTCDF= option or request a CDF plot and you do not specify any DIST statement, then
PROC SEVERITY does not t any distributions and produces the empirical estimates of the cumulative
distribution function.

The followingdistribution-option values can be used in the DIST statement for a distribution name that is not
a shortcut keyword:

INIT=(name=value ...name=value)
speci es the initial values to be used for the distribution parameters to start the parameter estimation
process. You must specify the values by parameter names and the parameter names must match the
names used in the model de nition. For example, let a model M's de nition contain a M_PDF function
with following signature:

function M_PDF(x, alpha, beta);

For this model, the namedpha andbeta must be used for the INIT option. The names are case-
insensitive. If you do not specify initial values for some parameters in the INIT statement, then a
default value of 0.001 is assumed for those parameters. If you specify an incorrect parameter, PROC
SEVERITY prints a warning to the SAS log and does not t the model. All speci ed values must be
nonmissing.
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If you are modeling regression effects, then the initial value of the rst distribution paranagtes (
in the preceding example) should be the inibakevalue of the scale parameter or log-transformed
scale parameter. For more information, see the section “Estimating Regression Effects” on page 2123.

The use of INIT= option is one of the three methods available for initializing the parameters. For
more information, see the section “Parameter Initialization” on page 2122. If none of the initialization
methods is used, then PROC SEVERITY initializes all parameters to 0.001.

You can specify the followingreprocess-options in the DIST statement:

LISTONLY
speci es that the list of all candidate distributions be printed to the SAS log without doing any further
processing on them. This option is especially useful when you use a shortcut keyword to include a list
of distributions. It enables you to nd out which distributions are included by the keyword.

VALIDATEONLY
speci es that all candidate distributions be checked for validity without doing any further processing
on them. If a distribution is invalid, the reason for invalidity is written to the SAS log. If all
distributions are valid, then the distribution information is written to the SAS log. The information
includes name, description, validity status (valid or invalid), and number of distribution parameters.
The information is not written to the SAS log if you specify an OUTMODELINFO= data set or
the PRINT=DISTINFO or PRINT=ALL option in the PROC SEVERITY statement. This option is
especially useful when you specify your own distributions or when you specify the _USER_or ALL
keywords in the DIST statement. It enables you to check whether your custom distribution de nitions
satisfy PROC SEVERITY's requirements for the speci ed modeling task. It is recommended that you
specify the SCALEMODEL statement if you intend to t a model with regression effects, because
the SCALEMODEL statement instructs PROC SEVERITY to perform additional checks to validate
whether regression effects can be modeled on each candidate distribution.

LOSS Statement

LOSS <response-variable-name > </ censoring-truncation-options > ;

The LOSS statement speci es the name of the response or loss variable whose distribution needs to be
modeled. You can also specify additional options to indicate any truncation or censoring of the response. The
speci cation of response variable is optional if you specify at least one type of censoring. You must specify a
response variable if you do not specify any censoring. If you specify more than one LOSS statement, then
the rst statement is used.

All the analysis variables that you specify in this statement must be present in the input data set that you
specify by using the DATA= option in the PROC SEVERITY statement. The response variable is expected to
have nonmissing values. If the variable has a missing value in an observation, then a warning is written to the
SAS log and that observation is ignored.
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The following censoring-truncation-options can be used in the LOSS statement:

LEFTCENSORED | LC=variable-name

LEFTCENSORED | LC=number
speci es the left-censoring variable or a global left-censoring limit.

You can use theariable-name argument to specify a data set variable that contains the left-censoring
limit. If the value of this variable is missing, then PROC SEVERITY assumes that such observations
are not left-censored.

Alternatively, you can use theumber argument to specify a left-censoring limit value that applies to
all the observations in the data set. This limit must be a nonzero positive number.

By the de nition of left-censoring, an exact value of the response is not known when it is less than or
equal to the left-censoring limit. If you specify the response variable and the value of that variable is
less than or equal to the value of the left-censoring limit for some observations, then PROC SEVERITY
treats such observations as left-censored and the value of the response variable is ignored. If you specify
the response variable and the value of that variable is greater than the value of the left-censoring limit
for some observations, then PROC SEVERITY assumes that such observations are not left-censored
and the value of the left-censoring limit is ignored.

If you specify both right-censoring and left-censoring limits, then the left-censoring limit must be
greater than or equal to the right-censoring limit. If both limits are identical, then the observation is
assumed to be uncensored.

For more information about left-censoring, see the section “Censoring and Truncation” on page 2118.

LEFTTRUNCATED | LT=variable-name < (left-truncation-option) >

LEFTTRUNCATED | LT=number < (left-truncation-option) >
speci es the left-truncation variable or a global left-truncation threshold.

You can use theariable-name argument to specify a data set variable that contains the left-truncation
threshold. If the value of this variable is missing or 0 for some observations, then PROC SEVERITY
assumes that such observations are not left-truncated.

Alternatively, you can use theumber argument to specify a left-truncation threshold that applies to all
the observations in the data set. This threshold must be a nonzero positive number.

Itis assumed that the response variable contains the observed values. By the de nition of left-truncation,
you can observe only a value that is greater than the left-truncation threshold. If a response variable
value is less than or equal to the left-truncation threshold, a warning is printed to the SAS log, and the

observation is ignored. For more information about left-truncation, see the section “Censoring and

Truncation” on page 2118.

You can specify the followinggft-truncation-option for an alternative interpretation of the left-truncation
threshold:

PROBOBSERVED | POBS=number
speci es the probability of observability, which is de ned as the probability that the underlying
severity event is observed (and recorded) for the speci ed left-threshold value.
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The speci ednumber must lie in the (0.0, 1.0] interval. A value of 1.0 is equivalent to specifying

that there is no left-truncation, because it means that no severity events can occur with a value less
than or equal to the threshold. If you specify value of 1.0, PROC SEVERITY prints a warning to
the SAS log and proceeds by assuming that LEFTTRUNCATED= option is nhot speci ed.

For more information, see the section “Probability of Observability” on page 2119.

RIGHTCENSORED | RC=variable-name

RIGHTCENSORED | RC=number
speci es the right-censoring variable or a global right-censoring limit.

You can use theariable-name argument to specify a data set variable that contains the right-censoring
limit. If the value of this variable is missing, then PROC SEVERITY assumes that such observations
are not right-censored.

Alternatively, you can use theumber argument to specify a right-censoring limit value that applies to
all the observations in the data set. This limit must be a nonzero positive number.

By the de nition of right-censoring, an exact value of the response is not known when it is greater
than or equal to the right-censoring limit. If you specify the response variable and the value of that
variable is greater than or equal to the value of the right-censoring limit for some observations, then
PROC SEVERITY treats such observations as right-censored and the value of the response variable is
ignored. If you specify the response variable and the value of that variable is less than the value of the
right-censoring limit for some observations, then PROC SEVERITY assumes that such observations
are not right-censored and the value of the right-censoring limit is ignored.

If you specify both right-censoring and left-censoring limits, then the left-censoring limit must be
greater than or equal to the right-censoring limit. If both limits are identical, then the observation is
assumed to be uncensored.

For more information about right-censoring, see the section “Censoring and Truncation” on page 2118.

RIGHTTRUNCATED | RT=variable-name

RIGHTTRUNCATED | RT=number
speci es the right-truncation variable or a global right-truncation threshold.

You can use theariable-name argument to specify a data set variable that contains the right-truncation
threshold. If the value of this variable is missing for some observations, then PROC SEVERITY
assumes that such observations are not right-truncated.

Alternatively, you can use thaumber argument to specify a right-truncation threshold that applies to
all the observations in the data set. This threshold must be a nonzero positive number.

It is assumed that the response variable contains the observed values. By the de nition of right-
truncation, you can observe only a value that is less than or equal to the right-truncation threshold.
If a response variable value is greater than the right-truncation threshold, a warning is printed to the
SAS log, and the observation is ignored. For more information about right-truncation, see the section
“Censoring and Truncation” on page 2118.
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NLOPTIONS Statement
NLOPTIONS options ;

The SEVERITY procedure uses the nonlinear optimization (NLO) subsystem to perform the nonlinear
optimization of the likelihood function to obtain the estimates of distribution and regression parameters.
You can use the NLOPTIONS statement to control different aspects of this optimization process. For most
problems, the default settings of the optimization process are adequate. However, in some cases it might be
useful to change the optimization technigue or to change the maximum number of iterations. The following
statement uses the MAXITER= option to set the maximum number of iterations to 200 and uses the TECH=
option to change the optimization technique to the double-dogleg optimization (DBLDOG) rather than the
default technique, the trust region optimization (TRUREG), that is used in the SEVERITY procedure:

nloptions tech=dbldog maxiter=200;

A discussion of the full range aiptions that can be used in the NLOPTIONS statement is given in Chapter 7,
“Nonlinear Optimization Methods.” The SEVERITY procedure supports all those options except the options
that are related to displaying the optimization information. You can use the PRINT= option in the PROC
SEVERITY statement to request the optimization summary and iteration history. If you specify more than
one NLOPTIONS statement, then the rst statement is used.

OUTSCORELIB Statement
OUTSCORELIB <OUTLIB=> fcmp-library-name options ;

The OUTSCORELIB statement speci es the library to write scoring functions to. Scoring functions enable
you to easily compute a distribution function on the tted parameters of the distribution without going
through a potentially complex process of extracting the tted parameter estimates from other output such as
the OUTEST= data set that is created by PROC SEVERITY.

If you specify the SCALEMODEL statement and if you specify interaction or classi cation effects, then
PROC SEVERITY ignores the OUTSCORELIB statement and does not generate scoring functions. In other
words, if you specify the SCALEMODEL statement, then PROC SEVERITY generates scoring functions if
you specify only singleton continuous effects in the SCALEMODEL statement.

You must specify the following option as the rst option in the statement:

OUTLIB=fcmp-library-name
names the FCMP library to contain the scoring functions. PROC SEVERITY writes the scoring
functions to the FCMP library namédcmp-library-name. If a library or data set namedmp-library-
name already exists, PROC SEVERITY deletes it before proceeding.

This option is similar to the OUTLIB= option that you would specify in a PROC FCMP statement,
except thatcmp-library-name must be a two-level name whereas the OUTLIB= option in the PROC
FCMP statement requires a three-level name. The third level of a three-level name speci es the package
to which the functions belong. You do not need to specify the package namefimiféibrary-name,

because PROC SEVERITY automatically creates the package for you. By default, a separate package
is created for each distribution that has not failed to converge. Each package is named for a distribution.
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For example, if you de ne and t a distribution nameulydist, and if mydist does not fail to con-
verge, then PROC SEVERITY creates a package namgilikt in the OUTLIB= library that you
specify. Further, let the de nition of thenydist distribution contain three distribution functions,
mydist_PDF(x,Parm1,Parm2), mydist LOGCDF(x,Parm1,Parm2), andmydist_XYZ(x,Parm1,Parm2).

If you specify the OUTSCORELIB statement

outscorelib outlib=sasuser.scorefunc;

then theSasuser.Scorefunc library contains the following three functions in a package namgudist:
SEV_PDF(x), SEV_LOGCDF(x), andSEV_XYZ(x).

The key feature of scoring functions is that they do not require the parameter arguRaents 4nd

Parm2 in this example). The tted parameter estimates are encoded inside the scoring function so
that you can compute or score the value of each function for a given value of the loss variable without
having to know or extract the parameter estimates through some other means.

For convenience, you can omit the OUTLIB= portion of the speci cation and just specify the name, as
in the following example:

outscorelib sasuser.scorefunc;

When the SEVERITY procedure runs successfully, ftimep-library-name is appended to the CMPLIB
system option, so you can immediately start using the scoring functions in a DATA step or PROC FCMP step.

You can specify the followingptions in the OUTSCORELIB statement:

COMMONPACKAGE

ONEPACKAGE
requests that only one common package be created to contain all the scoring functions.

If you specify this option, then all the scoring functions are created in a package salled For
each distribution function that has the nadiribution_suf x , the name of the corresponding scoring
function is formed aSEV_suf x_distribution . For example, the scoring function of the distribution
function "MYDIST_BAR'is named "SEV_BAR_MYDIST".

If you do not specify this option, then all scoring functions for a distribution are created in a package
that has the same name as the distribution, and for each distribution function that has the name
distribution_suf x , the name of the corresponding scoring function is forme8@&g sufx . For
example, the scoring function of the distribution function ‘'MYDIST_BAR'is named "SEV_BAR'.

OUTBYID=SAS-data-set
names the output data set to contain the unique identi er for each BY group. This unique identi er is
used as part of the name of the package or scoring function for each distribution. This is a required
option when you specify a BY statement in PROC SEVERITY.

The OUTBYID= data set contains one observation per BY group and a variable named _ID__ in addition
to the BY variables that you specify in the BY statement. The _ID_ variable contains the unique
identi er for each BY group. The identi er of the BY group is the decimal representation of the
sequence number of the BY group. The rst BY group has an identi er of 1, the second BY group has
an identi er of 2, the tenth BY group has an identi er of 10, and so on.
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If you do not specify the COMMONPACKAGE option in the OUTSCORELIB statement, then for
each distribution, PROC SEVERITY creates as many packages as the number of BY groups. The
unigue BY-group identi er is used as a suf x for the package name. For example, if your DATA= data
set has three BY groups and if you specify the OUTSCORELIB statement

outscorelib outlib=sasuser.byscorefunc outbyid=sasuser.byid;

then for the distribution "MYDIST', theSasuser.Byscorefunc library contains the three packages
"MYDIST1', 'MYDISTZ2', and "MYDIST3', and each package contains one scoring function named
"SEV_BAR' for each distribution function named "MYDIST_BAR'.

If you specify the COMMONPACKAGE option in the OUTSCORELIB statement, PROC SEVERITY
creates as many versions of the distribution function as the number of BY groups. The unique BY-group
identi er is used as a suf x for the function name. Extending the previous example, if you specify the
OUTSCORELIB statement with the COMMONPACKAGE option,

outscorelib outlib=sasuser.byscorefunc outbyid=sasuser.byid commonpackage;

then for the distribution function "MYDIST _BAR' of the distribution "MYDIST', the
Sasuser.Byscorefunc library contains the following three scoring functions: "SEV_BAR_MYDIST1',
"SEV_BAR_MYDIST2', and 'SEV_BAR_MYDIST3'". All the scoring functions are created in one
common package nameev t .

For both the preceding examples, esuser.Byid data set contains three observations, one for each
BY group. The value of the _ID_ variable is 1 for the rst BY group, 2 for the second BY group, and 3
for the third BY group.

For more information about scoring functions, see the section “Scoring Functions” on page 2165.

SCALEMODEL Statement
SCALEMODEL regression-effect-list </ scalemodel-options > ;

The SCALEMODEL statement speci es regression effects. A regression effect is formed from one or more
regressor variables according to effect construction rules. Each regression effect forms one elément of
in the linear model structurg that affects the scale parameter of the distribution. The SCALEMODEL
statement in conjunction with the CLASS statement supports a rich set of effects. Effects are speci ed by a
special notation that uses regressor variable names and operators. There are two types of regressor variables:
classi cation (or CLASS) variables and continuous variables. Classi cation variables can be either numeric
or character and are speci ed in a CLASS statement. To include CLASS variables in regression effects, you
must specify the CLASS statement so that it appears before the SCALEMODEL statement. A regressor
variable that is not declared in the CLASS statement is assumed to be continuous. For more information
about effect construction rules, see the section “Speci cation and Parameterization of Model Effects” on
page 2131.

All the regressor variables must be present in the input data set that you specify by using the DATA= option
in the PROC SEVERITY statement. The scale parameter of each candidate distribution is linked to the linear
predictorX thatincludes an intercept. If a distribution does not have a scale parameter, then a model based
on that distribution is not estimated. If you specify more than one SCALEMODEL statement, then the rst
statement is used.
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The regressor variables are expected to have nonmissing values. If any of the variables has a missing value in
an observation, then a warning is written to the SAS log and that observation is ignored.

For more information about modeling regression effects, see the section “Estimating Regression Effects” on
page 2123.

You can specify the followingcalemodel-options in the SCALEMODEL statement:

DFMIXTURE=method-name < (method-options) >
speci es the method for computing representative estimates of the cumulative distribution function
(CDF) and the probability density function (PDF).

When you specify regression effects, the scale of the distribution depends on the values of the regressors.
For a given distribution family, each observation in the input data set implies a different scaled version
of the distribution. To compute estimates of CDF and PDF that are comparable across different
distribution families, PROC SEVERITY needs to construct a single representative distribution from all
such distributions. You can specify one of the followingthod-name values to specify the method

that is used to construct the representative distribution. For more information about each of the methods,
see the section “CDF and PDF Estimates with Regression Effects” on page 2126.

FULL
speci es that the representative distribution be the mixtur®l afistributions such that each
distribution has a scale value that is implied by each ofNhebservations that are used for
estimation. This method is the slowest.

MEAN
speci es that the representative distribution be the one-point mixture of the distribution whose
scale value is computed by using the mean ofNh&lues of the linear predictor that are implied
by theN observations that are used for estimation. If you do not specify the DFMIXTURE=
option, then this method is used by default. This is also the fastest method.

QUANTILE < (K=q)>
speci es that the representative distribution be the mixture of a xed number of distributions
whose scale values are computed by using the quantiles from the samplabfes of the linear
predictor that are implied by thé observations that are used for estimation.

You can use the K= option to specify the number of distributions in the mixture. If you specify
K=q, then the mixture containg, 1/ distributions such that each distribution has as its scale
one ofthe.g 1/-quantiles.

If you do not specify the K= option, then PROC SEVERITY uses the default of 2, which implies
the use of a one-point mixture with a distribution whose scale value is the median of all scale
values.

RANDOM < (random-method-options) >
speci es that the representative distribution be the mixture of a xed number of distributions
whose scale values are computed by using the values of the linear predictor that are implied by
a randomly chosen subset of the set of all observations that are used for estimation. The same
subset of observations is used for each distribution family.
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You can specify the followingandom-method-options to specify how the subset is chosen:

K=r
speci es the number of distributions to include in the mixture. If you do not specify this
option, then PROC SEVERITY uses the default of 15.

SEED=number
speci es the seed that is used to generate the uniform random sample of observation indices.
If you do not specify this option, then PROC SEVERITY generates a seed internally that is
based on the current value of the system clock.

OFFSET=offset-variable-name
speci es the name of the offset variable in the scale regression model. An offset variable is a regressor
variable whose regression coef cient is known to be 1. For more information, see the section “Offset
Variable” on page 2124.

WEIGHT Statement
WEIGHT variable-name ;

The WEIGHT statement speci es the name of a variable whose values represent the weight of each ob-
servation. PROC SEVERITY associates a weightvab each observation, wheweis the value of the
WEIGHT variable for the observation. If the weight value is missing or less than or equal to 0, then the
observation is ignored and a warning is written to the SAS log. When you do not specify the WEIGHT
statement, each observation is assigned a weight of 1. If you specify more than one WEIGHT statement, then
the last statement is used.

The weights are normalized so that they add up to the actual sample size. In particular, the weight of each

observation is multiplied bynNN—W, whereN is the sample size.
iD1 Wi

Programming Statements

You can use a series of programming statements that use variables in the input data set that you specify in
the DATA= option in the PROC SEVERITY statement to assign a value to an objective function symbol.
You must specify the objective function symbol by using the OBJECTIVE= option in the PROC SEVERITY
statement. If you do not specify the OBJECTIVE= option in the PROC SEVERITY statement, then the
programming statements are ignored and models are estimated using the maximum likelihood method.

You can use most DATA step statements and functions in your program. Any additional functions, restrictions,
and differences are listed in the section “Custom Objective Functions” on page 2173.
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Details: SEVERITY Procedure

Prede ned Distributions
PROC SEVERITY assumes the following model for the response variable

Y F./

whereF is a continuous probability distribution with parameters The model hypothesizes that the
observed response is generated from a stochastic process that is governed by the digtribLhisrmodel

is usually referred to as the error model. Given a representative input sample of response variable values,
PROC SEVERITY estimates the model parameters for any distrib&tiand computes the statistics of t

for each model. This enables you to nd the distribution that is most likely to generate the observed sample.

A set of prede ned distributions is provided with the SEVERITY procedure. A summary of the distributions

is provided in Table 30.2. For each distribution, the table lists the name of the distribution that should be
used in the DIST statement, the parameters of the distribution along with their bounds, and the mathematical
expressions for the probability density function (PDF) and cumulative distribution function (CDF) of the
distribution.

All the prede ned distributions, except LOGN and TWEEDIE, are parameterized such that their rst
parameter is the scale parameter. For LOGN, the rst parametgma log-transformed scale parameter.
TWEEDIE does not have a scale parameter. The presence of scale parameter or a log-transformed scale
parameter enables you to use all of the prede ned distributions, except TWEEDIE, as a candidate for
estimating regression effects.

A distribution model is associated with each prede ned distribution. You can also de ne your own distribution
model, which is a set of functions and subroutines that you de ne by using the FCMP procedure. For more
information, see the section “De ning a Severity Distribution Model with the FCMP Procedure” on page 2148.
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Table 30.2 Prede ned SEVERITY Distributions

Name Distribution Parameters PDF ) and CDF (F)

Y4
BURR Burr > 0 y > O y fX/ D W
EXP Exponential >0 fx D le?Z

Fx D 1 e?*

z

GAMMA Gamma >0, >0 fx/ D %5
.zl
FxI D 54—
GPD Generalized >0, >0 fx/ D 1.1c z/ ¥
Pareto Fx/ D 1 .1C z/ ¥
. q 4 1/2
IGAUSS Inverse Gaussian >0, >0 fx/ D 1% 22—3eq 2
(Wald) Fx'D ~ z 1 ; c
- zC1/ ; e?
1 log x/ 2
LOGN Lognormal (no bounds), f.x/ D X—%e 2
>0 Fx/ D =~ lax__
PARETO Pareto >0, >0 fx/ D o573
FX'D 1
h - i
TWEEDIE  Tweedié p>1, >0, fx/ D ax;/ exp % Xl 5 . p/
>0 Fx/ D g f.tdt
STWEEDIE Scaled Tweedie >0, >0, fx/ D ax;;;p/ exp X
1<p<2 Fx/ D ,f.tdt
WEIBULL  Weibull >0, >0 fx/ D tze?
FxI D 1 ef*?

Notes:

1.z D x= , whereverzis used.

2. denotes the scale parameter for all the distributions. For LOGN/ D

3. Parameteﬁs are listed in the order in which they are de ned in the distribution model.

4. .a;b/ D ta le 'dt is the lower incomplete gamma function.
5°y/ D1 5 1C erf p‘% is the standard normal CDF.
6. For more information, see the section “Tweedie Distributions” on page 2110.
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Tweedie Distributions

Tweedie distributions are a special case of the exponential dispersion family (Jargensen 1987) with a property
that the variance of the distribution is equal toP , where is the mean of the distribution, is a dispersion
parameter, angdis an index parameter as discovered by Tweedie (1984). The distribution is de ned for all
values ofp except for values gb in the open interval0; 1/. Many important known distributions are a special

case of Tweedie distributions including normgtQ), Poissonf=1), gammapg=2), and the inverse Gaussian
(p=3). Apart from these special cases, the probability density function (PDF) of the Tweedie distribution
does not have an analytic expression. por 1, it has the form (Dunn and Smyth 2005),

1 x 1p
fxl1;; D a.x; —
x;;pl/ a.x; / exp 1 p

where.;p/ D 2 P=2 p/forpe 2and.;p/ D log./ forp=2. The functiora.x; / does not
have an analytical expression. It is typically evaluated using series expansion methods described in Dunn and
Smyth (2005).

p/

Forl < p < 2, the Tweedie distribution is a compound Poisson-gamma mixture distribution, which is the
distribution ofSde ned as
X
SD Xi
iD1
whereN  Poisson/ andX; gamma; / areindependent and identically distributed gamma random
variables with shape parameterand scale parameter At X = 0, the density is a probability mass that
is governed by the Poisson distribution, and for valueX of 0, it is a mixture of gamma variates with
Poisson mixing probability. The parameters , and are related to the natural parameters , andp of
the Tweedie distribution as
2 p

2 pl/
p2 P

D

p 1
Dp 1 P1

The mean of a Tweedie distribution is positive fjor 1.

Two prede ned versions of the Tweedie distribution are provided with the SEVERITY procedure. The rst
version, named TWEEDIE and de ned fpr> 1, has the natural parameterization with parameters, and

p. The second version, named STWEEDIE and de nediferp < 2 , is the version with a scale parameter.

It corresponds to the compound Poisson-gamma distribution with gamma scale pargrReisson mean
parameter , and the index parametpr The index parameter decides the shape parameaiéthe gamma
distribution as

D2 P
p 1

The parametersand of the STWEEDIE distribution are related to the parameteasd of the TWEEDIE
distribution as

D
D'/ZPD
2 pl p 1./ p1
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You can t either version when there are no regression variables. Each version has its own merits. If you
t the TWEEDIE version, you have the direct estimate of the overall mean of the distribution. If you are
interested in the most practical range of the index parametep < 2 , then you can tthe STWEEDIE
version, which provides you direct estimates of the Poisson and gamma components that comprise the
distribution (an estimate of the gamma shape parameieeasily obtained from the estimatep)f

If you want to estimate the effect of exogenous (regression) variables on the distribution, then you must use
the STWEEDIE version, because PROC SEVERITY requires a distribution to have a scale parameter in
order to estimate regression effects. For more information, see the section “Estimating Regression Effects”
on page 2123. The gamma scale parameisithe scale parameter of the STWEEDIE distribution. If you

are interested in determining the effect of regression variables on the mean of the distribution, you can do so
by rst tting the STWEEDIE distribution to determine the effect of the regression variables on the scale
parameter . Then, you can easily estimate how the mean of the distributisnaffected by the regression
variables using the relationshipD ¢ , wherec D D .2 p/=p 1/. The estimates of the regression
parameters remain the same, whereas the estimate of the intercept parameter is adjusted by the estimates of
the andp parameters.

Parameter Initialization for Prede ned Distributions

The parameters are initialized by using the method of moments for all the distributions, except for the gamma
and the Weibull distributions. For the gamma distribution, approximate maximum likelihood estimates are
used. For the Weibull distribution, the method of percentile matching is used.

Givenn observations of the severity valye (1 i  n), the estimate dkth raw moment is denoted by,
and computed as

mD g v
iD1
The 10(@th percentile is denoted by, (0 p  1). By de nition, , satis es
F.o/ p F. ol
whereF. , /D limysoF. p h/. PROC SEVERITY uses the following practical method of computing
p. LetFQ.y/ denote the empirical distribution function (EDF) estimate at a severity valuety, andyg

denote two consecutive values in the ascending sequenosbfes such théQ.yp /I<p andIiR.yg/ p.
Then, the estimat€) is computed as

P Ry,/ Sy
Rys! Ry,/~ " P

QDpr

Let denote the smallest double-precision oating-point number sucHltBat> 1 . This machine precision
constant can be obtained by using the CONSTANT function in Base SAS software.

The details of how parameters are initialized for each prede ned distribution are as follows:

BURR The parameters are initialized by using the method of momentskthlraw moment of the
Burr distribution is:

ke.1 C k= I€. k=1

EEX.D
€./ ’

<k<
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Three moment equatioSEX+ D my (k D 1;2;3 need to be solved for initializing the
three parameters of the distribution. In order to get an approximate closed form solution, the
second shape paramei®is initialized to a value of 2. IBm3z  3mym, > 0, then simplifying

and solving the moment equations yields the following feasible set of initial values:

r—
OD mams

2m3 3mymy

ms

; OD1C ———;
2m3 3mymo

oD 2

If 2mz  3mpmy < , then the parameters are initialized as follows:
oo Pm;; op2: op2

EXP The parameters are initialized by using the method of momentskfilraw moment of the
exponential distribution is:

EEX.D kekcC1: k> 1

SolvingEEXD m; yields the initial value ofOD mj.

GAMMA The parameter is initialized by using itepproximatenaximum likelihood (ML) estimate.
For a set oh independent and identically distributed observatignél i  n) drawn from
a gamma distribution, the log likelihodds de ned as follows:

X i=
ID log v, 162/
iD1 ’
X 1 X
D. 1/ logyi/ — yi n log./ nlog£./
iD1 iD1

P P
Using a shorter notation of to denote |, and solving the equatio@!=@D O yields the
following ML estimate of :

Op yi Dﬂ
n

Substituting this estimate in the expressiot ahd simplifying gives

X
I D. 1/ log.yi/ n n logm;/ Cn log./ nlog£€./l

Letd be de ned as follows:
1 X
d D log.m1/ - log.yi/

Solving the equatio®I=@D 0 yields the following expression in terms of the digamma
function, ./

log. / ./ Dd

The digamma function can be approximated as follows:

1
12 C2

1
O log./ = 0:5C
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This approximation is within 1.4% of the true value for all the values®D except when

is arbitrarily close to the positive root of the digamma function (which is approximately
1.461632). Even for the values ofthat are close to the positive root, the absolute error
between true and approximate values is still acceptat§® ( ./ j <0:005for >1:07).
Solving the equation that arises from this approximation yields the following estimate of

3 de.d 3/2C 24d

oD
12d

If this approximate ML estimate is infeasible, then the method of moments is usedthrhe
raw moment of the gamma distribution is:

€. CK

EEX.D :
€./

k >

SolvingEEXD m; andEEXe D m, yields the following initial value for :
mj

oD —1
mz; my

If my mi < (almost zero sample variance), theis initialized as follows:

oD 1

After computing the estimate of, the estimate of is computed as follows:

ODﬂ
O

Both the maximum likelihood method and the method of moments arrive at the same relation-
ship betweeroand O

The parameters are initialized by using the method of moments. Notice that for, the
CDF of the generalized Pareto distribution (GPD) is:

Fx D1 1C =2

This is equivalent to a Pareto distribution with scale parameted = and shape pa-
rameter D 1= . Using this relationship, the parameter initialization method used for the
PARETO distribution is used to get the following initial values for the parameters of the GPD
distribution:

OD mqmpy . mo 2m§
2.my; m3/’ 2.m; m3/

If m, m2 < (almostzero sample variance)ms 2m2 < , then the parameters are
initialized as follows:

Op M, 1‘

2’ 2
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IGAUSS The parameters are initialized by using the method of moments. The standard parameterization
of the inverse Gaussian distribution (also known as the Wald distribution), in terms of the
location parameter and shape parameteris as follows (Klugman, Panjer, and Willmot

1998, p. 583):
r /2
X
fx/ D e
X 2x3 XP 2 2x |
r __: r !
2
FxD~ X 1 _ ¢~ Xc1 - exp &=
X X

For this parameterization, it is known that the mearic&XD and the variance is
Var@EXP 3=, which yields the second raw momenta&XsD 2.1C =/ (computed
by usingEEXs D VarEXeE .EEX9).
The prede ned IGAUSS distribution in PROC SEVERITY uses the following alternate
parameterization to allow the distribution to have a scale parameter,

r

X /2

fx/ D exp
2X3 X | I
r . r .

Fx/ D~ X 1 — C° iCl < exp.2 /

The parameters (scale) and (shape) of this alternate form are related to the parameters
and of the preceding form suchthatD and D = . Using this relationship, the rst
and second raw moments of the IGAUSS distribution are:

EEXD

1
EEXD 2 1C =

SolvingEEXD m; andEEXe D m, yields the following initial values:

m2
%omi 0D
2 1

If my mf < (almost zero sample variance), then the parameters are initialized as follows:

ODm;: OD1
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LOGN The parameters are initialized by using the method of momentskthiraw moment of the
lognormal distribution is:

2 2

k
EEXsDexp k C

SolvingEEXD m; andEEXe D m, yields the following initial values:

log.m2 p
OD 2log.m1/ og;n /; OD logm2/ 2log.ml/

PARETO The parameters are initialized by using the method of momentskthiraw moment of the
Pareto distribution is:

kek ClLE. kI

EEX.D ;
€./

1<k<

SolvingEEXD m; andEEXe D m, yields the following initial values:

op MMz . 2.m; mé/

my 2mg’ my 2mé

If my mf < (almost zero sample variance) rop 2m§ < , then the parameters are
initialized as follows:

ODm;; OD?2

TWEEDIE The parametep is initialized by assuming that the sample is generated from a gamma
distribution with shape parameterand by computingOD % The initial value Ois
obtained from using the method previously described for the GAMMA distribution. The
parameter is the mean of the distribution. Hence, it is initialized to the sample mean as

oD m

Variance of a Tweedie distribution is equal toP. Thus, the sample variance is used to
initialize the value of as

op M m32
ao
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STWEEDIE STWEEDIE is a compound Poisson-gamma mixture distribution with meBn , Where

WEIBULL

is the shape parameter of the gamma random variables in the mixture and the papameter
determined solely by. First, the parametgqgis initialized by assuming that the sample is
generated from a gamma distribution with shape paramesed by computingOD %
The initial value Ois obtained from using the method previously described for the GAMMA
distribution. As done for initializing the parameters of the TWEEDIE distribution, the sample
mean and variance are used to compute the vaesd Oas

oD m
my m?

aP

Based on the relationship between the parameters of TWEEDIE and STWEEDIE distributions
described in the section “Tweedie Distributions” on page 2110, valuesindl are initialized
as

Op

Op O 170 ?
Op o

Q

The parameters are initialized by using the percentile matching methodllagidq3 denote
the estimates of the 25th and 75th percentiles, respectively. Using the formula for the CDF of
Weibull distribution, they can be written as

1 exp. .ql=/ /D 0:25
1 exp. .q3=/ /D 0:75

Simplifying and solving these two equations yields the following initial values:

op exp rlog.ql/ log.q3/ oD log.log.4//
ro1 ' log.q3/ log. P

wherer D log.log.4//=log.log.4=3//. These initial values agree with those suggested in
Klugman, Panjer, and Willmot (1998).

A summary of the initial values of all the parameters for all the prede ned distributions is given in Table 30.3.
The table also provides the names of the parameters to use in the INIT= option in the DIST statement if you
want to provide a different initial value.
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Table 30.3 Parameter Initialization for Prede ned Distributions

Distribution Parameter Name for INIT option Default Initial Value

g —
alpha 1C s brm; “ginlmz
gamma 2
EXP theta m;
GAMMA theta mq=
3 dC .d 3/2C24d
alpha 54
GPD theta mmy=2.my; m2//
Xi My 2m/=2.m, m//
IGAUSS theta mq
alpha mi=.m, m?/
LOGN mu log.ml/ log.m2/=2
sigma log.m2/ 2log.ml/
PARETO theta mime=.m, 2mé/
alpha 2.my mi/=my 2ma/
TWEEDIE mu my
phi .my  m2/=mf
p p . C2/= Cl1
3 dC .d 3/2C24d
where D 54
STWEEDIE theta My milp  l=m
lambda mi=..m, milp 1/
p p . C2/= Cl1
3 dC .d 3/2C24d
where D 54
WEIBULL theta exp og.all Jog.a3
tau log.log.4//=. 10g.q3/ log. @
Notes:
m, denotes thdxtp raw moment
d D logmi/ . log.yi/l=n

gl andqg3denote the 25th and 75th percentiles, respectively
r D log.log.4//= log.log.4=3//
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Censoring and Truncation

One of the key features of PROC SEVERITY is that it enables you to specify whether the severity event's

magnitude is observable and if it is observable, then whether the exact value of the magnitude is known. If an
event is unobservable when the magnitude is in certain intervals, then it is referred to as a truncation effect. If
the exact magnitude of the event is not known, but it is known to have a value in a certain interval, then it is

referred to as a censoring effect.

PROC SEVERITY allows a severity event to be subject to any combination of the following four censoring
and truncation effects:

Left-truncation: An event is said to be left-truncated if it is observed only when T', where

Y denotes the random variable for the magnitude Bhdenotes a random variable for the trunca-
tion threshold. You can specify left-truncation using the LEFTTRUNCATED= option in the LOSS
statement.

Right-truncation: An event is said to be right-truncated if it is observed only whenT ", whereY
denotes the random variable for the magnitude Bhdenotes a random variable for the truncation
threshold. You can specify right-truncation using the RIGHTTRUNCATED= option in the LOSS
statement.

Left-censoring: An event is said to be left-censored if it is known that the magnitotie i€', but
the exact value oY is not known.C' is a random variable for the censoring limit. You can specify
left-censoring using the LEFTCENSORED= option in the LOSS statement.

Right-censoring: An event is said to be right-censored if it is known that the magnit¥de i€ ",
but the exact value of is not known.C" is a random variable for the censoring limit. You can specify
right-censoring using the RIGHTCENSORED= option in the LOSS statement.

For each effect, you can specify a different threshold or limit for each observation or specify a single threshold
or limit that applies to all the observations.

If all the four types of effects are present on an event, then the following relationship AdldsC
C! T'. PROC SEVERITY checks these relationships and write a warning to the SAS log if any is violated.

If you specify the response variable in the LOSS statement, then PROC SEVERITY also checks whether
each observation satis es the de nitions of the speci ed censoring and truncation effects. If you specify
left-truncation, then PROC SEVERITY ignores observations wiYere T, because such observations

are not observable by de nition. Similarly, if you specify right-truncation, then PROC SEVERITY ignores
observations wherg > T'". If you specify left-censoring, then PROC SEVERITY treats an observation
with Y > C' as uncensored and ignores the valu€bf The observations with  C' are considered

as left-censored, and the valueYis ignored. If you specify right-censoring, then PROC SEVERITY
treats an observation with  C" as uncensored and ignores the valu€€6f The observations with

Y > C" are considered as right-censored, and the val0€isignored. If you specify both left-censoring

and right-censoring, it is referred to as interval-censorin@. "l C ! is satis ed for an observation, then

it is considered as interval-censored and the value of the response variable is ign@ed €' for an
observation, then PROC SEVERITY assumes that observation to be uncensored. If all the observations in a
data set are censored in some form, then the speci cation of the response variable in the LOSS statement is
optional, because the actual value of the response variable is not required for the purposes of estimating a
model.
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Speci cation of censoring and truncation affects the likelihood of the data (see the section “Likelihood
Function” on page 2120) and how the empirical distribution function (EDF) is estimated (see the section
“Empirical Distribution Function Estimation Methods” on page 2138).

Probability of Observability

For left-truncated data, PROC SEVERITY also enables you to provide additional information in the form of
probability of observabilitypy using the PROBOBSERVED= option. It is de ned as the probability that the
underlying severity event gets observed (and recorded) for the speci ed left-truncation threshold value. For
example, if you specify a value of 0.75, then for every 75 observations recorded above a speci ed threshold,
25 more events have happened with a severity value less than or equal to the speci ed threshold. Although
the exact severity value of those 25 events is not known, PROC SEVERITY can use the information about
the number of those events.

In particular, for each left-truncated observation, PROC SEVERITY assumes a presefce pf=p
additional observations witls; D tj. These additional observations are then used for computing the
likelihood (see the section “Probability of Observability and Likelihood” on page 2121) and an unconditional
estimate of the empirical distribution function (see the section “EDF Estimates and Truncation” on page 2142).

Truncation and Conditional CDF Estimates

If you specify left-truncation without the probability of observability or if you specify right-truncation,
then the EDF estimates that are computed by all methods except the STANDARD method are conditional
on the truncation information. See the section “EDF Estimates and Truncation” on page 2142 for more
information. In such cases, PROC SEVERITY uses conditional estimates of the CDF whenever they are used
for computational or visual comparison with the EDF estimates.

Lett! ., D min;ft' gbe the smallest value of the left-truncation threshgldg the left-truncation threshold
for observation) andt} ., D maxft'gbe the largest value of the right-truncation threshaldig the
right-truncation threshold for observation If FQy/ denotes the unconditional estimate of the CDF,at

then the conditional estimaf€.y/ is computed as follows:

If you do not specify the probability of observability, then the EDF estimates are conditional on the
left-truncation information. If an observation is both left-truncated and right-truncated, then

Ry !/
FQ. min
R Y

**min

If an observation is left-truncated but not right-truncated, then
0y p Y P
1 !

**min

If an observation is right-truncated but not left-truncated, then

Ky
o,
oYy

If you specify the probability of observability, then EDF estimates are not conditional on the left-
truncation information. If an observation is not right-truncated, then the conditional estimate is the
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same as the unconditional estimate. If an observation is right-truncated, then the conditional estimate
is computed as

FOy/
Ky D e

If you specify regression effects, th€dy/ , Fot! . /, andFt [/ are all computed from a mixture distribu-
tion, as described in the section “CDF and PDF Estimates with Regression Effects” on page 2126.

Parameter Estimation Method

If you do not specify a custom objective function by specifying programming statements and the OBJEC-
TIVE= option in the PROC SEVERITY statement, then PROC SEVERITY uses the maximum likelihood
(ML) method to estimate the parameters of each model. A nonlinear optimization process is used to maximize
the log of the likelihood function. If you specify a custom objective function, then PROC SEVERITY uses
a nonlinear optimization algorithm to estimate the parameters of each model that minimize the value of
your speci ed objective function. For more information, see the section “Custom Objective Functions” on

page 2173.

Likelihood Function

Letf .x/ andF .x/ denote the PDF and CDF, respectively, evaluatedfat a set of parameter values

Let Y denote the random response variable, ang titnote its value recorded in an observation in the input
data set. LeT! andT" denote the random variables for the left-truncation and right-truncation threshold,
respectively, and lef andt™ denote their values for an observation, respectively. If there is no left-truncation,
thent'! D ', where ! is the smallest value in the support of the distributionEsd / D 0. If there is no
right-truncation, then” D |, where 4, is the largest value in the support of the distributionfFsb'/ D 1.

LetC' andC" denote the random variables for the left-censoring and right-censoring limit, respectively, and
letc' andc" denote their values for an observation, respectively. If there is no left-censoring;' tBen, ;
soF.c'/ D 1. If there is no right-censoring, thet D '; soF.c"/ D 0.

The set of input observations can be categorized into the following four subsets within each BY group:
E is the set of uncensored and untruncated observations. The likelihood of an observgtien in
le DPr.Y Dy/Df .yl

E: is the set of uncensored observations that are truncated. The likelihood of an obsengtias in
f .yl
F ot/ F .tl/

le, DPr.Y Dyjt' <Y t'/D

Cis the set of censored observations that are not truncated. The likelihood of an obseZvation
lcDPrc' <Y c'YDF ' F ¢l

C: is the set of censored observations that are truncated. The likelihood of an obsetyasion
F c'/ F .c'/

lc, DPrc' <y djt'<y /D
F ot/ F .tl/
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NotethatE [ E;/\ .C [ C{/ D; . Also, the set&; andC; are empty when you do not specify truncation,
and the set€ andC; are empty when you do not specify censoring.

Given this, the likelihood of the datais as follows:

Y Y f . Y Y F 'l F ¢
LD f .yl - y! 7 F <l F e o= Cr// : CI//
c e Fottl Fotl o F U1 Rt

The maximum likelihood procedure used by PROC SEVERITY nds an optimal set of parameter values
,Othat maximizesog.L/ subject to the boundary constraints on parameter values. For a distribistion

you can specify such boundary constraints by usinglitte LOWERBOUNDS andlist. UPPERBOUNDS
subroutines. For more information, see the section “De ning a Severity Distribution Model with the
FCMP Procedure” on page 2148. Some aspects of the optimization process can be controlled by using the
NLOPTIONS statement.

Probability of Observability and Likelihood

If you specify the probability of observability for the left-truncation, then PROC SEVERITY uses a modi ed
likelihood function for each truncated observation. If the probability of observabiliiy2s.0:0; 1:0¢ then for

each left-truncated observation with truncation threshiglthere existl p/=p observations with a response
variable value less than or equaltto Each such observation has a probabilitypofy  t'/ D F .t'/. The
right-truncation and censoring information does not apply to these added observations. Thus, following the
notation of the section “Likelihood Function” on page 2120, the likelihood of the data is as follows:

Y Y oty Yty L p
LD f, . - - _F !

Y F 11/ Fo e

E Et;tlDl ’ Et§t|>| '

Y Y I r1 Y I r
F ol F o F .c'/ F .c'/ F .c'/ F .c /F e
’ ’ F otr/ F .t/ ’

c Ceit'D ! ' Cit!> | '

Note that the likelihood of the observations that are not left-truncated (observations hasd€, and
observations in sets; andC; for whicht' D ') is not affected.

If you specify a custom objective function, then PROC SEVERITY accounts for the probability of observabil-
ity only while computing the empirical distribution function estimate. The parameter estimates are affected
only by your custom objective function.

Estimating Covariance and Standard Errors

PROC SEVERITY computes an estimate of the covariance matrix of the parameters by using the asymptotic
theory of the maximum likelihood estimators (MLE).NF denotes the number of observations used for
estimating a parameter vectorthen the theory states thatlds! 1 , the distribution ofo, the estimate

of , converges to a normal distribution with mearand covarianc€such that. / &1 1, where

I./D E r? log.L. /I isthe information matrix for the likelihood of the data, / . The covariance
estimate is obtained by using the inverse of the information matrix.



2122 F Chapter 30: The SEVERITY Procedure

In particular, fGDr 2. log.L. /// denotes the Hessian matrix of the negative of log likelihood, then the
covariance estimate is computed as

N
&b —G!?
d
whered is a denominator that is determined by the VARDEF= option. If VARDEF=N, ttheD N,
which yields the asymptotic covariance estimate. If VARDEF=DF, thédh N  k, wherek is number of
parameters (the model's degrees of freedom). The VARDEF=DF option is the default, because it attempts to
correct the potential bias introduced by the nite sample.

The standard errgg of the parameter; I& computed as the square root of tttediagonal element of the
estimated covariance matrix; thatss,D & .

If you specify a custom objective function, then the covariance matrix of the parameters is still computed by
inverting the information matrix, except that the Hessian ma¥is computed a& D r ?log.U. // , where
U denotes your custom objective function that is minimized by the optimizer.

Covariance and standard error estimates might not be available if the Hessian matrix is found to be singular
at the end of the optimization process. This can especially happen if the optimization process stops without
converging.

Parameter Initialization

PROC SEVERITY enables you to initialize parameters of a model in different ways. A model can have two
kinds of parameters: distribution parameters and regression parameters.

The distribution parameters can be initialized by using one of the following three methods:

INIT= option You can use the INIT= option in the DIST statement.

INEST=or INSTORE= option You can use either the INEST= data set or the INSTORE= item store, but
not both.

PARMINIT subroutine You can de ne adist_ PARMINIT subroutine in the distribution model.

For more information, see the section “De ning a Severity Distribution
Model with the FCMP Procedure” on page 2148.

Note that only one of the initialization methods is used. You cannot combine them. They are used in the
following order:

The method that uses the INIT= option takes the highest precedence. If you use the INIT= option
to provide an initial value for at least one parameter, then other initialization methods (INEST=,
INSTORE=, or PARMINIT) are not used. If you specify initial values for some but not all the
parameters by using the INIT= option, then the uninitialized parameters are initialized to the default
value of 0.001.

If you use this option and if you specify the regression effects, then the value of the rst distribution
parameter must be related to the initial value forllhsevalue of the scale or log-transformed scale
parameter. For more information, see the section “Estimating Regression Effects” on page 2123.
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The method that uses the INEST= data set or INSTORE= item store takes second precedence. If
the INEST= data set or INSTORE= item store contains a nhonmissing value for even one distribution
parameter, then the PARMINIT method is not used and any uninitialized parameters are initialized to
the default value of 0.001.

If none of the distribution parameters are initialized by using the INIT= option, the INEST= data
set, or the INSTORE= item store, but the distribution model de nes a PARMINIT subroutine, then
PROC SEVERITY invokes that subroutine with appropriate inputs to initialize the parameters. If
the PARMINIT subroutine returns missing values for some parameters, then those parameters are
initialized to the default value of 0.001.

If none of the initialization methods are used, each distribution parameter is initialized to the default
value of 0.001.

For more information about regression models and initialization of regression parameters, see the section
“Estimating Regression Effects” on page 2123.

Estimating Regression Effects

The SEVERITY procedure enables you to estimate the in uence of regression (exogenous) effects while
tting a distribution if the distribution has a scale parameter or a log-transformed scale parameter.

to the effeci; . If you do not specify regression effects, then the model for the response vafiestd the
form

Y F.J/

whereF is the distribution ofY with parameters . This model is usually referred to as the error model. The
regression effects are modeled by extending the error model to the following form:

X
Y exp. ixpl F.l
jD1
Under this model, the distribution &fis valid and belongs to the same parametric familiz agand only

if F has a scale parameter. Letlenote the scale parameter andlenote the set of nonscale distribution
parameters of . Then the model can be rewritten as

Y F.;o
such that is modeled by the regression effects as

X
D o exp. i X/
iD1

where ¢ is thebasevalue of the scale parameter. Thus, the scale regression model consists of the following
Given this form of the model, distributions without a scale parameter cannot be considered when regression

effects are to be modeled. If a distribution does not have a direct scale parameter, then PROC SEVERITY
accepts it only if it has a log-transformed scale parameter — that is, if it has a pargni2terg. / .
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Offset Variable

You can specify that an offset variable be included in the scale regression model by specifying it in the
OFFSET= option of the SCALEMODEL statement. The offset variable is a regressor whose regression
coef cient is known to be 1. Ik, denotes the offset variable, then the scale regression model becomes

X
D o expxo,C i Xj !
jD1

The regression coef cient of the offset variable is xed at 1 and not estimated, so it is not reported in
the ParameterEstimates ODS table. However, if you specify the OUTEST= data set, then the regression
coef cient is added as a variable to that data set. The value of the offset variable in OUTEST= data set is
equal to 1 for the estimates row ( TYPE_="EST") and is equal to a special missing value (.F) for the standard
error (_TYPE_="STDERR') and covariance (_TYPE_="COV") rows.

An offset variable is useful to model the scale parameter per unit of some measure of exposure. For example,
in the automobile insurance context, measure of exposure can be the number of car-years insured or the total
number of miles driven by a eet of cars at a rental car company. For worker's compensation insurance,

if you want to model the expected loss per enterprise, then you can use the number of employees or total
employee salary as the measure of exposure. For epidemiological data, measure of exposure can be the
number of people who are exposed to a certain pathogen when you are modeling the loss associated with an
epidemic. In general, i denotes the value of the exposure measure and if you specidylog.e/ as the

offset variable, then you are modeling the in uence of other regression effgct®( the size of the scale of

the distributionper unit of exposure

Another use for an offset variable is when you have a priori knowledge of the in uence of some exogenous
variables that cannot be included in the SCALEMODEL statement. You can model the combined in uence
of such variables as an offset variable in order to correct for the omitted variable bias.

Parameter Initialization for Regression Models

The regression parameters are initialized either by using the values that you specify or by the default method.

If you provide initial values for the regression parameters, then you must provide valid, nonmissing
initial values for o and j parameters for ajl

You can specify the initial value foryg by using either the INEST= data set, the INSTORE= item
store, or the INIT= option in the DIST statement. If the distribution has a direct scale parameter (no
transformation), then the initial value for the rst parameter of the distribution is used as an initial
value for g. If the distribution has a log-transformed scale parameter, then the initial value for the rst
parameter of the distribution is used as an initial valuddgr o/.

You can use only the INEST= data set or the INSTORE= item store, but not both, to specify the initial
values for j . The requirements for each option are as follows:

— Ifyou use the INEST= data set, then it must contain nonmissing initial values for all the regressors
that you specify in the SCALEMODEL statement. The only missing value that is allowed is
the special missing value .R, which indicates that the regressor is linearly dependent on other
regressors. If you specify .R for a regressor for one distribution in a BY group, you must specify
it the same way for all the distributions in that BY group.
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Note that you cannot specify INEST= data set if the regression model contains effects that have
CLASS variables or interaction effects.

— The parameter estimates in the INSTORE= item store are used to initialize the parameters of a
model if the item store contains a model speci cation that matches the model speci cation in the
current PROC SEVERITY step according to the following rules:

The distribution name and the number and names of the distribution parameters must match.
The model in the item store must include a scale regression model whose regression parame-
ters match as follows:
If the regression model in the item store does not contain any redundant parameters,
then at least one regression parameter must match. Initial values of the parameters that
match are set equal to the estimates that are read from the item store, and initial values
of the other regression parameters are set equal to the default value of 0.001.
If the regression model in the item store contains any redundant parameters, then all the
regression parameters must match, and the initial values of all parameters are set equal
to the estimates that are read from the item store.
Note that a regression parameter is de ned by the variables that form the underlying re-
gression effect and by the levels of the CLASS variables if the effect contains any CLASS
variables.

If you do not specify valid initial values forg or ; parameters for ajl, then PROC SEVERITY
initializes those parameters by using the following method:

Let a random variabl¥ be distributed af . ;¢/ , where isthe scale parameter. By the de nition of
the scale parameter, a random variableD Y= is distributed a$s.¢/ suchthaG.e/ D F.1;¢/ .
Given a random error termthat is generated from a distributi@se/ , a valuey from the distribution
of Y can be generated as

yD e

Taking the logarithm of both sides and using the relationshipwith the regression effects yields:

X
log.y/ D log. o/ C i Xj Clog.e/
jD1

PROC SEVERITY makes use of the preceding relationship to initialize parameters of a regression
model with distributiordist as follows:

1. The following linear regression problem is solved to obtain initial estimateg ahd ; :

X
log.y/ D oC i Xj
jD1

the respective regression parameters of the model. The estimaésdfater used to initialize

the value of g.

The results of this regression are also used to detect whether any regression parameters are
linearly dependent on the other regression parameters. If any such parameters are found, then a
warning is written to the SAS log and the corresponding parameter is eliminated from further
analysis. The estimates for linearly dependent parameters are denoted by a special missing value
of .R in the OUTEST= data set and in any displayed output.
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2. Letsy denote the initial value of the scale parameter.

If the distribution model otlist does not contain theist PARMINIT subroutine, thesy and all

the nonscale distribution parameters are initialized to the default value of 0.001.

However, it is strongly recommended that each distribution's model contaiigshd?ARMINIT
subroutine. For more information, see the section “De ning a Severity Distribution Model with
the FCMP Procedure” on page 2148. If that subroutine is de ned, $héninitialized as follows:

Each input valug; of the response variable is transformed to its scale-normalized vevsiasa

w; D ,-'Xik

wherex; denotes the value gfh regression effect in thigh input observation. Thesg values

are used to compute the input arguments fordike PARMINIT subroutine. The values that are
computed by the subroutine for nonscale parameters are used as their respective initial values.
If the distribution has an untransformed scale parameter,dhiset to the value of the scale
parameter that is computed by the subroutine. If the distribution has a log-transformed scale

parameteP, thensy is computed asy D exp.l o/, wherelg is the value ofP computed by the
subroutine.

3. The value of g is initialized as

oD s exp. of

Reporting Estimates of Regression Parameters

When you request estimates to be written to the output (either ODS displayed output or in the OUTEST= data
set), the estimate of the base value of the rst distribution parameter is reported. If the rst parameter is the log-
transformed scale parameter, then the estimaliegof o/ is reported; otherwise, the estimate gfis reported.

The transform of the rst parameter of a distributidist is controlled by thelist SCALETRANSFORM
function that is de ned for it.

CDF and PDF Estimates with Regression Effects

When regression effects are estimated, the estimate of the scale parameter depends on the values of the
regressors and the estimates of the regression parameters. This dependency results in a potentially different
distribution for each observation. To make estimates of the cumulative distribution function (CDF) and prob-
ability density function (PDF) comparable across distributions and comparable to the empirical distribution
function (EDF), PROC SEVERITY computes and reports the CDF and PDF estimates from a representative
distribution. Therepresentative distributiois a mixture of a certain number of distributions, where each
distribution differs only in the value of the scale parameter. You can specify the number of distributions in

the mixture and how their scale values are chosen by using the DFMIXTURE= option in the SCALEMODEL
statement.

Let N denote the number of observations that are used for estimétidanote the number of components
in the mixture distributiong, denote the scale parameter of ttle mixture component, ardf denote the
weight associated witkth mixture component.
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Letf.y Is; P andF.y s ;P denote the PDF and CDF, respectively, of kitecomponent distribution,
whereOdenotes the set of estimates of all parameters of the distribution other than the scale parameter. Then,
the PDF and CDF estimatds, .y/ andF .y/, respectively, of the mixture distribution afre computed as

1 X
f oyl D5 dify Is; P
kD1

1 X
F .y/DB deF.y s ;P
kD1

P
whereD is the normalization facto( D = p di).

PROC SEVERITY uses thE .y/ values to compute the EDF-based statistics of t and to create the
OUTCDF= data set and the CDF plots. The PDF estimates that is plots in PDF plots fireyhevalues.

predictor values, wher€ denotes the estimate of the linear predictor due to obsenatibis computed as

X
QDlog. @ Cc  Qx
iD1

where @ is an estimate of the base value of the scale param@tesrr,e the estimates of regression coef cients,
andxj is the value ofth regression effect in observatian

Letw; denote the weight of observationlf you specify the WEIGHT statement, then the weight is equal to
the value of the speci ed weight variable for the corresponding observation in the DATA= data set; otherwise,
the weight is set to 1.

You can specify one of the followingethod-names in the DFMIXTURE= option in the SCALEMODEL
statement to specify the method of choosihgnd the correspondirgg andd values:

FULL In this method, there are as many mixture components as the number of observations that

This is the slowest method, because it requibeBl/ computations to compute the
mixture CDFF .y;/ or the mixture PDF .y;/ of one observation. Fax observations,

the computational complexity in terms of number of CDF or PDF evaluatio@sNs?/.

Even for moderately large values Hf the time that is taken to compute the mixture CDF
and PDF can signi cantly exceed the time that is taken to estimate the model parameters.
So itis recommended that you use the FULL method only for small data sets.

MEAN In this method, the mixture contains only one distribution, whose scale value is determined
by the mean of the linear predictor values that are implied by all the observations. In other
words,s; is computed as

!

[
s1 D exp N o
iD1

The component's weight; is setto 1.
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This method is the fastest because it requires only one CDF or PDF evaluation per
observation. The computational complexitydsN/ for N observations.

If you do not specify the DFMIXTURE= option in the SCALEMODEL statement, then
this is the default method.

QUANTILE In this method, a certain number of quantiles are chosen from the set of all linear predictor
values. If you specify a value affor the K= option when specifying this method, then
K Dg 1lands (kD 1;:::;K)is computed as, D exp. Q/, whereQ is thekth

is assumed to be 1 for this method.

The default value ofj is 2, which implies a one-point mixture that has a distribution
whose scale value is equal to the median scale value.

For this method, PROC SEVERITY needs to sort thénear predictor values in the
setf Qg the sorting require®.N log.N// computations. Then, computing the mixture
estimate of one observation requires 1/ CDF or PDF evaluations. Hence, the
computational complexity of this method@.qN/ C O.N log.N// for computing a
mixture CDF or PDF ofN observations. Fog << N , the QUANTILE method is
signi cantly faster than the FULL method.

RANDOM In this method, a uniform random sample of observations is chosen, and the mixture
contains the distributions that are implied by those observations. If you specify a value of
r for the K= option when specifying this method, then the size of the sampléHence,

1 |j N, thenthe scale dith component distribution in the mixturesg D exp. Qk /.
The weight of each of the componentk J is assumed to be 1 for this method.

You can also specify the seed to be used for generating the random sample by using the
SEED-= option for this method. The same sample of observations is used for all models.

Computing a mixture estimate of one observation requit€®F or PDF evaluations.
Hence, the computational complexity of this metho@isN/ for computing a mixture
CDF or PDF ofN observations. For << N , the RANDOM method is signi cantly
faster than the FULL method.

Levelization of Classi cation Variables

A classi cation variable enters the statistical analysis or model not through its values but through its levels.
The process of associating values of a variable with levels is daedization

During the process of levelization, observations that share the same value are assigned to the same level. The
manner in which values are grouped can be affected by the inclusion of formats. You can determine the sort
order of the levels by specifying the ORDER= option in the CLASS statement. You can also control the sort
order separately for each variable in the CLASS statement.

Consider the data on nine observations in Table 30.4. The vakablmteger-valued, and the variablds
a continuous variable that has a missing value for the fourth observation. The fourth and fth columns of
Table 30.4 apply two different formats to the variakle
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Table 30.4 Example Data for Levelization

Obs A X FORMAT FORMAT
X 3.0 X3.1

1 2 1.09 1 11
2 2 1.13 1 11
3 2 1.27 1 1.3
4 3 . . .

5 3 2.26 2 2.3
6 3 2.48 2 2.5
7 4 3.34 3 3.3
8 4 3.34 3 3.3
9 4 3.14 3 3.1

By default, levelization of the variables groups the observations by the formatted value of the variable, except
for numerical variables for which no explicit format is provided. Those numerical variables are sorted by their
internal value. The levelization of the four columns in Table 30.4 leads to the level assignment in Table 30.5.

Table 30.5 Values and Levels

A X FORMAT X 3.0 FORMAT X 3.1
Obs Value Level Value Level Value Level Value Level
1 2 1 1.09 1 1 1 1.1 1
2 2 1 1.13 2 1 1 1.1 1
3 2 1 1.27 3 1 1 1.3 2
4 3 2 . . . . .
5 3 2 226 4 2 2 23 3
6 3 2 248 5 2 2 25 4
7 4 3 334 7 3 3 33 6
8 4 3 3.34 7 3 3 33 6
9 4 3 3.14 6 3 3 31 5

You can specify the sort order for the levels of CLASS variables in the ORDER= option in the CLASS
statement.

When ORDER=FORMATTED (which is the default) is in effect for numeric variables for which you have
supplied no explicit format, the levels are ordered by their internal values. To order numeric class levels that
have no explicit format by their BEST12. formatted values, you can specify the BEST12. format explicitly
for the CLASS variables.
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Table 30.6 shows how values of the ORDER= option are interpreted.

Table 30.6 Interpretation of Values of ORDER= Option

Value of ORDER= Levels Sorted By
DATA Order of appearance in the input data set
FORMATTED External formatted value, except for numeric variables

that have no explicit format, which are sorted by their
unformatted (internal) value

FREQ Descending frequency count (levels that have the most
observations come rst in the order)

INTERNAL Unformatted value

FREQDATA Order of descending frequency count, and within counts
by order of appearance in the input data set when counts
are tied

FREQFORMATTED Order of descending frequency count, and within counts
by formatted value when counts are tied

FREQINTERNAL Order of descending frequency count, and within counts
by unformatted (internal) value when counts are tied

For FORMATTED, FREQFORMATTED, FREQINTERNAL, and INTERNAL values, the sort order is
machine-dependent. For more information about sort order, see the chapter about the SORT procedure in
the Base SAS Procedures Guided the discussion of BY-group processingsiAS Language Reference:
Concepts

When you specify the MISSING option in the CLASS statement, the missing values (. for a numeric variable
and blanks for a character variable) are included in the levelization and are assigned a level. Table 30.7
displays the results of levelizing the values in Table 30.4 when the MISSING option is in effect.

Table 30.7 Values and Levels with the MISSING Option

A X FORMAT x 3.0 FORMAT x 3.1
Obs Value Level Value Level Value Level Value Level
1 2 1 1.09 2 1 2 1.1 2
2 2 1 1.13 3 1 2 1.1 2
3 2 1 1.27 4 1 2 1.3 3
4 3 2 . 1 . 1 . 1
5 3 2 226 5 2 3 23 4
6 3 2 248 6 2 3 25 5
7 4 3 3.34 8 3 4 33 7
8 4 3 3.34 8 3 4 33 7
9 4 3 314 7 3 4 31 6
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When you do not specify the MISSING option, it is important to understand the implications of missing
values for your statistical analysis. When PROC SEVERITY levelizes the CLASS variables, any observations
for which a CLASS variable has a missing value are excluded from the analysis. This is true regardless of
whether the variable is used to form the statistical model. For example, consider the case in which some
observations contain missing values for variablbut the records for these observations are otherwise
complete with respect to all other variables in the model. The analysis results that come from the following
statements do not include any observations for which varialgientains missing values, even thougfs

not speci ed in the SCALEMODEL statement:

class A B;
scalemodel B x B *Xx;

You can request PROC SEVERITY to print the “Descriptive Statistics” table, which shows the number of
observations that are read from the data set and the number of observations that are used in the analysis. Pay
careful attention to this table—especially when your data set contains missing values—to ensure that no
observations are unintentionally excluded from the analysis.

Speci cation and Parameterization of Model Effects

PROC SEVERITY supports formation of regression effects in the SCALEMODEL statemeegirédssion

effectis formed from one or more regressor variables according to effect constructionpallemgterization

Each regression effect forms one elemerXafi the linear model structuné that affects the scale parameter.

The SCALEMODEL statement in conjunction with the CLASS statement supports a rich set of effects. In
order to correctly interpret the results, you need to understand the speci cation and parameterization of
effects that are discussed in this section.

Effects are speci ed by a special notation that uses variable names and operators. There are two types of
regressor variables: classi cation (or CLASS) variables and continuous vari@iiessi cation variables

can be either numeric or character and are speci ed in a CLASS statement. For more information, see the
section “Levelization of Classi cation Variables” on page 2128. A regressor variable that is not declared in
the CLASS statement is assumed tacbatinuous

Two primary operators (crossing and nesting) are used for combining the variables, and several additional
operators are used to simplify effect speci cation. Operators are discussed in the section “Effect Operators”
on page 2131.

If you specify the CLASS statement, then PROC SEVERITY supports a general linear model (GLM)
parameterization and a reference parameterization for the classi cation variables. The GLM parameterization
is the default. For more information, see the sections “GLM Parameterization of Classi cation Variables and
Effects” on page 2134 and “Reference Parameterization” on page 2137.

Effect Operators

Table 30.8 summarizes the operators that are available for selecting and constructing effects. These operators
are discussed in the following sections.
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Table 30.8 Available Effect Operators

Operator Example Description

Interaction A*B Crosses the levels of the effects

Nesting A(B) Nests A levels within B levels

Bar operator A|B|C Speci es all interactions

At sign operator A|B|C@2 Reduces interactions in bar effects

Dash operator Al-A10 Speci es sequentially numbered variables
Colon operator A: Speci es variables that have a common pre x
Double dash operator A--C Speci es sequential variables in data set order

Bar and At Sign Operators

You can shorten the speci cation of a large factorial model by using the bar operator. For example, two ways
of writing the model for a full three-way factorial model follow:

scalemodel A B C A *B AC BC AB+C;

scalemodel A|B|C;

When you use the bar (]), the right and left sides become effects, and the cross of them becomes an effect.

Multiple bars are permitted. The expressions are expanded from left to right, using rules 2—4 from Searle
(1971, p. 390).

Multiple bars are evaluated from left to right. For examplé B | C is evaluated as follows:

AlB|C ! f A|Bg|C
I f ABA*Bg|C
| A B A*B C A*C B*C A*B*C

Crossed and nested groups of variables are combined. For exa(®)l¢C(D) generateg* C(B D),
among other terms.

Duplicate variables are removed. For exampig) | B(C) generateg*B(C C), among other terms,
and the extra is removed.

Effects are discarded if a variable occurs on both the crossed and nested parts of an effect. For example,
A(B) | B(D E) generates\*B(B D E), but this effect is eliminated immediately.

You can also specify the maximum number of variables involved in any effect that results from bar evaluation
by specifying that maximum number, preceded by an at sign (@), at the end of the bar effect. For example,
the following speci cation selects only those effects that contain two or fewer variables:

scalemodel A|B|C@2;
The preceding example is equivalent to the following SCALEMODEL statement:

scalemodel A B C A *B AC B:C;
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More examples of using the bar and at sign operators follow:

A|C(B) is equivalentto A C(B) A*C(B)

A(B) | C(B) is equivalentto A(B) C(B) A*C(B)
A(B) | B(D E) is equivalentto A(B) B(D E)

A|B(A)|C is equivalentto A B(A) C A*C B*C(A)

A|B(A)|C@2 isequivalentto A B(A) C A*C
A|B|C|D@2 isequivalentto A B A*B C A*C B*C D A*D B*D C*D
A*B(C*D) is equivalentto A*B(C D)

NoOTE: The preceding examples assume the following CLASS statement speci cation:

class A B C D;

Colon, Dash, and Double Dash Operators

You can simplify the speci cation of a large model when some of your variables have a common pre x by
using the colon (:) operator and the dash (-) operator. The colon operator selects all variables that have a
particular pre x, and the dash operator enables you to list variables that are numbered sequentially. For
example, if your data set contains the variables X1 through X9, the following SCALEMODEL statements
are equivalent:

scalemodel X1 X2 X3 X4 X5 X6 X7 X8 X9;
scalemodel X1-X9;

scalemodel X:;
If your data set contains only the three covariates X1, X2, and X9, then the colon operator selects all three
variables:

scalemodel X:;

However, the following speci cation returns an error because X3 through X8 are not in the data set:

scalemodel X1-X9;

The double dash (- -) operator enables you to select variables that are stored sequentially in the SAS data
set, whether or not they have a common pre X. You can use the CONTENTS procedua&e&8AS
Procedures Guideto determine your variable ordering. For example, if you replace the dash in the preceding
SCALEMODEL statement with a double dash, as follows, then all three variables are selected:

scalemodel X1--X9;

If your data set contains the variables A, B, and C, then you can use the double dash operator to select these
variables by specifying the following:

scalemodel A--C;
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GLM Parameterization of Classi cation Variables and Effects

Table 30.9 shows the types of effects that are available in the SEVERITY procedure; they are discussed in
more detail in the following sections. L&t B, andC represent classi cation variables, and ¥eaindz
represent continuous variables.

Table 30.9 Available Types of Effects

Effect Example  Description

Singleton continuous XZ Continuous variables

Polynomial continuous X*Z Interaction of continuous variables

Main AB CLASS variables

Interaction A*B Crossing of CLASS variables

Nested A(B) Main effect A nested within CLASS effect B
Continuous-by-class X*A Crossing of continuous and CLASS variables
Continuous-nesting-class  X(A) Continuous variable X nested within CLASS variable A
General X*Z*A(B) Combinations of different types of effects

Continuous Effects

Continuous variables or polynomial terms that involve them can be included in the model as continuous
effects. An effect that contains a single continuous variable is referred teiaglaton continuousffect, and

an effect that contains an interaction of only continuous variables is referred fgohgm@amial continuous

effect. The actual values of such terms are included as columns of the relevant model matrices. You can
use the bar operator along with a continuous variable to generate polynomial effects. For exdmglx,
expands toX X*X X*X* X, which is a cubic model.

Main Effects

If a classi cation variable ham levels, the GLM parameterization generatesolumns for its main effect in

the model matrix. Each column is an indicator variable for a given level. The order of the columns is the sort
order of the values of their levels and can be controlled by the ORDER= option in the CLASS statement.

Table 30.10 is an example wherg denotes the intercept ardandB are classi cation variables that have
two and three levels, respectively.

Table 30.10 Example of Main Effects

Data I A B
A B 0 Al A2 Bl B2 B3
1 1 1 1 0 1 0 0
1 2 1 1 0 0 1 0
1 3 1 1 0 0 0 1
2 1 1 0 1 1 0 0
2 2 1 0 1 0 1 0
2 3 1 0 1 0 0 1

There are usually more columns for these effects than there are degrees of freedom to estimate them. In other
words, the GLM parameterization of main effectsiisgular.



Speci cation and Parameterization of Model Effects F 2135

Interaction Effects

Often a regression model includes interaction (crossed) effects to account for how the effect of a variable
changes along with the values of other variables. In an interaction, the terms are rst reordered to correspond
to the order of the variables in the CLASS statement. TBti8,becomea*B if A precede8 in the CLASS
statement. Then, the GLM parameterization generates columns for all combinations of levels that occur in
the data. The order of the columns is such that the rightmost variables in the interaction change faster than
the leftmost variables, as illustrated in Table 30.11.

Table 30.11 Example of Interaction Effects

Data | A B A*B

A B 0 Al A2 Bl B2 B3 Al1B1 A1B2 Al1B3 A2B1 A2B2 A2B3
1 1 1 1 0 1 0 0 1 0 0 0 0 0
1 2 1 1 0 0 1 0 0 1 0 0 0 0
1 3 1 1 0 0 0 1 0 0 1 0 0 0
2 1 1 0 1 1 0 0 0 0 0 1 0 0
2 2 1 0 1 0 1 0 0 0 0 0 1 0
2 3 1 0 1 0 0 1 0 0 0 0 0 1

In the matrix in Table 30.11, main-effects columns are not linearly independent of crossed-effects columns.
In fact, the column space for the crossed effects contains the space of the main effect.

When your regression model contains many interaction effects, you might be able to code them more
parsimoniously by using the bar operator (| ). The bar operator generates all possible interaction effects. For
exampleA | B | C expands t&A B A*B C A*C B*C A*B*C. To eliminate higher-order interaction effects, use

the at sign (@) in conjunction with the bar operator. For examip|& | C | D@2 expands té B A*B C A*C

B*C D A*D B*D C*D.

Nested Effects
Nested effects are generated in the same manner as crossed effects. Hence, the design columns that are
generated by the following two statements are the same (but the ordering of the columns is different):

scalemodel A B(A);

scalemodel A A *B;

The nesting operator in PROC SEVERITY is more of a notational convenience than an operation that is
distinct from crossing. Nested effects are usually characterized by the property that the nested variables do
not appear as main effects. The order of the variables within nesting parentheses is made to correspond to the
order of these variables in the CLASS statement. The order of the columns is such that variables outside the
parentheses index faster than those inside the parentheses, and the rightmost nested variables index faster
than the leftmost variables, as illustrated in Table 30.12.

Table 30.12 Example of Nested Effects

Data I A B(A)
A B 0 Al A2 B1A1 B2A1 B3Al B1A2 B2A2 B3A2
1 1 1 1 0 1 0 0 0 0 0
1 2 1 1 0 0 1 0 0 0 0
1 3 1 1 0 0 0 1 0 0 0
2 1 1 0 1 0 0 0 1 0 0
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Table 30.12 continued

Data I A B(A)
2 2 1 0 1 0 0 0 0 1 0
2 3 1 0 1 0 0 0 0 0 1

Continuous-Nesting-Class Effects

When a continuous variable nests or crosses with a classi cation variable, the design columns are constructed
by multiplying the continuous values into the design columns for the classi cation effect, as illustrated in
Table 30.13.

Table 30.13 Example of Continuous-Nesting-Class Effects

Data I A X(A)
X A 0 Al A2 X(Al) X(A2)
21 1 1 1 0 21 0
24 1 1 1 0 24 0
22 1 1 1 0 22 0
28 2 1 0o 1 0 28
19 2 1 0o 1 0 19
23 2 1 0o 1 0 23

Continuous-by-Class Effects

Continuous-by-class effects generate the same design columns as continuous-nesting-class effects. Ta-
ble 30.14 shows the construction of tkeA effect. The two columns for this effect are the same as the
columns for thex(A) effect in Table 30.13.

Table 30.14 Example of Continuous-by-Class Effects

Data I X A X*A
X A 0 X Al A2 X*Al X*A2
21 1 1 21 1 0 21 0
24 1 1 24 1 0 24 0
22 1 1 22 1 0 22 0
28 2 1 28 0 1 0 28
19 2 1 19 0 1 0 19
23 2 1 23 0 1 0 23

General Effects

An example that combines all the effectxXis* X2* A*B*C(D E). The continuous list comes rst, followed

by the crossed list, followed by the nested list in parentheses. PROC SEVERITY might rename effects to
correspond to ordering rules. For exam@&A(E D) might be renamed*B(D E) to satisfy the following:

Classi cation variables that occur outside parentheses (crossed effects) are sorted in the order in which
they appear in the CLASS statement.
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Variables within parentheses (nested effects) are sorted in the order in which they appear in the CLASS
statement.

The sequencing of the parameters that are generated by an effect is determined by the variables whose levels
are indexed faster:

Variables in the crossed list index faster than variables in the nested list.

Within a crossed or nested list, variables to the right index faster than variables to the left.

For example, suppose a model includes four effe@sB; C, andD—each of which has two levels, 1 and 2.
Assume the CLASS statement is

class A B C D;

Then the order of the parameters for the effect B*A(C D), which is renamed
A*B(C D), is

A1B1CiD1 ! A1B2CiD1! AB1CiD1! AB2CiDy!
A1B1CiD> ! A1B2CiD, !  A2B1CiDy ! AB2CiDy!
A1B1CD1 ! A1B2CD1 ! AB1CoD1 ! AsB2CoDg !
A1B1CD2 ! A1B2CyD, ! AB1C;D ! A2B2C,D >

Note that rst the crossed effec& and A are sorted in the order in which they appear in the CLASS
statement so that precede® in the parameter list. Then, for each combination of the nested effects in turn,
combinations oA andB appear. Th® effect changes fastest because it is rightmost in the cross list. Ahen
changes next fastest, abcchanges next fastest after that. Theffect changes most slowly because it is
leftmost in the nested list.

Reference Parameterization

Classi cation variables can be represented in the reference parameterization. Consider the classi cation
variableA that has four values, 1, 2, 5, and 7. The reference parameterization generates three columns (one
less than the number of variable levels). The columns indicate group membership of the nonreference levels.
For the reference level, the three dummy variables have a value of 0. If the reference level is 7 (REF='7"), the
design columns for variable are as shown in Table 30.15.

Table 30.15 Reference Coding

Design Matrix

A Al A2 A5
1 1 0 0
2 0 1 0
5 0 0 1
7 0 0 0

Parameter estimates of CLASS main effects that use the reference coding scheme estimate the difference in
the effect of each nonreference level compared to the effect of the reference level.
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Empirical Distribution Function Estimation Methods

The empirical distribution function (EDF) is a nonparametric estimate of the cumulative distribution function
(CDF) of the distribution. PROC SEVERITY computes EDF estimates for two purposes: to send the estimates
to a distribution's PARMINIT subroutine in order to initialize the distribution parameters, and to compute the
EDF-based statistics of t.

To reduce the time that it takes to compute the EDF estimates, you can use the INITSAMPLE option to
specify that only a fraction of the input data be used. If you do not specify the INITSAMPLE option, then
PROC SEVERITY computes the EDF estimates by using all valid observations in the DATA= data set, or by
using all valid observations in the current BY group if you specify a BY statement.

This section describes the methods that are used for computing EDF estimates.

Notation

Let there be a set df observations, each containing a quintuplet of valyest! ;t";c';c//;i D 1;:::;N,
wherey; is the value of the response varialtfeis the value of the left-truncation threshotfl,is the value
of the right-truncation thresholdy is the value of the right-censoring limit, arm{:l is the value of the
left-censoring limit.

If an observation is not left-truncated, tht—;lnD I where ! is the smallest value in the support of the

distribution; soF.ti'/ D 0. If an observation is not right-truncated, thgnD |,, where |, is the largest
value in the support of the distribution; 8ot/ D 1. If an observation is not right-censored, thgnD .

soF.c// D 0. If an observation is not left-censored, therD ,; soF.c!/ D 1.

Letw; denote the weight associated with observation. If you specify the WEIGHT statement, thegris
the normalized value of the weight variable; otherwise, itis set to 1. The weights are normalized such that
they sum up tdN.

An indicator functionl Eetakes a value of 1 or 0 if the expressiers true or false, respectively.

Estimation Methods

If the response variable is subject to both left-censoring and right-censoring effects, then PROC SEVERITY
uses the Turnbull's method. This section describes methods other than Turnbull's method. For Turnbull's
method, see the next section “Turnbull's EDF Estimation Method” on page 2140.

The method descriptions assume that all observations are either uncensored or right-censored; that is, each
observation is of the forny;;t/;t"; 15 p/or.yi;th;th;cl; p/.

If all observations are either uncensored or left-censored, then each observation is of the form
yi;thiths ;cl/. Itis converted to an observationy;; t'; t'; cl; n/; thatis, the signs of all the
response variable values are reversed, the new left-truncation threshold is equal to the negative of the original
right-truncation threshold, the new right-truncation threshold is equal to the negative of the original left-
truncation threshold, and the negative of the original left-censoring limit becomes the new right-censoring
limit. With this transformation, each observation is either uncensored or right-censored. The methods
described for handling uncensored or right-censored data are now applicable. After the EDF estimates are
computed, the observations are transformed back to the original form and EDF estimates are adjusted such
Fryi/ D1 F,. vyi /,whereF,. y; [/ denotes the EDF estimate of the value slightly less than the
transformed value y; .
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Further, a set of uncensored or right-censored observations can be converted to a set of observations of
the form.y; ;ti' ;t'; i/, where  is the indicator of right-censoring.; D 0 indicates a right-censored
observation, in which casg is assumed to record the right-censoring ligfit ; D 1 indicates an
uncensored observation, apdrecords the exact observed value. In other word®) IEY C'eand

yi D minyj;c/.

Given this notation, the EDF is estimated as

8
<0 ify<y Y

Foy/ D Ry¥/ ifyk y<ykClU-kp1:::;N 1
' FQ.y'N’/ ify.N/ y

wherey ¥ denotes théth order statistic of the séy; gandFQ.y ¥/ / is the estimate computed at that value.
The de nition of Y depends on the estimation method. You can specify a particular method or let PROC
SEVERITY choose an appropriate method by using the EMPIRICALCDF= option in the PROC SEVERITY
statement. Each method compufgsas follows:

STANDARD This method is the standard way of computing EDF. The EDF estimate at observation
i is computed as follows:

1 X
FQ.yi/DW wj 1Ey vy
iD1

If you do not specify any censoring or truncation information, then this method is
chosen. If you explicitly specify this method, then PROC SEVERITY ignores any
censoring and truncation information that you specify in the LOSS statement.

The standard error df3.y i/ is computed by using the normal approximation method:

q
Q.yi/D RKlyi/l1 RK.yill=N

KAPLANMEIER The Kaplan-Meier (KM) estimator, also known as the product-limit estimator, was rst
introduced by Kaplan and Meier (1958) for censored data. Lynden-Bell (1971) derived
a similar estimator for left-truncated data. PROC SEVERITY uses the de nition that
combines both censoring and truncation information (Klein and Moeschberger 1997,
Lai and Ying 1991).

The EDF estimate at observatibis computed as

Y n./
Vvi/D1 1
MRy R/

Yi

wheren. / andRy. / are de ned as follows:

n./ D P 'o1Wk IEy D and ty and y D 1 which is the number

of uncensored observationg (D 1) for which the response variable value is
equalto and is observable according to the right-truncation threshold of that
observation ( t;).
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Rn./ D P EDka | Ey >t |I<" which is the size (cardinality) of the risk

set at . The termrisk sethas its origins in survival analysis; it contains the
events that are at risk of failure at a given timen other words, it contains

the events that have survived up to timend might fail at or after. For

PROC SEVERITYtimeis equivalent to the magnitude of the event &aitlire

is equivalent to an uncensored and observable event, where observable means it
satis es the truncation thresholds.

This method is chosen when you specify at least one form of censoring or truncation.

The standard error &f2.y; / is computed by using Greenwood's formula (Greenwood
1926):
v

u
Qyi/Dt 1 M2

n./
Rn. /R ./ n. [l

Yi

MODIFIEDKM The product-limit estimator used by the KAPLANMEIER method does not work well
if the risk set size becomes very small. For right-censored data, the size can become
small towards the right tail. For left-truncated data, the size can become small at the
left tail and can remain so for the entire range of data. This was demonstrated by
Lai and Ying (1991). They proposed a modi cation to the estimator that ignores the
effects due to small risk set sizes.

The EDF estimate at observatibis computed as

Y /
Kyi/D 1 1

Yi

IER./ CN -«

n-

where the de nitions oh. / andRy. / are identical to those used for the KAPLAN-
MEIER method described previously.

You can specify the values ofand by using the C=and ALPHA= options. If you
do not specify a value far, the default value used s= 1. If you do not specify a
value for , the default value used isD 0:5.

As an alternative, you can also specify an absolute lower bound,,saythe risk
set size by using the RSLB= option, in which cd€eR./ cN eisreplaced by
IER./ Leinthe de nition.
The standard error ¢f2.y;/ is computed by using Greenwood's formula (Greenwood
1926):

v

o) -/Dﬁ 1 Kuy,/2 X n./ IER./ cN
Vi ' Vi y, Rn IRl ndl '

Turnbull's EDF Estimation Method

If the response variable is subject to both left-censoring and right-censoring effects, then the SEVERITY
procedure uses a method proposed by Turnbull (1976) to compute the nonparametric estimates of the
cumulative distribution function. The original Turnbull's method is modi ed using the suggestions made by
Frydman (1994) when truncation effects are present.
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Let the input data consist ™ observations in the form of quintuplets of valugs; ti' ;tir X cir ; ci' ;i D

.cl';cl « be the censoring interval; that is, the response variable value is known to lie in the ivtgrisat
the exact value is not known. If an observation is uncensored Ahéh .y; ;y ;e for any arbitrarily small
value of >0 . If an observation is censored, then the vajlués ignored. Similarly, for each observation,
letB; D .ti' ;tir * be the truncation interval; that is, the observation is drawn from a truncated (conditional)

distributionF.y;B;/ D P.Y yjY 2 Bi/.

Two setsL andR, are formed using\; andB; as follows:

LDfc;1 i Ng[ft;1 i Ng
RDfc;1 i Ng[ft;1 i Ng

The setd. andR represent the left endpoints and right endpoints, respectively. A set of disjoint intervals
Ci D&Ggpj~1 | M is formed such thag; 2 L andp; 2 R andg pj andpj <qgjci. The

value ofM is dependent on the nature of censoring and truncation intervals in the input data. Turnbull (1976)
showed that the maximum likelihood estimate (MLE) of the EDF can increase only inside in@rvafs

other words, the MLE estimate is constant in the interpal, g; c1/. The likelihood is independent of the
behavior ofF, inside any of the interval§; . Lets; denote the increase Ky, inside an intervaC; . Then,

the EDF estimate is as follows:

8 .
< ify <dq:
me[): o1 P <y<gjcul j OM 1
1 ify >pw

PROC SEVERITY computes the estimatgsp; C/ D Fn.qjc1 / D P ‘lesk at pointsp; andgqj c1
and compute$,.q1 / D 0 at pointg;, whereF,.x C/ denotes the limiting estimate at a point that is
in nitesimally larger thanx when approaching from values larger tharnand wherd=,.x / denotes the
limiting estimate at a point that is in nitesimally smaller thamvhen approaching from values smaller than
X.

PROC SEVERITY uses the expectation-maximization (EM) algorithm proposed by Turnbull (1976), who
referred to the algorithm as the self-consistency algorithm. By default, the algorithm runs until one of the
following criteria is met:

Relative-error criterion: The maximum relative error between the two consecutive estimstefalts
below a threshold. If | indicates an index of the current iteration, then this can be formally stated as
(.
arg max
g 1) M g

You can control the value of by specifying the EPS= suboption of the EDF=TURNBULL option in
the PROC SEVERITY statement. The default value is 1.0E-8.

Maximum-iteration criterion: The number of iterations exceeds an upper limit that you specify for the
MAXITER= suboption of the EDF=TURNBULL option in the PROC SEVERITY statement. The
default number of maximum iterations is 500.
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The self-consistent estimates obtained in this manner might not be maximum likelihood estimates. Gentleman
and Geyer (1994) suggested the use of the Kuhn-Tucker conditions for the maximum likelihood problem to
ensure that the estimates are MLE. If you specify the ENSUREMLE suboption of the EDF=TURNBULL
option in the PROC SEVERITY statement, then PROC SEVERITY computes the Kuhn-Tucker conditions
at the end of each iteration to determine whether the estimgt¢sife MLE. If you do not specify any
truncation effects, then the Kuhn-Tucker conditions derived by Gentleman and Geyer (1994) are used. If you
specify any truncation effects, then PROC SEVERITY uses modi ed Kuhn-Tucker conditions that account
for the truncation effects. An integral part of checking the conditions is to determine whether an estirsate

zero or whether an estimate of the Lagrange multiplier or the reduced gradient associated with thegstimate
is zero. PROC SEVERITY declares these values to be zero if they are less than or equal to a thre&hold

can control the value of by specifying the ZEROPROB= suboption of the EDF=TURNBULL option in the
PROC SEVERITY statement. The default value is 1.0E-8. The algorithm continues until the Kuhn-Tucker
conditions are satis ed or the number of iterations exceeds the upper limit. The relative-error criterion stated
previously is not used when you specify the ENSUREMLE option.

The standard errors for Turnbull's EDF estimates are computed by using the asymptotic theory of the
maximum likelihood estimators (MLE), even though the nal estimates might not be MLE. Turnbull's
estimator essentially attempts to maximize the likelihboavhich depends on the parametsrs(j D
1:::M). Lets D fs gdenote the set of these parametersGI&/ D r 2. log.L.ss//l denotes the
Hessian matrix of the negative of log likelihood, then the variance-covariance magis estimated as

©s/ D G l.s/. Given this matrix, the standard errorif.y/ is computed as

M 0 t
U ¥ I 1
ny/ D7 @ c2 &Aifp <y<gjcyl | M 1
kD1 ID1

The standard error is unde ned outside of these intervals.

EDF Estimates and Truncation

If you specify truncation, then the estima&#g.y/ that is computed by any method other than the STANDARD
method is aconditionalestimate. In other word$d.y/ D Pr.Y yjg <Y n /, whereG and
H denote the (unknown) distribution functions of the left-truncation threshold varidbénd the right-
truncation threshold variable" , respectively, g denotes the smallest left-truncation threshold with a nonzero
cumulative probability, andy denotes the largest right-truncation threshold with a nonzero cumulative
probability. Formally, g D inffs W5.s/ >0gand y D supfs WH.s/ > 0 g For computational purposes,
PROC SEVERITY estimatess and y byt!. andtf .., respectively, de ned as

thin D minft,t WLk Ng

thax D maxt, WLk Ng

These estimates o, andt/,., are used to compute the conditional estimates of the CDF as described in the
section “Truncation and Conditional CDF Estimates” on page 2119.

If you specify left-truncatiorwith the probability of observabilityp, then PROC SEVERITY uses the
additional information provided bp to compute an estimate of the EDF that is not conditional on the
left-truncation information. In particular, for each left-truncated observatwith response variable value

y; and truncation threshoh#, an observatiopnis added withweightw; D .1  p/=p andy; D tj'. Each

added observation is assumed to be uncensored and untruncated. Then, your speci ed EDF method is used
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by assuming no left-truncation. The EDF estimate that is obtained using this method is not conditional on
the left-truncation information. For the KAPLANMEIER and MODIFIEDKM methods with uncensored

or right-censored data, de nitions of / andR,. / are modi ed to account for the added observations.

If N2 d otes the total number of observations including the added observatlgns thénde ned as

n./ D leWkICE)( D and t;and D 1sandR,./ isdenedaskn./ D lewkICEy ..

In the de nition of Ry. / , the left- truncatlon information is not used, because it was used alongpwath

add the observations.

If the original data are a combination of left- and right-censored data, then Turnbull's method is applied to
the appended set that contains no left-truncated observations.

Supplying EDF Estimates to Functions and Subroutines

The parameter initialization subroutines in distribution models and some prede ned utility functions require
EDF estimates. For more information, see the sections “De ning a Severity Distribution Model with the
FCMP Procedure” on page 2148 and “Prede ned Utility Functions” on page 2160.

PROC SEVERITY supplies the EDF estimates to these subroutines and functions by using twoamalys,
F, the dimension of each array, and a type of the EDF estimates. The type identi es how the EDF estimates
are computed and stored. They are as follows:

Type 1 speci es that EDF estimates are computed using the STANDARD method; that is, the data that
are used for estimation are neither censored nor truncated.

Type 2 speci es that EDF estimates are computed using either the KAPLANMEIER or the MODI-
FIEDKM method; that is, the data that are used for estimation are subject to truncation and one
type of censoring (left or right, but not both).

Type 3 speci es that EDF estimates are computed using the TURNBULL method; that is, the data that
are used for estimation are subject to both left- and right-censoring. The data might or might not
be truncated.

For Types 1 and 2, the EDF estimates are stored in arragslF of dimensionN such that the following
holds:

8
<0 if y <xE1le

Fn.y/ D F@EKke if xEKke y <xEKC 1e;kD 1;:::;N 1
" FENe« if xEN- y

whereEkdenotekth element of the array ([1] denotes the rst element of the array).

For Type 3, the EDF estimates are stored in arsegsdF of dimensionN such that the following holds:

:io if y < X@E1e
F v/ D unde ned ifX@E2Kk 1o y<x@E&2ke; KD 1;:::;.N 1/=2
YR 2 FE2KD FE2C 10 if XE2ks y < XxE2KC 10:kD 131N 1/=2
FEN- if XENe vy

Although the behavior of EDF is theoretically unde ned for the intei@® E2K »; x E2ksfor computational
purposes, all prede ned functions and subroutines assume that the EDF increases lineaAyE&kmle

to F E2kin that interval ifx@2k 1e < x@E2kelf xE2k 1e D xE2Kk«which can happen when the EDF

is estimated from a combination of uncensored and interval-censored data, the prede ned functions and
subroutines assume tHag . x@E2k 1¢/ D F,.x@E2ksD F E2ke
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Statistics of Fit

PROC SEVERITY computes and reports various statistics of t to indicate how well the estimated model
ts the data. The statistics belong to two categories: likelihood-based statistics and EDF-based statistics.
Neg2LogLike, AIC, AICC, and BIC are likelihood-based statistics, and KS, AD, and CvM are EDF-based
statistics. The following subsections provide de nitions of each.

Likelihood-Based Statistics of Fit

“Likelihood Function” on page 2120. Lgtdenote the number of model parameters that are estimated. Note
thatp D pg C .k  k;/, wherepy is the number of distribution parametekss the number of all regression
parameters, ankl is the number of regression parameters that are found to be linearly dependent (redundant)
on other regression parameters. Given this notation, the likelihood-based statistics are de ned as follows:

Neg2LogLike The log likelihood is reported as
Neg2LogLikeD 2log.L/

The multiplying factor 2 makes it easy to compare it to the other likelihood-based
statistics. A model that has a smaller value of Neg2LogLike is deemed better.

AIC Akaike's information criterion (AIC) is de ned as
AICD 2logl/ C2p
A model that has a smaller AIC value is deemed better.
AlICC The corrected Akaike's information criterion (AICC) is de ned as

2N
AICCD 2logl/ C — =P
N p 1

A model that has a smaller AICC value is deemed better. It corrects the nite-sample bias
that AIC has whemN is small compared tp. AICC is related to AIC as

2p.p C1/
Al D Al _
cC ccC N 1

As N becomes large comparedppAlCC converges to AIC. AICC is usually recom-
mended over AIC as a model selection criterion.

BIC The Schwarz Bayesian information criterion (BIC) is de ned as
BICD 2log.L/ Cplog.N/

A model that has a smaller BIC value is deemed better.
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EDF-Based Statistics

This class of statistics is based on the difference between the estimate of the cumulative distribution function
(CDF) and the estimate of the empirical distribution function (EDF). A model that has a smaller value of the
chosen EDF-based statistic is deemed better.

Lety;;i D 1;:::; N denote the sample & values of the response variable. kgD P ij IEy vyie
denote the number of observations with a value less than or eqyaluderel is an indicator function. Let
Fn.yi/ denote the EDF estimate that is computed by using the method that you specify in the EMPIRICAL-
CDF=option. Letz; D Fo.yi/ denote the estimate of the CDF. ll&t.Z i/ denote the EDF estimate @f

values that are computed using the same method that is used to compute the\gED&loés. Using the
probability integral transformation, F.y/ is the true distribution of the random variabfethen the random
variablez D F.y/ is uniformly distributed between 0 and 1 (D'Agostino and Stephens 1986, Ch. 4). Thus,
comparingFn.yi/ with By, / is equivalent to comparing,.Z i/ with FOZ ;/ D Z; (uniform distribution).

Note the following two points regarding which CDF estimates are used for computing the test statistics:

If you specify regression effects, then the CDF estimZtethat are used for computing the EDF test
statistics are from a mixture distribution. See the section “CDF and PDF Estimates with Regression
Effects” on page 2126 for more information.

If the EDF estimates are conditional because of the truncation information, then each unconditional
estimateZ; is converted to a conditional estimate using the method described in the section “Truncation
and Conditional CDF Estimates” on page 2119.

In the following, it is assumed that; denotes an appropriate estimate of the CDF if you specify any
truncation or regression effects. Given this, the EDF-based statistics of t are de ned as follows:

KS The Kolmogorov-Smirnov (KS) statistic computes the largest vertical distance between the CDF
and the EDF. It is formally de ned as follows:

KS D supjFn.y/ F.y/]j
y

If the STANDARD method is used to compute the EDF, then the following formula is used:
r.
D¢ D max.N—' Zil

r.
D Dmax.Z; ——/
p_— 0:19
KSD N maxD®;D /C =
Note thatrg is assumed to be 0.

If the method used to compute the EDF is any method other than the STANDARD method, then
the following formula is used:

DC D max.Fn.Zil Zil: ifFn.Zil Z;
D Dmax.Zi Fn.Zill, fFa.2il<Z;

P 0:19
KSD N maxD®;D /Cpﬁ
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AD The Anderson-Darling (AD) statistic is a quadratic EDF statistic that is proportional to the expected
value of the weighted squared difference between the EDF and CDF. It is formally de ned as
follows:

ADD N

z 1
Fnyl F.yll?
YL YR Ry
1 Fyl1 Fuyll

If the STANDARD method is used to compute the EDF, then the following formula is used:

1 N
ADD N N @r; 1/log.Zz;/C.2N C1 2ri/logl Zils

iD1

If the method used to compute the EDF is any method other than the STANDARD method, then
the statistic can be computed by using the following two pieces of information:

If the EDF estimates are computed using the KAPLANMEIER or MODIFIEDKM methods,
then EDF is a step function such that the estinkgtez/ is a constant equal t6,.Z; 1/ in
intervalEZ 1;Z;e. If the EDF estimates are computed using the TURNBULL method, then
there are two types of intervals: one in which the EDF curve is constant and the other in
which the EDF curve is theoretically unde ned. For computational purposes, it is assumed
that the EDF curve is linear for the latter type of the interval. For each method, the EDF
estimate~,.y/ aty can be written as

Fh.zl DFn.Zi 1/CS.z Zi 1/f; forz2 BZ 1;Zi°
whereS; is the slope of the line de ned as

Fn.Zil FnZi 1/
Zi Zi
For the KAPLANMEIER or MODIFIEDKM methodS; D 0in each interval.
Using the probability integral transformD F.y/ , the formula simpli es to

Z, 2
AD D N Fn.zl  z/ dz
1 z.1l z/

S D

The computation formula can then be derived from the following approximation:

K12 z, Fn.zl  z/?

ADD N — _ dz
‘01 Zi 1 z.1 z/
Z
WC1ez FnzZ; 1/CS.z Zi 1/ z/?
DN dz
51 Zi 1 z.1 z/
P§(Clzzi ) .52
DN Mdz
‘01 Zi 1 z.1l z/

whereP; D Fn.Zi 1/ SiZ; 1,Qi D1 S, andK isthe number of points at which the EDF
estimate are computed. For the TURNBULL methiddD 2k for somek.
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AssumingZo D 0,Zxc1 D 1,F4.0/ D 0, andF,.Z ¢/ D 1yields the following computation
formula:

AD D N.Z]_ClOg.l 21/CIog.ZK/C.1 Zk !l

X
CN P2A; .Qi Pi/’Bi Q7C
iD2
whereA; D log.Z;/ log.Z; 1/,Bi Dlogl Z;i/ log.l Z; i/,andC; D Z; Z; ;.

If EDF estimates are computed using the KAPLANMEIER or MODIFIEDKM method, then
Pi D F,.Z; 1/ andQ; D 1, which simpli es the formula as

ADD N.1Clogl Zi/Clog.Zgll

X
CN Fn.Zi 1/°Ai .1 Fn.Zi 1//°B;
iD2

The Cramér-von Mises (CvM) statistic is a quadratic EDF statistic that is proportional to the
expected value of the squared difference between the EDF and CDF. It is formally de ned as
follows:

Z,

CvM D N Fnyl F.yll 2dF.y/
1

If the STANDARD method is used to compute the EDF, then the following formula is used:

1 X 2r 1/ 2
MD — z, =L -
Cv 12N = o1 ! 2N

If the method used to compute the EDF is any method other than the STANDARD method, then
the statistic can be computed by using the following two pieces of information:

As described previously for the AD statistic, the EDF estimates are assumed to be piecewise
linear such that the estimalg.y/ atyis

Fh.zl DF,.2Zi 1/CSi.z Zi 1/, forz2 BZ 1;Zi

whereS; is the slope of the line de ned as

Zi Zj 1

S D

For the KAPLANMEIER or MODIFIEDKM methodS; D 0in each interval.

Using the probability integral transformD F.y/, the formula simpli es to:
Z,

CvM D N FEn.zl z/%dz
1
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The computation formula can then be derived from the following approximation:

lezi
CVvM D N FEn.zl  z/%dz
ip1 Zi1
lezi
DN FhzZi 1/CS.z zZi 1 z/%dz
ip1 Zi1
lezi
DN P, Qiz/%dz
ip1 Zi1

whereP; D Fh.Z; 1/ SiZi 1,Qi D1 S, andK isthe number of points at which the EDF
estimate are computed. For the TURNBULL methiidD 2k for somek.
AssumingZo D 0,Zk c1 D 1, andF,.0/ D 0yields the following computation formula:
z3 X! Q? ’
CvMD N ?1 CN P?Ai  PiQ;B; ?'ci
iD2
whereAi D Z; Z; ,BiDZ? Zz? ,andCiDZ3 Z} ..

If EDF estimates are computed using the KAPLANMEIER or MODIFIEDKM method, then
Pi D F,.Z; 1/ andQ; D 1, which simpli es the formula as

N e
CWD — CN FnZi 1/12Zy Zi 1l FnZi 1127 Z7 ./
iD2

which is similar to the formula proposed by Koziol and Green (1976).

De ning a Severity Distribution Model with the FCMP Procedure

A severity distribution modedonsists of a set of functions and subroutines that are de ned using the FCMP
procedure. The FCMP procedure is part of Base SAS software. Each function or subroutine must be named as
<distribution-name>_<keyword >, wheredistribution-name is the identifying short name of the distribution
andkeyword identi es one of the functions or subroutines. The total length of the name should not exceed
32. Each function or subroutine must have a speci ¢ signature, which consists of the number of arguments,
seguence and types of arguments, and return value type. The summary of all the recognized function and
subroutine names and their expected behavior is given in Table 30.16.

Consider the following points when you de ne a distribution model:

When you de ne a function or subroutine requiring parameter arguments, the names and order of those
arguments must be the same. Arguments other than the parameter arguments can have any name, but
they must satisfy the requirements on their type and order.

When the SEVERITY procedure invokes any function or subroutine, it provides the necessary input
values according to the speci ed signature, and expects the function or subroutine to prepare the output
and return it according to the speci cation of the return values in the signature.
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You can use most of the SAS programming statements and SAS functions that you can use in a DATA
step for de ning the FCMP functions and subroutines. However, there are a few differences in the
capabilities of the DATA step and the FCMP procedure. To learn more, see the documentation of the
FCMP procedure in thBase SAS Procedures Guide

You must specify either the PDF or the LOGPDF function. Similarly, you must specify either the
CDF or the LOGCDF function. All other functions are optional, except when necessary for correct
de nition of the distribution. It is strongly recommended that you de ne the PARMINIT subroutine to
provide a good set of initial values for the parameters. The information provided by PROC SEVERITY
to the PARMINIT subroutine enables you to use popular initialization approaches based on the method
of moments and the method of percentile matching, but you can implement any algorithm to initialize
the parameters by using the values of the response variable and the estimate of its empirical distribution
function.

The LOWERBOUNDS subroutines should be de ned if the lower bound on at least one distribution
parameter is different from the default lower bound of 0. If you de ne a LOWERBOUNDS subroutine

but do not set a lower bound for some parameter inside the subroutine, then that parameter is assumed
to have no lower bound (or a lower bound df ). Hence, it is recommended that you explicitly return

the lower bound for each parameter when you de ne the LOWERBOUNDS subroutine.

The UPPERBOUNDS subroutines should be de ned if the upper bound on at least one distribution
parameter is different from the default upper bound ofIf you de ne an UPPERBOUNDS subroutine

but do not set an upper bound for some parameter inside the subroutine, then that parameter is assumed
to have no upper bound (or a upper bound of. Hence, it is recommended that you explicitly return

the upper bound for each parameter when you de ne the UPPERBOUNDS subroutine.

If you want to use the distribution in a model with regression effects, then make sure that the rst
parameter of the distribution is the scale parameter itself or a log-transformed scale parameter. If the
rst parameter is a log-transformed scale parameter, then you must de ne the SCALETRANSFORM
function.

In general, it is not necessary to de ne the gradient and Hessian functions, because the SEVERITY
procedure uses an internal system to evaluate the required derivatives. The internal system typically
computes the derivatives analytically. But it might not be able to do so if your function de nitions use
other functions that it cannot differentiate analytically. In such cases, derivatives are approximated
using a nite difference method and a note is written to the SAS log to indicate the components that are
differentiated using such approximations. PROC SEVERITY does reasonably well with these nite
difference approximations. But, if you know of a way to compute the derivatives of such components
analytically, then you should de ne the gradient and Hessian functions.

In order to use your distribution with PROC SEVERITY, you need to record the FCMP library that contains
the functions and subroutines for your distribution and other FCMP libraries that contain FCMP functions
or subroutines used within your distribution's functions and subroutines. Specify all those libraries in the
CMPLIB= system option by using the OPTIONS global statement. For more information about the OPTIONS
statement, seSAS Statements: ReferenEer more information about the CMPLIB= system option, see
SAS System Options: Reference

Each prede ned distribution mentioned in the section “Prede ned Distributions” on page 2108 has a
distribution model associated with it. The functions and subroutines of all those models are available in the
Sashelp.Svrtdist library. The order of the parameters in the signatures of the functions and subroutines is
the same as listed in Table 30.2. You do not need to use the CMPLIB= option in order to use the prede ned
distributions with PROC SEVERITY. However, if you need to use the functions or subroutines of the
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prede ned distributions in SAS statements other than the PROC SEVERITY step (such as in a DATA step),
then specify theSashelp.Svrtdist library in the CMPLIB= system option by using the OPTIONS global

statement prior to using them.

Table 30.16 shows functions and subroutines that de ne a distribution model, and subsections after the table
provide more detail. The functions are listed in alphabetical order of the keyword suf x.

Table 30.16 List of Functions and Subroutines That De ne a Distribution Model

Name Type Required Expected to Return
dist_ CDF Function YES Cumulative distribution
function value
dist CDFGRADIENT Subroutine NO Gradient of the CDF
dist. CDFHESSIAN Subroutine NO Hessian of the CDF
dist_ CONSTANTPARM Subroutine NO Constant parameters
dist. DESCRIPTION Function NO Description of the distribution
dist_LOGCDF Function YES Log of cumulative distribution
function value
dist LOGCDFGRADIENT Subroutine NO Gradient of the LOGCDF
dist LOGCDFHESSIAN Subroutine NO Hessian of the LOGCDF
dist_ LOGPDF Function YE3 Log of probability density
function value
dist LOGPDFGRADIENT Subroutine NO Gradient of the LOGPDF
dist LOGPDFHESSIAN Subroutine NO Hessian of the LOGPDF
dist LOGSDF Function NO Log of survival
function value
dist LOGSDFGRADIENT  Subroutine NO Gradient of the LOGSDF
dist LOGSDFHESSIAN Subroutine  NO Hessian of the LOGSDF
dist_ LOWERBOUNDS Subroutine NO Lower bounds on parameters
dist_ PARMINIT Subroutine  NO Initial values
for parameters
dist_PDF Function  YE3 Probability density
function value
dist PDFGRADIENT Subroutine  NO Gradient of the PDF
dist. PDFHESSIAN Subroutine NO Hessian of the PDF
dist QUANTILE Function NO Quantile for a given CDF value
dist SCALETRANSFORM Function NO Type of relationship between
the rst distribution parameter
and the scale parameter
dist_SDF Function NO Survival function value
dist SDFGRADIENT Subroutine  NO Gradient of the SDF
dist SDFHESSIAN Subroutine NO Hessian of the SDF

dist_ UPPERBOUNDS

Subroutine NO

Upper bounds on parameters

Notes:

1. Either thedist_CDF or thedist_ LOGCDF function must be de ned.
2. Either thedist_PDF or thalist_LOGPDF function must be de ned.
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The signature syntax and semantics of each function or subroutine are as follows:

dist_CDF
~ de nes a function that returns the value of the cumulative distribution function (CDF) of the distribution
at the speci ed values of the random variable and distribution parameters.
Type Function
Required YES
Number of argumentsn C 1, wheremis the number of distribution parameters
Sequence and type of arguments

X Numeric value of the random variable at which the CDF value should be evaluated
pl Numeric value of the rst parameter
p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

If you want to consider this distribution as a candidate distribution when you estimate a response
variable model with regression effects, then the rst parameter of this distribution must be a scale
parameter or log-transformed scale parameter. In other words, if the distribution has a scale parameter,
then the following equation must be satis ed:

X
FxlIpy:ipo:ii:: D F.
XIp1;p2;:it;Pm/ expp

Here is a sample structure of the function for a distribution named "FOOQO":

function FOO_CDF(x, P1, P2);
/* Code to compute CDF by using x, P1, and P2 */

F = <computed CDF>;
return (F);
endsub;

dist_ CONSTANTPARM
de nes a subroutine that speci es constant parameters. A parame@nssantf it is required for
de ning a distribution but is not subject to optimization in PROC SEVERITY. Constant parameters are
required to be part of the model in order to compute the PDF or the CDF of the distribution. Typically,
values of these parameters are known a priori or estimated using some means other than the maximum
likelihood method used by PROC SEVERITY. You can estimate them insiddishePARMINIT
subroutine. Once initialized, the parameters remain constant in the context of PROC SEVERITY; that
is, they retain their initial value. PROC SEVERITY estimates only the nonconstant parameters.
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Type Subroutine

Required NO

Number of argumentk, wherek is the number of constant parameters
Sequence and type of arguments

constant parameter 1 Name of the rst constant parameter

constant parameté&r Name of thekth constant parameter

Return valueNone

Here is a sample structure of the subroutine for a distribution named "FOO' that has P3 and P5 as its
constant parameters, assuming that distribution has at least three parameters:

subroutine FOO_CONSTANTPARM(p5, p3);
endsub;

Note the following points when you specify the constant parameters:

At least one distribution parameter must be free to be optimized; that is, if a distribution has total
m parameters, thekhmust be strictly less tham.

If you want to use this distribution for modeling regression effects, then the rst parameter must
not be a constant parameter.

The order of arguments in the signature of this subroutine does not matter as long as each
argument's name matches the name of one of the parameters that are de ned in the signature of
thedist_PDF function.

The constant parameters must be speci ed in signatures of all the functions and subroutines that
accept distribution parameters as their arguments.

You must provide a nonmissing initial value for each constant parameter by using one of the
supported parameter initialization methods.

dist DESCRIPTION
de nes a function that returns a description of the distribution.

Type Function

Required NO

Number of argumentdNone

Sequence and type of argumeri®t applicable

Return value Character value containing a description of the distribution

Here is a sample structure of the function for a distribution named "FOO":

function FOO_DESCRIPTION() $48;
length desc $48;
desc = "A model for a continuous distribution named foo";
return (desc);

endsub;
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There is no restriction on the length of the description (the length of 48 used in the previous example is
for illustration purposes only). However, if the length is greater than 256, then only the rst 256 charac-
ters appear in the displayed output and in the _ DESCRIPTION _ variable of the OUTMODELINFO=
data set. Hence, the recommended length of the description is less than or equal to 256.

dist_ LOGcore
de nes a function that returns the natural logarithm of the specce@ function of the distribution at
the speci ed values of the random variable and distribution parameterscofaé&eyword can be PDF,

CDF, or SDF.
Type Function

Required YES only if core is PDF or CDF and you have not de ned tlzate function; otherwise,
NO

Number of argumentsn C 1, wheremis the number of distribution parameters

Sequence and type of arguments

X Numeric value of the random variable at which the natural logarithm ofdhefunction
should be evaluated

pl Numeric value of the rst parameter

p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

Return valueNumeric value that contains the natural logarithm ofd¢bee function

Here is a sample structure of the function for the core function PDF of a distribution named "FOO":

function FOO_LOGPDF(x, P1, P2);
/* Code to compute LOGPDF by using x, P1, and P2 */

| = <computed LOGPDF>;
return (I);
endsub;

dist_ LOWERBOUNDS
de nes a subroutine that returns lower bounds for the parameters of the distribution. If this subroutine
is not de ned for a given distribution, then the SEVERITY procedure assumes a lower bound of 0 for
each parameter. If a lower boundlpis returned for a parametps, then the SEVERITY procedure
assumes thdf < p; (strict inequality). If a missing value is returned for some parameter, then the
SEVERITY procedure assumes that there is no lower bound for that parameter (equivalent to a lower
bound of 1 ).

Type Subroutine
Required NO

Number of argumentsn, wherem s the number of distribution parameters
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Sequence and type of arguments

pl

p2

pm

Output argument that returns the lower bound on the rst parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

Output argument that returns the lower bound on the second parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

Output argument that returns the lower bound onrtiile parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

Return value The results, lower bounds on parameter values, should be returned in the parameter
arguments of the subroutine.

Here is a sample structure of the subroutine for a distribution named "FOO":

subroutine FOO_LOWERBOUNDS(p1, p2);
outargs pl, p2;

pl
p2
endsub;

dist_ PARMINIT

<lower bound for P1>;
<lower bound for P2>;

de nes a subroutine that returns the initial values for the distribution's parameters given an empirical
distribution function (EDF) estimate.

Type Subroutine
Required NO
Number of argumentsn C 4, wheremis the number of distribution parameters

Sequence and type of arguments

dim

x{*}

nx{*}

F{}

Ftype

pl

Input numeric value that contains the dimension of the x, nx, and F array arguments.

Input numeric array of dimensiafim that contains values of the random variables
at which the EDF estimate is available. It can be assumed that x contains values in
an increasing order. In other wordsj & j , then xj] < x[j].

Input numeric array of dimensiatim. Each nx{] contains the number of observa-
tions in the original data that have the valug x|

Input numeric array of dimensiadim. Each F[] contains the EDF estimate forik[
This estimate is computed by the SEVERITY procedure based on the options that
you specify in the LOSS statement and the EMPIRICALCDF= option.

Input numeric value that contains the type of the EDF estimate that is stored in x
and F. See the section “Supplying EDF Estimates to Functions and Subroutines” on
page 2143 for de nition of types.

Output argument that returns the initial value of the rst parameter. You must specify
this in the OUTARGS statement inside the subroutine’s de nition.
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p2 Output argument that returns the initial value of the second parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

pm Output argument that returns the initial value of thity parameter. You must specify
this in the OUTARGS statement inside the subroutine's de nition.

Return value The results, initial values of the parameters, should be returned in the parameter
arguments of the subroutine.

Here is a sample structure of the subroutine for a distribution named "FOO":

subroutine FOO_PARMINIT(dim, x{ *}, nx{ =}, F{ *}, Ftype, pl, p2);
outargs pl, pz2;

/= Code to initialize values of P1 and P2 by using
dim, x, nx, and F */

pl = <initial value for pl1>;
p2 = <initial value for p2>;
endsub;

dist_ PDF
de nes a function that returns the value of the probability density function (PDF) of the distribution at
the speci ed values of the random variable and distribution parameters.

Type Function

Required YES

Number of argumentsn C 1, wheremis the number of distribution parameters
Sequence and type of arguments

X Numeric value of the random variable at which the PDF value should be evaluated
pl Numeric value of the rst parameter

p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

If you want to consider this distribution as a candidate distribution when you estimate a response
variable model with regression effects, then the rst parameter of this distribution must be a scale
parameter or log-transformed scale parameter. In other words, if the distribution has a scale parameter,
then the following equation must be satis ed:
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Here is a sample structure of the function for a distribution named "FOO":

function FOO_PDF(x, P1, P2);
/= Code to compute PDF by using x, P1, and P2 */

f = <computed PDF>;
return (f);
endsub;

dist_ QUANTILE
de nes a function that returns the quantile of the distribution at the speci ed value of the CDF for the
speci ed values of distribution parameters.

Type Function

Required NO

Number of argumenisn C 1, wheremis the number of distribution parameters

Sequence and type of arguments

cdf Numeric value of the cumulative distribution function (CDF) for which the quantile should
be evaluated

pl Numeric value of the rst parameter

p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

Here is a sample structure of the function for a distribution named "FOO":

function FOO_QUANTILE(c, P1, P2);
/= Code to compute quantile by using c, P1, and P2 *[

Q = <computed quantile>;

return (Q);

endsub;

dist SCALETRANSFORM
de nes a function that returns a keyword to identify the transform that needs to be applied to the scale
parameter to convert it to the rst parameter of the distribution.

If you want to use this distribution for modeling regression effects, then the rst parameter of this
distribution must be a scale parameter. However, for some distributions, a typical or convenient
parameterization might not have a scale parameter, but one of the parameters can be a simple transform
of the scale parameter. As an example, consider a typical parameterization of the lognormal distribution
with two parameters, location and shape , for which the PDF is de ned as follows:

1 log .x/

1
fxl;/ D—p—e?
X 2
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You can reparameterize this distribution to contain a parametestead of the parameter such

that D log. / . The parameter would then be a scale parameter. However, if you want to specify
the distribution in terms of and (which is a more recognized form of the lognormal distribution)
and still allow it as a candidate distribution for estimating regression effects, then instead of writing
another distribution with parametersand , you can simply de ne the distribution with as the rst
parameter and specify that it is the logarithm of the scale parameter.

Type Function

Required NO

Number of argumentdNone

Sequence and type of argumeri®t applicable

Return value Character value that contains one of the following keywords:

LOG speci es that the rst parameter is the logarithm of the scale parameter.
IDENTITY speci es that the rst parameter is a scale parameter without any transforma-
tion.

If you do not specify this function, then the IDENTITY transform is assumed.

Here is a sample structure of the function for a distribution named "FOO":

function FOO_SCALETRANSFORM() $8;
length xform $8;
xform = "IDENTITY";
return (xform);

endsub;

dist_SDF
de nes a function that returns the value of the survival distribution function (SDF) of the distribution

at the speci ed values of the random variable and distribution parameters.
Type Function
Required NO
Number of argumentsn C 1, wheremis the number of distribution parameters
Sequence and type of arguments

X  Numeric value of the random variable at which the SDF value should be evaluated
pl Numeric value of the rst parameter

p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

If you want to consider this distribution as a candidate distribution when estimating a response variable
model with regression effects, then the rst parameter of this distribution must be a scale parameter
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or log-transformed scale parameter. In other words, if the distribution has a scale parameter, then the
following equation must be satis ed:

“exp.p1/
Here is a sample structure of the function for a distribution named "FOOQO":

function FOO_SDF(x, P1, P2);
/= Code to compute SDF by using x, P1, and P2 */

S = <computed SDF>;
return (S);
endsub;

dist UPPERBOUNDS
de nes a subroutine that returns upper bounds for the parameters of the distribution. If this subroutine
is not de ned for a given distribution, then the SEVERITY procedure assumes that there is no upper
bound for any of the parameters. If an upper bound;o returned for a parametes, then the
SEVERITY procedure assumes tipat< u; (strict inequality). If a missing value is returned for some
parameter, then the SEVERITY procedure assumes that there is no upper bound for that parameter
(equivalent to an upper bound df).

Type Subroutine

Required NO

Number of argumentsn, wherem s the number of distribution parameters

Sequence and type of arguments

pl Output argument that returns the upper bound on the rst parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

p2 Output argument that returns the upper bound on the second parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

pm Output argument that returns the upper bound omnttie parameter. You must
specify this in the OUTARGS statement inside the subroutine's de nition.

Return value The results, upper bounds on parameter values, should be returned in the parameter
arguments of the subroutine.

Here is a sample structure of the subroutine for a distribution named "FOO":

subroutine FOO_UPPERBOUNDS(pl, p2);
outargs pl, p2;

<upper bound for P1>;
<upper bound for P2>;

pl
p2
endsub;
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dist_coreGRADIENT
de nes a subroutine that returns the gradient vector of the specbeel function of the distribution at
the speci ed values of the random variable and distribution parameterscofaé&eyword can be PDF,
CDF, SDF, LOGPDF, LOGCDF, or LOGSDF.

Type Subroutine
Required NO

Number of argumentsn C 2, wheremis the number of distribution parameters
Sequence and type of arguments

X Numeric value of the random variable at which the gradient should be evaluated
pl Numeric value of the rst parameter

p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

grad{*} Output numeric array of sizen that contains the gradient vector evaluated at the
speci ed values. It denotes the value of thmre function, then the expected order

of the values in the array is as foIIow% @%h @%:‘

Return value Numeric array that contains the gradient evaluatedfat the parameter values

Here is a sample structure of the function for the core function CDF of a distribution named "FOO":

subroutine FOO_CDFGRADIENT(x, P1, P2, grad{ *1);
outargs grad;

/= Code to compute gradient by using x, P1, and P2 */
grad[1l] = <partial derivative of CDF w.r.t. P1

evaluated at x, P1, P2>;
<partial derivative of CDF w.r.t. P2

evaluated at x, P1, P2>;

grad[2]

endsub;

dist_coreHESSIAN
de nes a subroutine that returns the Hessian matrix of the specbeel function of the distribution at
the speci ed values of the random variable and distribution parameterscoféi&eyword can be PDF,
CDF, SDF, LOGPDF, LOGCDF, or LOGSDF.

Type Subroutine
Required NO

Number of argumentsn C 2, wheremis the number of distribution parameters
Sequence and type of arguments

X Numeric value of the random variable at which the Hessian matrix should be evalu-
ated

pl Numeric value of the rst parameter
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p2 Numeric value of the second parameter

pm Numeric value of thenth parameter

hess{*}  Output numeric array of sizm.m C 1/=2that contains the lower triangular portion
of the Hessian matrix in a packed vector form, evaluated at the speci ed values. If
denotes the value of thmre function, then the expected order of the values in the
array is as follows@h j _@h_ @h; j_@h _Gh @h

@i’ @@ @f @nQ@Qm @p@m @
Return value Numeric array that contains the lower triangular portion of the Hessian matrix
evaluated ax for the parameter valuep 1;p2;:::;Pm/

Here is a sample structure of the subroutine for the core function LOGSDF of a distribution named
"FOO":

subroutine FOO_LOGSDFHESSIAN(x, P1, P2, hess{ *});
outargs hess;

/* Code to compute Hessian by using x, P1, and P2 */
hess[1] = <second order partial derivative of LOGSDF
w.r.t. P1 evaluated at x, P1, P2>;
<second order partial derivative of LOGSDF
w.r.t. P1 and P2 evaluated at x, P1, P2>;
hess[3] = <second order partial derivative of LOGSDF
w.rt. P2 evaluated at x, P1, P2>;

hess[2]

endsub;

Prede ned Utility Functions

The following prede ned utility functions are provided with the SEVERITY procedure and are available in
the Sashelp.Svrtdist library:

SVRTUTIL_EDF:
This function computes the empirical distribution function (EDF) estimate at the speci ed value of the

random variable given the EDF estimate for a sample.
Type Function
Signature SVRTUTIL_EDF(y, n, x{*}, F{*}, Ftype)
Argument Description

y Value of the random variable at which the EDF estimate is desired.
n Dimension of the andF input arrays.
x{*} Input numeric array of dimensiom that contains values of the random variable

observed in the sample. These values are sorted in nondecreasing order.

F{*} Input numeric array of dimensiamnin which each H| contains the EDF estimate for
X[i]. These values must be sorted in nondecreasing order.



Prede ned Utility Functions F 2161

Ftype Type of the empirical estimate that is stored in thendF arrays. See the section
“Supplying EDF Estimates to Functions and Subroutines” on page 2143 for de nition
of types.

Return value The EDF estimate at
The type of the sample EDF estimate determines how the EDF estimate@mputed. For more
information, see the section “Supplying EDF Estimates to Functions and Subroutines” on page 2143.

SVRTUTIL_EMPLIMMOMENT:
This function computes the empirical estimate of the limited moment of speci ed order for the speci ed
upper limit, given the EDF estimate for a sample.

Type Function
Signature SVRTUTIL_EMPLIMMOMENT(K, u, n, x{*}, F{*}, Ftype)
Argument Description

k Order of the desired empirical limited moment.

u Upper limit on the value of the random variable to be used in the computation of the
desired empirical limited moment.

n Dimension of the andF input arrays.

x{*} Input numeric array of dimensiom that contains values of the random variable

observed in the sample. These values are sorted in nondecreasing order.

F{*} Input numeric array of dimensianin which each H] contains the EDF estimate for
X[i]. These values must be sorted in nondecreasing order.

Ftype  Type of the empirical estimate that is stored in thendF arrays. See the section
“Supplying EDF Estimates to Functions and Subroutines” on page 2143 for de nition
of types.

Return value The desired empirical limited moment.

The empirical limited moment is computed by using the empirical estimate of the CBF.Xf
denotes the EDF at then the empirical limited moment of ordewith upper limitu is de ned as
Z u
EnEX u/keDk .1 Fpxiix¥ dx
0

The SVRTUTIL_EMPLIMMOMENT function uses the piecewise linear natur&eix/ as described
in the section “Supplying EDF Estimates to Functions and Subroutines” on page 2143 to compute the
integration.

SVRTUTIL_HILLCUTOFF:
This function computes an estimate of the value where the right tail of a distribution is expected to
begin. The function implements the algorithm described in Danielsson et al. 2001. The description of
the algorithm uses the following notation:
n Number of observations in the original sample.
B Number of bootstrap samples to draw.

my Size of the bootstrap sample in the rst step of the algoritihm € n).
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x'I,m ith order statistic ofth bootstrap sample of size(1 i m;1 j B).
X ith order statistic of the original samplé ( i  n).

Given the input sample and values oB andms, the steps of the algorithm are as follows:

1. TakeB bootstrap samples of sire; from the original sample.
2. Find the integek; that minimizes the bootstrap estimate of the mean squared error:

ki D arg1 min  Q.mq; k/

k<m ,

3. TakeB bootstrap samples of size, D m%zn from the original sample.
4. Find the integek, that minimizes the bootstrap estimate of the mean squared error:

ko D arg min Q.mg;k/
1

k<m »
5. Compute the integétypt, which is used for computing the cutoff point:
k]2- Iogkl/ 2 2log.k1/=log.m1/
k_z 2log.my/ log.ky/

kopt D

6. Set the cutoff point equal toy c1/-

The bootstrap estimate of the mean squared error is computed as

1 R
Q.m;k/ D 3 MSE; .m; k/
jD1
The mean squared error jofi bootstrap sample is computed as
MSE; .m;k/ D .Mj.m;k/ 2. ;.m;k// %/
whereM; .m; k/ is a control variate proposed by Danielsson et al. 2001,

2

1 X y §
Mj.m;k/ D log.x™™ ./ logx"™ |

.m iC1/ .m k/
iD1

and j .m;k/ is the Hill's estimator of the tail index (Hill 1975),

1 N N

. . sm sm

j-m;k/ D K Iog.x_m iCl// Iog.x_m I(//
iD1

This algorithm has two tuning parameteBsandm;. The number of bootstrap sampBs$s chosen
based on the availability of computational resources. The optimal valmg ¢&f chosen such that the
following ratio,R.m1/, is minimized:
.Q.mq; kq/l 2

Q.mz;ka/

The SVRTUTIL_HILLCUTOFF utility function implements the preceding algorithm. It uses the grid
search method to compute the optimal valuengf

R.m./ D

Type Function
Signature SVRTUTIL_HILLCUTOFF(n, x{*}, b, s, status)
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Argument Description

n Dimension of the array.
x{*} Input numeric array of dimensiom that contains the sample.
b Number of bootstrap samples used to estimate the mean squared erarldEs

than 10, then a default value of 50 is used.

s Approximate number of steps used to search the optimal valog of the range
EHW5;n 1. If sis less than or equal to 1, then a default value of 10 is used.

status  Output argument that contains the status of the algorithm. If the algorithm succeeds
in computing a valid cutoff point, thestatus is set to 0. If the algorithm fails, then
status is set to 1.

Return value The cutoff value where the right tail is estimated to start. If the size of the input
sample is inadequata (  5), then a missing value is returned astdtus is set to a missing
value. If the algorithm fails to estimate a valid cutoff valseafus = 1), then the fth largest
value in the input sample is returned.

SVRTUTIL_PERCENTILE:
This function computes the speci ed empirical percentile given the EDF estimates.
Type Function
Signature SVRTUTIL_PERCENTILE(p, n, x{*}, F{*}, Ftype)
Argument Description

p Desired percentile. The value must be in the interval (0,1). The function returns the
10Qpth percentile.

n Dimension of thex andF input arrays.

x{*} Input numeric array of dimensiom that contains values of the random variable

observed in the sample. These values are sorted in nondecreasing order.

F{*} Input numeric array of dimensiamnin which each H| contains the EDF estimate for
X[i]. These values must be sorted in nondecreasing order.

Ftype Type of the empirical estimate that is stored in thendF arrays. See the section
“Supplying EDF Estimates to Functions and Subroutines” on page 2143 for de nition
of types.

Return value The 10(th percentile of the input sample.
The method used to compute the percentile depends on the type of the EDF estimate (Ftype argument).

Ftype =1 Smoothed empirical estimates are computed using the method described in Klug-
man, Panjer, and Willmot (1998). Lbtc denote the greatest integer less than or
equal tox. Dene g D bp.n C 1I/candh D p.n C 1/ g. Then the empirical
percentileQ is de ned as

Q D .1 h/xEQE hxEE 1+

This method does not work g < 1=.n C 1/orp >n=.n C1/. Ifp<1=.n C 1/,
then the function return§) D x@E1l-52vhich assumes that the EDF is O in the
interval 0; xE1#/p > n=.n C 1/,then@ D xEne
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Ftype =2 If p < FELsthen @ D xE1Lles2vhich assumes that the EDF is 0 in the interval
EO; xEM/jp FEj< forsome value of andi < n, thenQ is computed as

XEI€ XEL 1e
D [
Q 2

where is a machine-precision constant as returned by the SAS function CON-
STANT(MACEPS)). IfFEi 1+ <p < F EisthenQ is computed as
Q D xEie

Ifp F&Ensthen@ D xEne

Ftype =3 If p < FELsthenQ D xE1-52vhich assumes that the EDF is O in the interval
EO; xEM#/jp FEj< for some value of andi < n, then Q is computed as

XEI€ XEC 1e
D -
Q 2

where is a machine-precision constant as returned by the SAS function CON-
STANT(MACEPS)). If FEi 1e<p <F EisthenQ is computed as

XEie xEi 1e
QDx@Ei 1.C.p FE 1¢/—7———F+
F&Eie FEI 1-

Ifp F&Enesthen@ D xEne

SVRTUTIL_RAWMOMENTS:
This subroutine computes the raw moments of a sample.
Type Subroutine
Signature SVRTUTIL_RAWMOMENTS(n, x{*}, nx{*}, nRaw, raw{*})
Argument Description

n Dimension of thex andnx input arrays.

x{*} Input numeric array of dimensianthat contains distinct values of the random variable
that are observed in the sample.

nx{*} Input numeric array of dimensiom in which eachnx[i] contains the number of
observations in the sample that have the valie X[

nRaw  Desired number of raw moments. The output areay contains the rsmRaw raw
moments.

raw{*}  Output array of raw moments. Tlkéh element in the array (rawf) contains thekth
raw moment, wheré k nRaw.

Return value Numeric arrayraw that contains the rshRaw raw moments. The array contains
missing values if the sample has no observations (that is, if all the valuesrir treay add up
to zero).

SVRTUTIL_SORT:
This function sorts the given array of numeric values in an ascending or descending order.

Type Subroutine
Signature SVRTUTIL_SORT(n, x{*}, ag)
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Argument Description

n Dimension of the input array.

x{*} Numeric array that contains the values to be sorted at input. The subroutine uses the
same array to return the sorted values.

ag A numeric value that controls the sort order.dd is 0, then the values are sorted in
an ascending order. lag has any value other than 0, then the values are sorted in
descending order.

Return value Numeric array, which is sorted in place (that is, the sorted array is stored in the
same storage area occupied by the input axjay

You can use the following prede ned functions when you use the FCMP procedure to de ne functions and
subroutines. They are summarized here for your information. For more information, see the FCMP procedure
documentation iflBase SAS Procedures Guide

INVCDF:
This function computes the quantile from any continuous probability distribution by numerically
inverting the CDF of that distribution. You need to specify the CDF function of the distribution, the
values of its parameters, and the cumulative probability to compute the quantile.

LIMMOMENT:
This function computes the limited moment of oréevith upper limitu for any continuous probability
distribution. The limited moment is de ned as
VA u Z 1
EEX u/f«D  xKfx/dx C ukf x/dx
Z, u

D xKfx/dx Ccuf1 F.u/
0
wheref.x/ andF.x/ denote the PDF and the CDF of the distribution, respectively. The LIMMO-
MENT function uses the following alternate de nition, which can be derived using integration-by-parts:
Z u
EEX* u/f Dk .1 Fuxlix¥ dx
0

You need to specify the CDF function of the distribution, the values of its parameters, and the values
of k andu to compute the limited moment.

Scoring Functions

Scoring refers to the act of evaluating a distribution function, such as LOGPDF, SDF, or QUANTILE, on an
observation by using the tted parameter estimates of that distribution. You can do scoring in a DATA step by
using the OUTEST= data set that you create with PROC SEVERITY. However, that approach requires some
cumbersome programming. In order to simplify the scoring process, you can specify that PROC SEVERITY
create scoring functions for each tted distribution.
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As an example, assume that you have tted the Pareto distribution by using PROC SEVERITY and that it
converges. Further assume that you want to use the tted distribution to evaluate the probability of observing
a loss value greater than some set of regulatory limits {L} that are encoded in a data set. You can simplify
this scoring process as follows. First, in the PROC SEVERITY step that ts your distributions, you create the

scoring functions library by specifying the OUTSCORELIB statement as illustrated in the following steps:

proc severity data=input;

loss lossclaim;

dist pareto;

outscorelib outlib=sasuser fitdist;
run;

Upon successful completion, if the Pareto distribution model has converged, th8asteer.Fitdist li-

brary contains th&EV_SDF scoring function in addition to other scoring functions, suclsgs_PDF,
SEV_LOGPDF, and so on. Further, PROC SEVERITY also sets the CMPLIB system option to include
the Sasuser.Fitdist library. If the set of limits {L} is recorded in the variablemit in the scoring data set
Work.Limits, then you can submit the following DATA step to compute the probability of seeing a loss greater
than each limit:

data prob;

set work.limits;

exceedance_probability = sev_sdf(limit);
run;

Without the use of scoring functions, you can still perform this scoring task, but the DATA step that you need
to write to accomplish it becomes more complicated and less exible. For example, you would need to read
the parameter estimates from some output created by PROC SEVERITY. To do that, you would need to know
the parameter names, which are different for different distributions; this in turn would require you to write a
speci ¢ DATA step for each distribution or to write a SAS macro. With the use of scoring functions, you can
accomplish that task much more easily.

If you t multiple distributions, then you can specify the COMMONPACKAGE option in the OUTSCORELIB
statement as follows:

proc severity data=input;

loss lossclaim;

dist exp pareto weibull;

outscorelib outlib=sasuser.fitdist commonpackage;
run;

The preceding step creates scoring functions suchSBY_SDF_Exp, SEV_SDF Pareto, and
SEV_SDF_Weibull. You can use them to compare the probabilities of exceeding the limit for differ-
ent distributions by using the following DATA step:

data prob;
set work.limits;
exceedance_exp = sev_sdf_exp(limit);
exceedance_pareto = sev_sdf_pareto(limit);
exceedance_weibull = sev_sdf_weibull(limit);
run;
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Formal Description

PROC SEVERITY creates a scoring function for each distribution function. A distribution function is de ned
as any function namedist_suf x , wheredist is the nhame of a distribution that you specify in the DIST
statement and the function's signature is identical to the signature of the required distribution function such
asdist_ CDF ordist_LOGCDF. For example, for the function 'FOO_BAR' to be a distribution function, you
must specify the distribution "FOOQO' in the DIST statement and you must de ne 'TFOO_BAR' in the following
manner if the distribution "FOO' has parameters named "P1' and "P2":

function FOO_BAR(y, P1, P2);
/* Code to compute BAR by using y, P1, and P2 */
R = <computed BAR>;
return (R);

endsub;

For more information about the signature that de nes a distribution function, see the description of the
dist_ CDF function in the section “De ning a Severity Distribution Model with the FCMP Procedure” on
page 2148.

The name and package of the scoring function of a distribution function depend on whether you specify the
COMMONPACKAGE option in the OUTSCORELIB statement.

When you do not specify the COMMONPACKAGE option, the scoring function that corresponds to the
distribution functiondist_suf x is namedSEV_suf x , whereSEV__ is the standard pre x of all scoring
functions. The scoring function is created in a package natisedEach scoring function accepts only one
argument, the value of the loss variable, and returns the same value as the value returned by the corresponding
distribution function for the nal estimates of the distribution’s parameters. For example, for the preceding
"FOO_BAR' distribution function, the scoring function named "SEV_BAR' is created in the package named
"FOO' and "'SEV_BAR' has the following signature:

function SEV_BAR(Y);
/ * returns value of FOO_BAR for the supplied value
of y and fitted values of P1, P2 * [
endsub;

If you specify the COMMONPACKAGE option in the OUTSCORELIB statement, then the scoring function
that corresponds to the distribution functidint_suf x is namedSEV_suf x_dist , whereSEV_is the standard

pre x of all scoring functions. The scoring function is created in a package named. For example, for

the preceding 'FOO_BAR' distribution function, if you specify the COMMONPACKAGE option, the scoring
function named "SEV_BAR_FOOQ' is created in ttevy t package and 'SEV_BAR_FOO' has the following
signature:

function SEV_BAR_FOO(y);
/* returns value of FOO_BAR for the supplied value
of y and fitted values of P1, P2 */
endsub;
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Scoring Functions for the Scale Regression Model

If you use the SCALEMODEL statement to specify a scale regression model, then PROC SEVERITY
generates the scoring functions when you specify only singleton continuous effects. If you specify interaction
or classi cation effects, then scoring functions are not generated.

For a scale regression model, the estimate of the scale parameter or the log-transformed scale parameter of
the distribution depends on the values of the regressors. So PROC SEVERITY creates a scoring function that
has the following signature, whexg} represents the array of regressors:

function SEV_BAR(y, x{  *});
/= returns value of FOO_BAR for the supplied value of x and fitted values of P1, P2 */
endsub;

As an illustration of using this form, assume that you submit the following PROC SEVERITY step to create
the scoring librarySasuser.Scalescore:

proc severity data=input;

loss lossclaim;

scalemodel x1-x3;

dist pareto;

outscorelib outlib=sasuser.scalescore;
run;

Your scoring data set must contain all the regressors that you specify in the SCALEMODEL statement. You
can submit the following DATA step to score observations by using the scale regression model:

data prob;

array regvals{ *} x1-x3;

set work.limits;

exceedance_probability = sev_sdf(limit, regvals);
run;

PROC SEVERITY creates two utility functions, SEV_NUMREG and SEV_REGNAME, in the OUTLIB=
library that return the number of regressors and name of a given regressor, respectively. They are described in
detail in the next section. These utility functions are useful when you do not have easy access to the regressor
names in the SCALEMODEL statement. You can use the utility functions as follows:

data prob;
array regvals{10} _temporary_;
set work.limits;
do i = 1 to sev_numreg();
regvals(i) = input(vvaluex(sev_regname(i)), bestl2.);
end;
exceedance_probability = sev_sdf(limit, regvals);
run;

The dimension of the regressor values array that you supply to the scoring function must be &q@altp
whereK is the number of regressors that you specify in the SCALEMODEL statement irrespective of whether
PROC SEVERITY deems any of those regressors to be reduridamnt. if you specify an OFFSET= variable

in the SCALEMODEL statement, and 0 otherwise.
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Utility Functions and Subroutines in the OUTLIB= Library

In addition to creating the scoring functions for all distribution functions, PROC SEVERITY creates the
following utility functions and subroutines in the OUTLIB= library.

SEV_NUMPARM | SEV_NUMPARM_ dist
is a function that returns the number of distribution parameters and has the following signature:

Type Function

Number of argument®

Sequence and type of argumeri®t applicable

Return valueNumeric value that contains the number of distribution parameters

If you do not specify the COMMONPACKAGE option in the OUTSCORELIB statement, then a
function named SEV_NUMPARM is created in the package of each distribution. Here is a sample
structure of the code that PROC SEVERITY uses to de ne the function:

function SEV_NUMPARM();
n = <number of distribution parameters>;
return (n);

endsub;

If you specify the COMMONPACKAGE option in the OUTSCORELIB statement, then for each
distribution dist, the function named SEV_NUMPARMist is created in thesevt package.
SEV_NUMPARM dist has the same structure as the SEV_NUMPARM function that is described
previously.

SEV_PARMEST | SEV_PARMEST _dist
is a subroutine that returns the estimate and standard error of a speci ed distribution parameter and has
the following signature:

Type Subroutine
Number of arguments3
Sequence and type of arguments

index speci es the numeric value of the index of the distribution parameter for which you want
the information. The value ofidex must be in the interval [iy], wheremis the number
of parameters in the distribution to which this subroutine belongs.

est speci es the output argument that returns the estimate of the requested parameter.
stderr  speci es the output argument that returns the standard error of the requested parameter.

Return value Estimate and standard error of the requested distribution parameter that are returned
in the output argumentsst andstderr, respectively

If you do not specify the COMMONPACKAGE option in the OUTSCORELIB statement, then a
subroutine named SEV_PARMEST is created in the package of each distribution. Here is a sample
structure of the code that PROC SEVERITY uses to de ne the subroutine:
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subroutine SEV_PARMEST(index, est, stderr);
outargs est, stderr;
est = <value of the estimate for the distribution parameter
at position index >;
stderr = <value of the standard error for distribution parameter
at position index >;
endsub;

If you specify the COMMONPACKAGE option in the OUTSCORELIB statement, then for each
distribution dist, the subroutine named SEV_PARMESIIst is created in thesevt package.
SEV_PARMESTdist has the same structure as the SEV_PARMEST subroutine that is described
previously.

If you use the SCALEMODEL statement to specify a scale regression model, and if you specify only

singleton continuous effects, then fadex=1, the returned estimates are gf the base value of the

scale parameter, ¢tog. o/ if the distribution has a log-scale parameter. For more information about
0, See the section “Estimating Regression Effects” on page 2123.

SEV_PARMNAME | SEV_PARMNAME_ dist
is a function that returns the name of a speci ed distribution parameter and has the following signature:

Type Function
Number of arguments
Sequence and type of arguments

index speci es the numeric value of the index of the distribution parameter for which you want
the information. The value ofidex must be in the interval [j], wheremis the number
of parameters in the distribution to which this function belongs.

Return value Character value that contains the name of the distribution parameter that appears at
the positionindex in the distribution's de nition

If you do not specify the COMMONPACKAGE option in the OUTSCORELIB statement, then a
function named SEV_PARMNAME is created in the package of each distribution. Here is a sample
structure of the code that PROC SEVERITY uses to de ne the function:

function SEV_PARMNAME(index) $32;
name = <name of the distribution parameter at position index >;
return (name);

endsub;

If you specify the COMMONPACKAGE option in the OUTSCORELIB statement, then for each
distribution dist, a function named SEV_PARMNAMEHilist is created in thesevt package.
SEV_PARMNAME dist has the same structure as the SEV_PARMNAME function that is described
previously.

If you use the SCALEMODEL statement to specify a scale regression model, and if you specify only
singleton continuous effects, then the following helper functions and subroutines are also created in the
OUTLIB= library.
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SEV_NUMREG
is a function that returns the number of regressors and has the following signature:

Type Function
Number of argument$
Sequence and type of argumeri®t applicable

Return value Numeric value that contains the number of regressors that you specify in the
SCALEMODEL statement. If you specify an OFFSET= variable in the SCALEMODEL state-
ment, then the returned value is equal to 1 plus the number of regressors that you specify in the
SCALEMODEL statement.

Here is a sample structure of the code that PROC SEVERITY uses to de ne the function:

function SEV_NUMREG();
m = <number of regressors>;
if (<offset variable is specified>) then m = m + 1;
return (m);

endsub;

This function does not depend on any distribution, so it is always created sevthepackage.

SEV_REGEST | SEV_REGEST _dist
is a subroutine that returns the estimate and standard error of a speci ed regression parameter and has
the following signature:

Type Subroutine
Number of arguments
Sequence and type of arguments

index speci es the numeric value of the index of the regression parameter for which you want
the information. The value dfidex must be in the interval [K], whereK is the number
of regressors as returned by the SEV_NUMREG function. If you specify an OFFSET=
variable in the SCALEMODEL statement, theniadex value ofK corresponds to the
offset variable.

est speci es the output argument that returns the estimate of the requested regression param-
eter.

stderr  speci es the output argument that returns the standard error of the requested regression
parameter.

Return value Estimate and standard error of the requested regression parameter that are returned
in the output argumentsst andstderr, respectively

If you do not specify the COMMONPACKAGE option in the OUTSCORELIB statement, then a
subroutine named SEV_REGEST is created in the package of each distribution. Here is a sample
structure of the code that PROC SEVERITY uses to de ne the subroutine:
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subroutine SEV_REGEST(index, est, stderr);
outargs est, stderr;
est = <value of the estimate for the regression parameter
at position index >;
stderr = <value of the standard error for regression parameter
at position index >;
endsub;

If you specify the COMMONPACKAGE option in the OUTSCORELIB statement, then for
each distributiordist, the subroutine named SEV_REGESt is created in thesevt package.
SEV_REGESTdist has the same structure as the SEV_REGEST subroutine that is described previ-
ously.

If the regressor that corresponds to the specimatkx value is a redundant regressor, the returned
values of bottest andstderr are equal to the special missing value of .R. If you specify an OFFSET=
variable in the SCALEMODEL statement and if tindex value corresponds to the offset variable—that
is, it is equal to the value that the SEV_NUMREG function returns — then the returned vaseisf
equal to 1 and the returned valuestderr is equal to the special missing value of .F.

SEV_REGNAME
is a function that returns the name of a speci ed regressor and has the following signature:

Type Function
Number of argumentd

Sequence and type of arguments

index speci es the numeric value of the index of the regressor for which you want the name.
The value ofindex must be in the interval [K], whereK is the number of regressors as
returned by the SEV_NUMREG function. If you specify an OFFSET= variable in the
SCALEMODEL statement, then andex value ofK corresponds to the offset variable.

Return value Character value that contains the name of the regressor that appears at the position
index in the SCALEMODEL statement. If you specify an OFFSET= variable in the SCALE-
MODEL statement, then for andex value ofK, the returned value contains the name of the
offset variable.

Here is a sample structure of the code that PROC SEVERITY uses to de ne the function:

function SEV_REGNAME(index) $32;
name = <name of regressor at position index >;
return (name);

endsub;

This function does not depend on any distribution, so it is always created sevthepackage.
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Custom Objective Functions

You can use a series of programming statements that use variables in the DATA= data set to assign a value to
an objective function symbol. You must specify the objective function symbol by using the OBJECTIVE=
option in the PROC SEVERITY statement.

The objective function can be programmed such that it is applicable to any distribution that is used in the
model. For that purpose, PROC SEVERITY recognizes the followgygord functions in the programming
statements:

_PDF_(x) returns the probability density function (PDF) of a distribution evaluated at the current
value of a data set variabie

_CDF_(x) returns the cumulative distribution function (CDF) of a distribution evaluated at the current
value of a data set variable

_SDF_(x) returns the survival distribution function (SDF) of a distribution evaluated at the current
value of a data set variable

_LOGPDF_(x) returns the natural logarithm of the PDF of a distribution evaluated at the current value of
a data set variabbe

_LOGCDF_(x) returns the natural logarithm of the CDF of a distribution evaluated at the current value of
a data set variable

_LOGSDF_(x) returns the natural logarithm of the SDF of a distribution evaluated at the current value of
a data set variable

_EDF_(X) returns the empirical distribution function (EDF) estimate evaluated at the current value
of a data set variabbe Internally, PROC SEVERITY computes the estimate using the
SVRTUTIL_EDF function as described in the section “Prede ned Utility Functions”
on page 2160. The EDF estimate that is required by the SVRTUTIL_EDF function is
computed by using the response variable values in the current BY group or in the entire
input data set if you do not specify the BY statement.

_EMPLIMMOMENT__(Kk, u)
returns the empirical limited moment of ordeevaluated at the current value of a data
set variableu that represents the upper limit of the limited moment. The okdsan
also be a data set variable. Internally, PROC SEVERITY computes the moment using
the SVRTUTIL_EMPLIMMOMENT function as described in the section “Prede ned
Utility Functions” on page 2160. The EDF estimate that is required by the SVRTU-
TIL_EMPLIMMOMENT function is computed by using the response variable values in
the current BY group or in the entire input data set if you do not specify the BY statement.

_LIMMOMENT_(k, u)
returns the limited moment of ordkrevaluated at the current value of a data set variable
u that represents the upper limit of the limited moment. The okdsan be a data set
variable or a constant. Internally, for each candidate distribution, PROC SEVERITY
computes the moment using the LIMMOMENT function as described in the section
“Prede ned Utility Functions” on page 2160.

All the preceding functions are right-hand side functions. They act as placeholders for distribution-speci c
functions, with the exception of EDF_and _EMPLIMMOMENT _ functions.
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As an example, let the data $&brk.Test contain a response variabteand a left-truncation threshold variable
T. The following statements use the values in this data set to t a model with distribbtguch that the
parameters of the model minimize the value of the objective function syhboBJ:

options cmplib=(work.mydist);
proc severity data=work.test objective=myobj;
loss y / It=t;

myobj = - LOGPDF_(y);
if (not(missing(t))) then
myobj = myobj + log(1-_CDF_(t));

dist d;
run;

The symboMYOBJ is designated as an objective function symbol by using the OBJECTIVE= option in the
PROC SEVERITY statement. The response varidband left-truncation variabl€ are speci ed in the
LOSS statement. The distributianis speci ed in the DIST statement. The remaining statements constitute
a program that computes the value of theOBJ symbol.

Let the distributiorD have paramete®l andP2. In order to estimate the model for this distribution, PROC
SEVERITY internally converts the generic program to the following program speci c to distribltion

myobj = -D_LOGPDF(y, pl, p2);
if (not(missing(t))) then
myobj = myobj + log(1-D_CDF(t, pl, p2));

Note that the generic keyword functions _LOGPDF_and _CDF_ have been replaced with distribution-speci ¢
functions D_LOGPDF and D_CDF, respectively, with appropriate distribution parameters. The D_LOGPDF
and D_CDF functions must have been de ned previously and are assumed to be availabMyanktivydist

library that you specify in the CMPLIB= option.

The program is executed for each observatiowink.Test to compute the value dflYOBJ by using the
values of variable¥ andT in that observation and internally computed values of the model parameters
P1 andP2. The values oMYOBJ are then added over all the observations of the data set or over all the
observations of the current BY group if you specify the BY statement. The resulting aggregate value is
the value of the objective function, and it is supplied to the optimizer. If the optimizer requires derivatives
of the objective function, then PROC SEVERITY automatically differentist#®BJ with respect to the
parameter®1 andP2. The optimizer iterates over various combinations of the values of paranratarsd

P2, each time computing a new value of the objective function and the needed derivatives of it, until it nds a
combination that minimizes the objective function.

Note the following points when you de ne your own program to compute the custom objective function:

The value of the objective function is always minimized by PROC SEVERITY. If you want to maximize

the value of a certain objective, then add a statement that assigns the negated value of the maximization
objective to the objective function symbol that you specify in the OBJECTIVE= option. Minimization

of the negated objective is equivalent to the maximization of the original objective.

The contributions of individual observations are always added to compute the overall objective function
in a given iteration of the optimizer. If you specify the WEIGHT statement, then the contribution of
each observation is weighted by multiplying it with the normalized value of the weight variable for
that observation.
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If you are tting multiple distributions in one PROC SEVERITY step and use any of the keyword
functions in your program, then it is recommended that you do not explicitly use the parameters of any
of the speci ed distributions in your programming statements.

If you use a speci c keyword function in your programming statements, then the corresponding
distribution functions must be de ned in a library that you specify in the CMPLIB= system option
or in Sashelp.Svrtdist, the prede ned functions library. In the preceding example, it is assumed that
the functions D_LOGPDF and D_CDF are de ned in iNerk.Mydist library that is speci ed in the
CMPLIB= option.

You can use most DATA step statements and functions in your program. The DATA step le and the
data set I/O statements (for example, INPUT, FILE, SET, and MERGE) are not available. However,
some functionality of the PUT statement is supported. See the section “PROC FCMP and DATA Step
Differences” inBase SAS Procedures Guifie more information. In addition to the differences listed

in that section, the following differences exist:

— Only numeric-valued variables can be used in PROC SEVERITY programming statements.
This restriction also implies that you cannot use SAS functions or call routines that require
character-valued arguments, unless you pass those arguments as constant (literal) strings or
characters.

— You cannot use functions that create lagged versions of a variable in PROC SEVERITY program-
ming statements. If you need lagged versions, then you can use a DATA step prior to the PROC
SEVERITY step to add those versions to the input data set.

When coding your programming statements, avoid de ning variables that begin with an underscore
(), because they might con ict with internal variables created by PROC SEVERITY.

Custom Objective Functions and Regression Effects

If you specify regression effects by using the SCALEMODEL statement, then PROC SEVERITY automati-
cally adds a statement prior to your programming statements to compute the value of the scale parameter
or the log-transformed scale parameter of the distribution using the values of the regression variables and
internally created regression parameters. For example, if your speci cation of the SCALEMODEL statement
results in three regression effects, x2, andx3, then for a model that contains the distributiorwith

scale paramete3, PROC SEVERITY adds a statement that is equivalent to the following statement to the
beginning of your program:

S = SEVTHETAO* exp( SEVBETAl * x1 + SEVBETA2 *» x2 + SEVBETA3 * x3);

If a model contains a distribution1 with a log-transformed scale paramet®rPROC SEVERITY adds a
statement that is equivalent to the following statement to the beginning of your program:

M = SEVTHETAO + _SEVBETAX* x1 + SEVBETA2 * x2 + SEVBETAS * Xx3;

The SEVTHETAO, SEVBETAL, SEVBETA2, and SEVBETAS3 are the internal regression parameters
associated with the intercept and the regression efkdcte2, andx3, respectively.

Since the names of the internal regression parameters start with a pre x _SEV, if you use a variable in your
program with a name that begins with _SEV, then PROC SEVERITY writes an error message to the SAS log
and stops processing.
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Multithreaded Computation

PROC SEVERITY attempts to use all the computational resources of the machine where SAS is running in
order to complete the estimation tasks as fast as possible. This section describes the options that control the
use of multithreading by PROC SEVERITY.

Threading refers to the organization of computational work into multiple tasks (processing units that can
be scheduled by the operating system). A task is associated with a thread. Multithreading refers to the
concurrent execution of threads. When multithreading is possible, substantial performance gains can be
realized compared to sequential (single-threaded) execution.

The number of threads spawned by the SEVERITY procedure is determined by the number of CPUs on a
machine. You can control the number of threads by specifying either the CPUCOUNT= or the NOTHREADS
SAS system option.

You can specify the CPU count with the CPUCOUNT= SAS system option. For example, if you
specify the following statement, then PROC SEVERITY schedules threads as if it executed on a system
with four CPUs, regardless of the actual CPU count:

options cpucount=4;

On most systems, the default value of the CPUCOUNT= system option is set to the number of actual
CPU cores available for processing.

If you do not want PROC SEVERITY to use multithreading, then you can turn off the THREADS
SAS system option by specifying the following statement:

options nothreads;

On most systems, the THREADS option is turned on by default.

You can examine the current settings of these system options in the SAS log by submitting the following
PROC OPTIONS step:

proc options option=(threads cpucount);
run;

Input Data Sets

PROC SEVERITY accepts DATA= and INEST= data sets as input data sets. This section details the
information they are expected to contain.
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DATA= Data Set

The DATA= data set is expected to contain the values of the analysis variables that you specify in the LOSS
statement and the SCALEMODEL statement.

If you specify the BY statement, then the DATA= data set must contain all the BY variables that you specify
in the BY statement and the data set must be sorted by the BY variables unless you specify the NOTSORTED
option in the BY statement.

INEST= Data Set

The INEST= data set is expected to contain the initial values of the parameters for the parameter estimation
process.

If you specify the SCALEMODEL statement, then you can use the INEST= data set only if the SCALE-
MODEL statement contains singleton continuous effects.

If you specify the BY statement, then the INEST= data set must contain all the BY variables that you specify
in the BY statement. If you do not specify the NOTSORTED option in the BY statement, then the INEST=
data set must be sorted by the BY variables. However, it is not required to contain all the BY groups present
in the DATA= data set. For the BY groups that are not present in the INEST= data set, the default parameter
initialization method is used. If you specify the NOTSORTED option in the BY statement, then the INEST=
data set must contain all the BY groups that are present in the DATA= data set and they must appear in the
same order as they appear in the DATA= data set.

In addition to any variables that you specify in the BY statement, the data set must contain the following
variables:

_MODEL_ identifying name of the distribution for which the estimates are provided.
_TYPE_ type of the estimate. The value of this variable must be EST for an observation to be valid.

<Parameter 1> ...<Parameter M>
M variables, named after the parameters of all candidate distributions, that contain initial
values of the respective parameteid. is the cardinality of the union of parameter
name sets from all candidate distributions. In an observation, estimates are read only
from variables for parameters that correspond to the distribution that is indicated by the
_MODEL_ variable.

If you specify a missing value for some parameters, then default initial values are used
unless the parameter is initialized by using the INIT= option in the DIST statement. If
you want to use thdist_ PARMINIT subroutine for initializing the parameters of a model,
then you should either not specify the model in the INEST= data set or specify missing
values for all the distribution parameters in the INEST= data set and not use the INIT=
option in the DIST statement.

If you specify regressors, then the initial value that you provide for the rst parameter of
each distribution must be the base value of the scale or log-transformed scale parameter.
For more information, see the section “Estimating Regression Effects” on page 2123.

<Regressor 1> ...<Regressor K>
If you specifyK regressors in the SCALEMODEL statement, then the INEST= data set
must contairK variables that are named for each regressor. The variables contain initial
values of the respective regression coef cients. If a regressor is linearly dependent on
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other regressors for a given BY group, then you can indicate this by providing a special
missing value of .R for the respective variable. In a given BY group, if you mark a
variable as linearly dependent for one model, then you must mark that variable as linearly
dependent for all the models. Similarly, in a given BY group, if you do not mark a variable
as linearly dependent for one model, then you must not mark that variable as linearly
dependent for all the models.

Output Data Sets

PROC SEVERITY writes the OUTCDF=, OUTEST=, OUTMODELINFO=, and OUTSTAT= data sets when
requested by their respective options. The data sets and their contents are described in the following sections.

OUTCDF= Data Set

The OUTCDF= data set records the estimates of the cumulative distribution function (CDF) of each of the
speci ed model distributions and an estimate of the empirical distribution function (EDF).

If you specify BY variables, then the data are organized in BY groups and the data set contains variables that
you specify in the BY statement. In addition, the data set contains the following variables:

<response variable>
value of the response variable. The values are sorted. If there are multiple BY groups, the
values are sorted within each BY group.

_OBSNUM _ observation number in the DATA= data set. This is a sequence number that indicates the
order in which the procedure accesses the observation; it does not necessarily re ect the
actual observation number in the data set.

_EDF_ estimate of the empirical distribution function (EDF). This estimate is computed by using
the EMPIRICALCDF= option that you specify in the PROC SEVERITY statement.

_EDF_STD estimate of the standard error of EDF. This estimate is computed by using a method that is
appropriate for the EMPIRICALCDF= option that you specify in the PROC SEVERITY
statement.

_EDF_LOWER estimate of the lower con dence limit of EDF for a pointwi$60.1  / % con dence
interval, where is the value of the EDFALPHA= option that you specify in the PROC
SEVERITY statement (default is D 0:05. For an EDF estimatE,, that has standard
error p, itis computed abAX.0;F, z3 -y n/, Wherez, is thepth quantile from
the standard normal distribution.

_EDF_UPPER estimate of the upper con dence limit of EDF for a pointwisg0.1 / % con dence
interval, where is the value of the EDFALPHA= option that you specify in the PROC
SEVERITY statement (default is D 0:05. For an EDF estimatE,, that has standard
error n, itis computed adIN.1;F, C z; - n/, Wherez, is thepth quantile from
the standard normal distribution.

<distribution1>_CDF ... <distributidb>_CDF
estimate of the cumulative distribution function (CDF) for each of theandidate
distributions, computed by using the nal parameter estimates for that distribution. This
value is missing if the parameter estimation process does not converge for the given
distribution.
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If you specify regression effects, then the reported estimates are from a mixture distribu-
tion. For more information, see the section “CDF and PDF Estimates with Regression
Effects” on page 2126.

If you specify truncation, then the data set contains the following additional variables:

<distribution1> COND_CDF ... <distributi@> COND_CDF
estimate of the conditional CDF for each of tBecandidate distributions, computed
by using the nal parameter estimates for that distribution. This value is missing if the
parameter estimation process does not converge for the distribution. The conditional
estimates are computed by using the method that is described in the section “Truncation
and Conditional CDF Estimates” on page 2119.

OUTEST= Data Set

The OUTEST= data set records the estimates of the model parameters. It also contains estimates of their
standard errors and optionally their covariance structure. If you specify BY variables, then the data are
organized in BY groups and the data set contains variables that you specify in the BY statement.

If you do not specify the COVOUT option, then the data set contains the following variables:

_MODEL_ identifying name of the distribution model. The observation contains information about
this distribution.

_TYPE_ type of the estimates reported in this observation. It can take one of the following two
values:
EST point estimates of model parameters

STDERR standard error estimates of model parameters

_STATUS _ status of the reported estimates. The possible values are listed in the section *_STATUS _
Variable Values” on page 2182.

<Parameter 1> ...<Parameter M>
M variables, named after the parameters of all candidate distributions, that contain
estimates of the respective parametdtds the cardinality of the union of parameter
name sets from all candidate distributions. In an observation, estimates are populated
only for parameters that correspond to the distribution that is indicated by the  MODEL _
variable. If _TYPE_ is EST, then the estimates are missing if the model does not
converge. If _TYPE_ is STDERR, then the estimates are missing if covariance estimates
cannot be obtained.

If you specify regression effects, then the estimate that is reported for the rst parameter

of each distribution is the estimate of the base value of the scale or log-transformed

scale parameter. For more information, see the section “Estimating Regression Effects”
on page 2123.

<Regression Effect 1> ...<Regression Effect K>
If your effect speci cation in the SCALEMODEL statement results<iregression
effects, then the OUTEST= data set contdihsegression variables. The name of each
variable is formed by using the name of the effect and the names of the levels of the
CLASS variables that the effect might contain. If the effect name or level names are
too long, then the variable name is constructed by using partial effect name and integer
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<Offset Variable>

identi ers for BY groups and CLASS variable levels. The label of the variable is more
descriptive than the name of the variable. The variables contain estimates for their
respective regression coef cients. If an effect is deemed to be linearly dependent on
other effects for a given BY group, then a warning message is written to the SAS log
and a special missing value of .R is written in the respective variable. If _TYPE_is EST,
then the estimates are missing if the model does not converge. If _TYPE_ is STDERR,
then the estimates are missing if covariance estimates cannot be obtained.

If you specify an OFFSET= variable in the SCALEMODEL statement, then the OUT-
EST= data set contains a variable that is named after the offset variable. If _TYPE_is
EST, then the value of this variable is 1. If _TYPE_is STDERR, then the value of this
variable is a special missing value of .F.

If you specify the COVOUT option in the PROC SEVERITY statement, then the OUTEST= data set contains
additional observations that contain the estimates of the covariance structure. Given the symmetric nature

of the covariance

structure, only the lower triangular portion is reported. In addition to the variables listed

and described previously, the data set contains the following variables that are either new or have a modi ed

description:

_TYPE_

_STATUS_

_NAME_

type of the estimates reported in this observation. For observations that contain rows of
the covariance structure, the value is COV.

status of the reported estimates. For observations that contain rows of the covariance
structure, the status is O if covariance estimation was successful. If estimation fails, the
status is 1 and a single observation is reported with _TYPE_=COV and missing values for
all the parameter variables.

name of the parameter for the row of covariance matrix that is reported in the current
observation.

OUTMODELINFO= Data Set

The OUTMODEL

INFO= data set records the information about each candidate distribution that you specify

in the DIST statement. It contains the following variables:

_MODEL_ identifying name of the distribution model. The observation contains information
about this distribution.

_DEPVAR _ name of the loss variable.

_DESCRIPTION_ descriptive name of the model. This has a nonmissing value only if the DESCRIP-
TION function has been de ned for this model.

_VALID_ validity of the distribution de nition. This has a value of 1 for valid de nitions
and a value of O for invalid de nitions. If the de nition is invalid, then PROC
SEVERITY writes the reason for invalidity to the SAS log.

_PARMNAMEL ... PARMNAMEM

M variables that contain names of parameters of the distribution model, Where

is the maximum number of parameters across all the speci ed distribution models.
For a given distribution wittm parameters, values of variables _ PARMNAME

(j > m ) are missing.
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The OUTSTAT= data set records statistics of t and model selection information. If you specify BY variables,
then the data are organized in BY groups and the data set contains variables that you specify in the BY
statement. The data set contains the following variables:

_MODEL_

_NMODELPARM_
_NESTPARM_

_NOBS_
_STATUS_

_SELECTED_

Neg2LogLike

AIC

AICC

BIC

KS

AD

CVM

identifying name of the distribution model. The observation contains information
about this distribution.

number of parameters in the distribution.

number of estimated parameters. This includes the regression parameters, if you
specify any regression effects.

number of nonmissing observations used for parameter estimation.

status of the parameter estimation process for this model. The possible values are
listed in the section “_STATUS _ Variable Values” on page 2182.

indicator of the best distribution model. If the value is 1, then this model is the
best model for the current BY group according to the speci ed model selection
criterion. This value is missing if the parameter estimation process does not
converge for this model.

value of the log likelihood, multiplied by —2, that is attained at the end of the
parameter estimation process. This value is missing if the parameter estimation
process does not converge for this model.

value of the Akaike's information criterion (AIC) that is attained at the end of the
parameter estimation process. This value is missing if the parameter estimation
process does not converge for this model.

value of the corrected Akaike's information criterion (AICC) that is attained at the
end of the parameter estimation process. This value is missing if the parameter
estimation process does not converge for this model.

value of the Schwarz Bayesian information criterion (BIC) that is attained at the
end of the parameter estimation process. This value is missing if the parameter
estimation process does not converge for this model.

value of the Kolmogorov-Smirnov (KS) statistic that is attained at the end of the
parameter estimation process. This value is missing if the parameter estimation
process does not converge for this model.

value of the Anderson-Darling (AD) statistic that is attained at the end of the
parameter estimation process. This value is missing if the parameter estimation
process does not converge for this model.

value of the Créner-von Mises (CvM) statistic that is attained at the end of the
parameter estimation process. This value is missing if the parameter estimation
process does not converge for this model.
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_STATUS_ Variable Values

The _STATUS _variable in the OUTEST= and OUTSTAT= data sets contains a value that indicates the status
of the parameter estimation process for the respective distribution model. The variable can take the following
values in the OUTEST= data set for _TYPE_=EST observations and in the OUTSTAT= data set:

0
301

302

303

304

400

The parameter estimation process converged for this model.

The parameter estimation process might not have converged for this model because there is no
improvement in the objective function value. This might indicate that the initial values of the
parameters are optimal, or you can try different convergence criteria in the NLOPTIONS statement.

The parameter estimation process might not have converged for this model because the number of
iterations exceeded the maximum allowed value. You can try setting a larger value for the MAXITER=
options in the NLOPTIONS statement.

The parameter estimation process might not have converged for this model because the number of
objective function evaluations exceeded the maximum allowed value. You can try setting a larger
value for the MAXFUNC-= options in the NLOPTIONS statement.

The parameter estimation process might not have converged for this model because the time taken
by the process exceeded the maximum allowed value. You can try setting a larger value for the
MAXTIME-= option in the NLOPTIONS statement.

The parameter estimation process did not converge for this model.

The STATUS_ variable can take the following values in the OUTEST= data set for  TYPE_=STDERR and
_TYPE_=COV observations:

0
1

The covariance and standard error estimates are available and valid.

The covariance and standard error estimates are not available, because the process of computing
covariance estimates failed.

Displayed Output

The SEVERITY procedure optionally produces displayed output by using the Output Delivery System (ODS).
All output is controlled by the PRINT= option in the PROC SEVERITY statement. Table 30.17 relates the
ODS tables to PRINT= options.

Table 30.17 ODS Tables Produced in PROC SEVERITY
ODS Table Name Description Option

AllFitStatistics Statistics of t for all the dis- PRINT=ALLFITSTATS
tribution models

ConvergenceStatus Convergence status of paramPRINT=CONVSTATUS
eter estimation process

DescStats Descriptive statistics for the PRINT=DESCSTATS
response variable

Distributioninfo Distribution information PRINT=DISTINFO
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Table 30.17 continued

ODS Table Name Description Option

InitialValues Initial parameter values andPRINT=INITIALVALUES
bounds

IterationHistory Optimization iteration history PRINT=NLOHISTORY

ModelSelection Model selection summary PRINT=SELECTION

OptimizationSummary  Optimization summary PRINT=NLOSUMMARY

ParameterEstimates Final parameter estimates PRINT=ESTIMATES

RegDescStats Descriptive statistics for the PRINT=DESCSTATS

regression effects that do not
contain a CLASS variable
StatisticsOfFit Statistics of t PRINT=STATISTICS
Timing Timing information for vari- PRINT=ALL
ous computational stages of
the procedure
TurnbullSummary Turnbull EDF estimation PRINT=ALL
summary

If you do not specify the PRINT= option, then by default PROC SEVERITY produces ModelSelection,
ConvergenceStatus, OptimizationSummary, StatisticsOfFit, and ParameterEstimates ODS tables.

The following describes the content that is displayed in each table:

AllFitStatistics (PRINT=ALLFITSTATS)
displays the comparison of all the statistics of t for all the models in one table. The table does not
include the models whose parameter estimation process does not converge. If all the models fail to
converge, then this table is not produced. If the table contains more than one model, then the best
model according to each statistic is indicated with an asterisk (*) in that statistic's column.

ConvergenceStatus (PRINT=CONVSTATUS)
displays the convergence status of the parameter estimation process.

DescStats (PRINT=DESCSTATS)
displays the descriptive statistics for the response variable.

Distributioninfo (PRINT=DISTINFO)
displays the information about all the candidate distribution. It includes the name, the description, the
number of distribution parameters, and whether the distribution is valid for the speci ed modeling task.

InitialValues (PRINT=INITIALVALUES)
displays the initial values and bounds used for estimating each model.

IterationHistory (PRINT=NLOHISTORY)
displays the iteration history of the nonlinear optimization process used for estimating the parameters.

ModelSelection (PRINT=SELECTION)
displays the model selection table. The table shows the convergence status of each candidate model,
and the value of the selection criterion along with an indication of the selected model.
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OptimizationSummary (PRINT=NLOSUMMARY)
displays the summary of the nonlinear optimization process used for estimating the parameters.

ParameterEstimates (PRINT=ESTIMATES)
displays the nal estimates of parameters. The estimates are not displayed for models whose parameter
estimation process does not converge.

RegDescStats (PRINT=DESCSTATS)
displays the descriptive statistics for the regression effects in the SCALEMODEL statement that do
not contain a CLASS variable.

StatisticsOfFit (PRINT=STATISTICS)
displays the statistics of t for each model. The statistics of t are not displayed for models whose
parameter estimation process does not converge.

Timing (PRINT=ALL)
displays elapsed times (absolute and relative) for the main tasks of the procedure.

TurnbullSummary (PRINT=ALL)
displays the summary of Turnbull's estimation process if Turnbull's method is used for computing
EDF estimates. The summary includes whether the nonlinear optimization converged, the number of
iterations, the maximum absolute relative error, the maximum absolute reduced gradient, and whether
the nal estimates are maximum likelihood estimates. This table is produced only if you specify
PRINT=ALL and Turnbull's method is used for computing EDF estimates.

ODS Graphics

Statistical procedures use ODS Graphics to create graphs as part of their output. ODS Graphics is described
in detail in Chapter 21, “Statistical Graphics Using ODSAS/STAT User's Guijle

Before you create graphs, ODS Graphics must be enabled (for example, with the ODS GRAPHICS ON
statement). For more information about enabling and disabling ODS Graphics, see the section “Enabling and
Disabling ODS Graphics” in that chapter.

The overall appearance of graphs is controlled by ODS styles. Styles and other aspects of using ODS
Graphics are discussed in the section “A Primer on ODS Statistical Graphics” in that chapter.

This section describes the use of ODS for creating graphics with the SEVERITY procedure.
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ODS Graph Names

PROC SEVERITY assigns a name to each graph that it creates by using ODS. You can use these names to
selectively reference the graphs. The names are listed in Table 30.18.

Table 30.18 ODS Graphics Produced by PROC SEVERITY

ODS Graph Name  Plot Description PLOTS= Option
CDFPlot Comparative CDF plot CDF
CDFDistPlot CDF plot per distribution CDFPERDIST
PDFPIlot Comparative PDF plot PDF
PDFDistPlot PDF plot per distribution PDFPERDIST
PPPlot P-P plot of CDF and EDF PP

QQPIot Q-Q plot QQ

Comparative CDF Plot

The comparative CDF plot helps you visually compare the cumulative distribution function (CDF) estimates
of all the candidate distribution models and the empirical distribution function (EDF) estimate. The plot does
not contain CDF estimates for models whose parameter estimation process does not converge. The horizontal

axis represents the values of the response variable. The vertical axis represents the values of the CDF or EDF
estimates.

If you specify truncation, then conditional CDF estimates are plotted. Otherwise, unconditional CDF

estimates are plotted. The conditional estimates are computed by using the method that is described in the
section “Truncation and Conditional CDF Estimates” on page 2119.

If you specify regression effects, then the plotted CDF estimates are from a mixture distribution. For more
information, see the section “CDF and PDF Estimates with Regression Effects” on page 2126.

CDF Plot per Distribution

The CDF plot per distribution shows the CDF estimates of each candidate distribution model unless that
model's parameter estimation process does not converge. The plot also contains estimates of the EDF. The

horizontal axis represents the values of the response variable. The vertical axis represents the values of the
CDF or EDF estimates.

This plot shows the lower and upper pointwise con dence limits for the EDF estimates. For an EDF estimate
Fn with standard error,, they are computed &8AX .0;F, z; - n/andMIN.1;F,Cz, -5 nl,
respectively, where,, is thepth quantile from the standard normal distribution andenotes the con dence

level that you specify in the EDFALPHA= option (the default i© 0:05).
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If you specify truncation, then conditional CDF estimates are plotted. Otherwise, unconditional CDF
estimates are plotted. The conditional estimates are computed by using the method that is described in the
section “Truncation and Conditional CDF Estimates” on page 2119.

If you specify regression effects, then the plotted CDF estimates are from a mixture distribution. For more
information, see the section “CDF and PDF Estimates with Regression Effects” on page 2126.

Comparative PDF Plot

The comparative PDF plot helps you visually compare the probability density function (PDF) estimates of all
the candidate distribution models. The plot does not contain PDF estimates for models whose parameter
estimation process does not converge. The horizontal axis represents the values of the response variable. The
vertical axis represents the values of the PDF estimates.

If you specify the HISTOGRAM option, then the plot also contains the histogram of response variable values.

If you specify the KERNEL option, then the plot also contains the kernel density estimate of the response
variable values.

If you specify regression effects, then the plotted PDF estimates are from a mixture distribution. For more
information, see the section “CDF and PDF Estimates with Regression Effects” on page 2126.

PDF Plot per Distribution

The PDF plot per distribution shows the PDF estimates of each candidate distribution model unless that
model's parameter estimation process does not converge. The horizontal axis represents the values of the
response variable. The vertical axis represents the values of the PDF estimates.

If you specify the HISTOGRAM option, then the plot also contains the histogram of response variable values.

If you specify the KERNEL option, then the plot also contains the kernel density estimate of the response
variable values.

If you specify regression effects, then the plotted PDF estimates are from a mixture distribution. For more
information, see the section “CDF and PDF Estimates with Regression Effects” on page 2126.

P-P Plot of CDF and EDF

The P-P plot of CDF and EDF is the probability-probability plot that compares the CDF estimates of a
distribution to the EDF estimates. A plot is not prepared for models whose parameter estimation process does
not converge. The horizontal axis represents the CDF estimates of a candidate distribution, and the vertical
axis represents the EDF estimates.

This plot can be interpreted as displaying the data that are used for computing the EDF-based statistics of
t for the given candidate distribution. As described in the section “EDF-Based Statistics” on page 2145,
these statistics are computed by comparing the EDF, denotEd.y, to the CDF, denoted bly.y/ , at

each of the response variable valyessing the probability inverse transformD F.y/ | this is equivalent

to comparing the EDF of the denoted byF,.z/, to the CDF ofz, denoted byF.z/ (D'Agostino and
Stephens 1986, Ch. 4). Because the CDEisfa uniform distributionf.z/ D z), the EDF-based statistics

can be computed by comparing the EDF estimatetofthe estimate af. The horizontal axis of the plot
represents the estimated CEP® FOy/ . The vertical axis represents the estimated EDE BR.z/. The
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plot contains a scatter plot @) FQ.z/) points and a reference lif&,.z/ D z that represents the expected
uniform distribution ofz. Points that are scattered closer to the reference line indicate a better t than the
points that are scattered farther away from the reference line.

If you specify truncation, then the EDF estimates are conditional, as described in the section “EDF Estimates
and Truncation” on page 2142. So conditional estimates of CDF are displayed, which are computed by using
the method that is described in the section “Truncation and Conditional CDF Estimates” on page 2119.

If you specify regression effects, then the displayed CDF estimates, both unconditional and conditional, are
from a mixture distribution. For more information, see the section “CDF and PDF Estimates with Regression
Effects” on page 2126.

Q-Q Plot

The Q-Q plot is a quantile-quantile scatter plot that compares the empirical quantiles to the quantiles from
a candidate distribution. A plot is not prepared for models whose parameter estimation process does not

converge. The horizontal axis represents the quantiles from a candidate distribution, and the vertical axis
represents the empirical quantiles.

Each point in the plot corresponds to a speci ¢ value of the EDF estirigteThe Y coordinate is the value
of the response variable for whiéh, is computed. The X coordinate is computed by using one of the two
following methods for a candidate distribution nanust:

If you have de ned thalist QUANTILE function that satis es the requirements listed in the section
“dist_QUANTILE" on page 2156, then that function is invoked by usiigand estimated distribution

parameters as arguments. The QUANTILE function is de ned irSihelp.Svrtdist library for all
the prede ned distributions.

If the dist_ QUANTILE function is not de ned, then PROC SEVERITY numerically inverts the
dist_ CDF function at the CDF value &%, for the estimated distribution parameters. If the CDF
function is not de ned, then the exgist  LOGCDF) function is inverted. If the inversion fails, the
corresponding point is not plotted in the Q-Q plot.

If you specify truncation, then the EDF estimates are conditional, as described in the section “EDF Estimates
and Truncation” on page 2142. The CDF inversion process, whether done numerically or by evaluating the
dist QUANTILE function, needs to accept an unconditional CDF value. S& thealue is rst transformed

to an unconditional estimate;' as

FYDF, K" / Fxl ircrxl. /

““min *“min

whereFtr / andFt |/ are as de ned in the section “Truncation and Conditional CDF Estimates” on
page 21109.

If you specify regression effects, then the value of the rst distribution parameter is determined by using the
DFMIXTURE=MEAN method that is described in the section “CDF and PDF Estimates with Regression
Effects” on page 2126.
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Examples: SEVERITY Procedure

Example 30.1: De ning a Model for Gaussian Distribution

Suppose you want to t a distribution model other than one of the prede ned ones available to you. Suppose
you want to de ne a model for the Gaussian distribution with the following typical parameterization of the
PDF ) and CDF F):

fo'/Dlex ' /2
XD e o

1
Fxl;/ D§ 1C erf X—pg

For PROC SEVERITY, distribution modetonsists of a set of functions and subroutines that are de ned
with the FCMP procedure. Each function and subroutine should be written following certain rules. For
more information, see the section “De ning a Severity Distribution Model with the FCMP Procedure” on
page 2148.

NOTE: The Gaussian distribution is not a commonly used severity distribution. It is used in this example
primarily to illustrate the process of de ning your own distribution models. Although the distribution has a
support over the entire real line, you can t the distribution with PROC SEVERITY only if the input sample
contains nonnegative values.

The following SAS statements de ne a distribution model named NORMAL for the Gaussian distribution.
The OUTLIB= option in the PROC FCMP statement stores the compiled versions of the functions and
subroutines in the ‘'models' package of terk.Sevexmpl library. The LIBRARY= option in the PROC
FCMP statement enables this PROC FCMP step to use the SVRTUTIL_RAWMOMENTS utility subroutine
that is available in th&ashelp.Svrtdist library. The subroutine is described in the section “Prede ned Utility
Functions” on page 2160.

[ * mmemeee Define Normal Distribution with PROC FCMP = ---------- */
proc fcmp library=sashelp.svrtdist outlib=work.sevexmpl.models;
function normal_pdf(x,Mu,Sigma);
/* Mu : Location  */
/= Sigma : Standard Deviation */
return ( exp(-(x-Mu) ** 2/(2 * Sigmaxx 2)) /
(Sigma * sqgrt(2 =constant( P1))) );
endsub;

function normal_cdf(x,Mu,Sigma);
/* Mu : Location =/
/= Sigma : Standard Deviation */
z = (X-Mu)/Sigma;
return (0.5 + 0.5 * erf(z/sqrt(2)));
endsub;

subroutine normal_parminit(dim, X[ ], nx[ =], F[ *], Ftype, Mu, Sigma);
outargs Mu, Sigma;
array m[2] / nosymboals;
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/= Compute estimates by using method of moments */
call svrtutil_rawmoments(dim, X, nx, 2, m);
Mu = m[1];
Sigma = sqrt(m[2] - m[1] *x 2);
endsub;

subroutine normal_lowerbounds(Mu, Sigma);
outargs Mu, Sigma;

Mu = .; / * Mu has no lower bound */
Sigma = 0; / * Sigma > 0 */
endsub;

quit;

The statements de ne the two functions required of any distribution model (NORMAL_PDF and NOR-
MAL_CDF) and two optional subroutines (NORMAL_PARMINIT and NORMAL_LOWERBOUNDS). The
name of each function or subroutine must follow a speci ¢ structure. It should start with the model's short or
identifying name, which is 'NORMAL in this case, followed by an underscore "', followed by a keyword
suf x such as "PDF'. Each function or subroutine has a speci ¢ purpose. For more information about all the
functions and subroutines that you can de ne for a distribution model, see the section “De ning a Severity
Distribution Model with the FCMP Procedure” on page 2148. Following is the description of each function
and subroutine de ned in this example:

The PDF and CDF suf xes de ne functions that return the probability density function and cumulative
distribution function values, respectively, given the values of the random variable and the distribution
parameters.

The PARMINIT suf x de nes a subroutine that returns the initial values for the parameters by using the
sample data or the empirical distribution function (EDF) estimate computed from it. In this example,
the parameters are initialized by using the method of moments. Hence, you do not need to use the EDF
estimates, which are available in the F array. The rst two raw moments of the Gaussian distribution
are as follows:

EExD ; EExXsD 2C ?

Given the sample estimatas; andm,, of these two raw moments, you can solve the equations
ECEx-E m; andEE% D m; to get the following estimates for the paramete®:D m; and

OD m; m%. The NORMAL_PARMINIT subroutine implements this solution. It uses the
SVRTUTIL_RAWMOMENTS utility subroutine to compute the rst two raw moments.

The LOWERBOUNDS suf x de nes a subroutine that returns the lower bounds on the parameters.
PROC SEVERITY assumes a default lower bound of 0 for all the parameters when a LOWERBOUNDS
subroutine is not de ned. For the paramete(Mu), there is no lower bound, so you need to de ne

the NORMAL_LOWERBOUNDS subroutine. It is recommended that you assign bounds for all the
parameters when you de ne the LOWERBOUNDS subroutine or its counterpart, the UPPERBOUNDS
subroutine. Any unassigned value is returned as a missing value, which PROC SEVERITY interprets
to mean that the parameter is unbounded, and that might not be what you want.
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You can now use this distribution model with PROC SEVERITY. Let the following DATA step statements
simulate a normal sample withD 10and D 2:5

[ * e Simulate a Normal sample ---------- */
data testnorm(keep=y);
call streaminit(12345);
do i=1 to 100;
y = rand( NORMAL, 10, 2.5);
output;
end;
run;

Prior to using your distribution with PROC SEVERITY, you must communicate the location of the library
that contains the de nition of the distribution and the locations of libraries that contain any functions and
subroutines used by your distribution model. The following OPTIONS statement sets the CMPLIB= system
option to include the FCMP librarywork.Sevexmpl in the search path used by PROC SEVERITY to nd
FCMP functions and subroutines.

/ =--- Set the search path for functions defined with PROC FCMP --- */
options cmplib=(work.sevexmpl);

Now, you are ready to tthe NORMAL distribution model with PROC SEVERITY. The following statements
t the model to the values oY in the Work.Testnorm data set:

[ x--- Fit models with PROC SEVERITY --- */
proc severity data=testnorm print=all;

loss v;

dist Normal;

run;

The DIST statement speci es the identifying name of the distribution model, which is 'NORMAL'. Neither
the INEST= option nor the INSTORE-= option is speci ed in the PROC SEVERITY statement, and the INIT=
option is not speci ed in the DIST statement. So PROC SEVERITY initializes the parameters by invoking
the NORMAL_PARMINIT subroutine.

Some of the results prepared by the preceding PROC SEVERITY step are shown in Output 30.1.1 and
Output 30.1.2. The descriptive statistics of variablend the “Model Selection” table, which includes just
the normal distribution, are shown in Output 30.1.1.

Output 30.1.1 Summary of Results for Fitting the Normal Distribution



Example 30.1: De ning a Model for Gaussian Distribution F 2191

Output 30.1.1 continued

The initial values for the parameters, the optimization summary, and the nal parameter estimates are shown
in Output 30.1.2. No iterations are required to arrive at the nal parameter estimates, which are identical to
the initial values. This con rms the fact that the maximum likelihood estimates for the Gaussian distribution

are identical to the estimates obtained by the method of moments that was used to initialize the parameters in
the NORMAL_PARMINIT subroutine.

Output 30.1.2 Details of the Fitted Normal Distribution Model
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The NORMAL distribution de ned and illustrated here has no scale parameter, because all the following
inequalities are true:

Fx 1/ o 25 X1y

fx 1/ o Y5 Xy

Fxl:/ oF. 211/
Fxl;/ o F.il 11/

This implies that you cannot estimate the in uence of regression effects on a model for the response variable
based on this distribution.

Example 30.2: De ning a Model for the Gaussian Distribution with a Scale
Parameter

If you want to estimate the in uence of regression effects, then the model needs to be parameterized to have
a scale parameter. Although this might not be always possible, it is possible for the Gaussian distribution by
replacing the location parameterwith another parameter,D = , and de ning the PDFf() and the CDF

(F) as follows:

1
fxI:;/ D — -
X —pz—exp 5

1 1 x
F.xI; D- 1 f - —
X1/ 5 Cer p—z

You can verify that is the scale parameter, because both of the following equalities are true:

fx1:/ D3 X1y

Fxl;/ D F.ill;/

NOTE: The Gaussian distribution is not a commonly used severity distribution. It is used in this example
primarily to illustrate the concept of parameterizing a distribution such that it has a scale parameter. Although
the distribution has a support over the entire real line, you can t the distribution with PROC SEVERITY
only if the input sample contains nonnegative values.

The following statements use the alternate parameterization to de ne a new model named NORMAL_S. The
de nition is stored in thenvork.Sevexmpl library.

[ * e Define Normal Distribution With Scale Parameter ---------- */
proc fcmp library=sashelp.svrtdist outlib=work.sevexmpl.models;
function normal_s_pdf(x, Sigma, Alpha);
/= Sigma : Scale & Standard Deviation */
/= Alpha : Scaled mean */
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return ( exp(-(x/Sigma - Alpha) *x 2[2)
(Sigma * sgrt(2 =constant( P1))) );
endsub;

function normal_s_cdf(x, Sigma, Alpha);
/= Sigma : Scale & Standard Deviation */
/= Alpha : Scaled mean */
z = x/Sigma - Alpha;
return (0.5 + 0.5 * erf(z/sqrt(2)));
endsub;

subroutine normal_s_parminit(dim, X[ ], nx[ *], F[ *], Ftype, Sigma, Alpha);
outargs Sigma, Alpha;
array m[2] / nosymbols;

/= Compute estimates by using method of moments */
call svrtutil_rawmoments(dim, x, nx, 2, m);
Sigma = sqrt(m[2] - m[1] *x 2);
Alpha = m[1]/Sigma;
endsub;

subroutine normal_s_lowerbounds(Sigma, Alpha);
outargs Sigma, Alpha;

Alpha = .; /= Alpha has no lower bound * [
Sigma = 0; / * Sigma > 0 =*/
endsub;

quit;

An important point to note is that the scale param&igma is the rst distribution parameter (after the

X" argument) listed in the signatures of NORMAL_S_PDF and NORMAL_S_CDF functiSitgna is

also the rst distribution parameter listed in the signatures of other subroutines. This is required by PROC
SEVERITY, so that it can identify which is the scale parameter. When you specify regression effects, PROC
SEVERITY checks whether the rst parameter of each candidate distribution is a scale parameter (or a
log-transformed scale parametedi§t SCALETRANSFORM subroutine is de ned for the distribution with

LOG as the transform). If it is not, then an appropriate message is written the SAS log and that distribution is
not tted.

Let the following DATA step statements simulate a sample from the normal distribution where the parameter
is affected by the regressors as follows:

D exp.1 C0:5X1C 0:75X3 2X4C X5/

The sample is simulated such that the regrexads linearly dependent on regressésandX3.

/ *--- Simulate a Normal sample affected by Regressors --- */
data testnorm_reg(keep=y x1-x5 Sigma);

array x{ =*} x1-x5;

array b{6} _TEMPORARY_ (1 0.5 . 0.75 -2 1);

call streaminit(34567);

label y=Normal Response Influenced by Regressors;

do n =1 to 100;
/= simulate regressors */
do i = 1 to dim(x);
x(@)) = rand( UNIFORM );
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end;
/* make x2 linearly dependent on x1 and x3 */
x(2) = x(1) + 5 * X(3);

/= compute log of the scale parameter */
logSigma = b(1);
do i =1 to dim(x);
if (i ne 2) then
logSigma = logSigma + b(i+1) * X(i);
end;

Sigma = exp(logSigma);
y = rand( NORMAL, 25, Sigma);
output;
end;
run;

The following statements use PROC SEVERITY to tthe NORMAL_S distribution model along with some
of the prede ned distributions to the simulated sample:

/ --- Set the search path for functions defined with PROC FCMP --- */
options cmplib=(work.sevexmpl);

[ * e Fit models with PROC SEVERITY -------- */
proc severity data=testnorm_reg print=all plots=none;
loss y;

scalemodel x1-x5;
dist Normal_s burr logn pareto weibull;
run;

The “Model Selection” table in Output 30.2.1 indicates that all the models, except the Burr distribution
model, have converged. Also, only three models, Normal_s, Burr, and Weibull, seem to have a good t for
the data. The table that compares all the t statistics indicates that Normal_s model is the best according to
the likelihood-based statistics; however, the Burr model is the best according to the EDF-based statistics.

Output 30.2.1 Summary of Results for Fitting the Normal Distribution with Regressors
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Output 30.2.1 continued

This prompts you to further evaluate why the model with Burr distribution has not converged. The initial
values, convergence status, and the optimization summary for the Burr distribution are shown in Output 30.2.2.
The initial values table indicates that the regreséois redundant, which is expected. More importantly,

the convergence status indicates that it requires more than 50 iterations. PROC SEVERITY enables you to
change several settings of the optimizer by using the NLOPTIONS statement. In this case, you can increase
the limit of 50 on the iterations, change the convergence criterion, or change the technique to something other
than the default trust-region technique.

Output 30.2.2 Details of the Fitted Burr Distribution Model
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